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PREFACE. 



The present volume contains the solutions of the problems and 
riders set in the Mathematical Tripos Examination for 1878; in 
several cases where it was thought that useful information could 
be given, additional remarks on the subject of a question have 
been added. For example, pp. 162 169 may be regarded as a 
brief general statement of the method of least squares. Although 
the Moderators and Examiners are collectively responsible for the 
questions set in the examination, the solutions here given are due 
to the proposers of the questions individually and have not been 
submitted to the other examiners; so that each author is alone 
responsible for the solutions to which his name is attached. I 
may also state that although my name appears on the title-page 
as editor, my duties have been confined to the arrangement of the 
solutions and their passage through the press, &c. : I have not in 
'any way altered the solutions as written or attempted to secure 
uniformity even in matters of notation. 

It may be convenient to state that the examination occupies 
nine days, the first four days being separated from the last five days 
by an interval of ten days. The examination began on Monday, 
December 31, 1877, and ended on Friday, January 18, 1878. The 
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subjects of examination on the first three days (Monday, December 
31, 1877, to "Wednesday, January 2, 1878) were the following: 

Euclid. Books I. to VI. Book XI. Props, i. to xxi. Book XII. 
Props. I., II. 

Ai'itbmetic; and the elementary parts of Algebra; namely, the rules 
for the fundamental operations upon algebraical symbols with their 
proofs, the solution of simple and quadratic equations, ratio and propor- 
tion, arithmetical, geometrical and harmonical progression, permutations 
and combinations, the binomial theorem and logarithms. 

The elementary parts of Plane Trigonometry, so far as to include the 
solution and jiroperties of triangles. 

The elementary pai'ts of Conic Sections, treated geometrically, but 
not excluding the method of orthogonal projections ; curvature. 

The elementary parts of Statics; namely, the equilibrium of forces 
acting in one plane and of parallel forces, the centre of gravity, the 
mechanical powers, fi-iction. 

The elementary parts of Dynamics; namely, uniform, uniformly 
accelerated, and uniform circular motion, faUing bodies and projectiles 
in vacuo, cycloidal oscillations, collisions, work. 

The first, second, and third sections of Newton's Principia; the pro- 
positions to be proved by Ne-wton's methods. 

The elementary parts of Hydrostatics; namely, the pressure of 
fluids, specific gravities, floating bodies, density of gases as depending 
on pressure and temperature, the construction and use of the more 
simple instruments and machines. 

The elementary parts of Optics; namely, the reflexion and refraction 
of light at plane and spherical surfaces, not including aberrations ; the 
eye; construction and use of the more simple instruments. 

The elementary parts of Astronomy; so far as they are necessary for 
the explanation of the more simple phenomena, without the use of 
spherical trigonometry; astronomical instruments. 

The subjects of examination on the fourth day (Thursday, 
January 3, 1878) and on the last five days (Monday, January 14, 
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1878 to Friday, January 18, 1878) are contained in the following 
schedule of the divisions of the subjects. 

First Division. 

Algebra. Differential Equations. 

Trigonometry; Plane and Spheri- Statics. 

cal. Hydrostatics. 

Theory of Equations. Dynamics of a Particle. 

Analytical Geometry ; Plane and Dynamics of Rigid Bodies. 

Solid. Optics. 

Finite Differences. Spherical Astronomy. 
Differential and Intearal Calculus. 



Second Division. 



Higher pai'ts of Algebra and of the 
Theory of Equations. 

Higher parts of Finite Differences. 

Elliptic Functions. 

Higher parts of Analytical Geome- 
try. 



Higher parts of Differential Equa- 
tions. 

Calculus of Variations. 

Theory of Chances, including com- 
bination of observations. 



Third Division. 



Newton's Principia, Book I., Sec- 
tions IX. and XI. 
Lunar and Planetary Theories. 
Higher Parts of Dynamics. 



Laplace's Coefficients. 
Attractions. 
Figure of the Earth. 
Precession and Nutation. 



Hydrodynamics. 
Theory of Sound. 
Physical Optics. 
Waves and Tides. 



Fourth Division. 



Vibrations of Strings and Bai-s. 
Theory of Elastic Solids treated as 
continuous. 



Fifth Division. 

Expression of arbitrary functions Heat, 
by series or integrals involving Electricity, 
sines or cosines. Magnetism. 



VI 
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The Examination was conducted according to the following 
schedule. 



DAYS. 


HOUBS. 


SUBJECTS. 


EZAMINEBS. 


Monday, 
Dec. 31. 


9 to 12, 
lito 4. 


Euclid and Conies. 

Arith. Alg. and Plane Trig. 


Jun. Mod. and Sen. Exam. 
Sen. Mod. and Jun. Exam. 


Tuesday, 
Jan. 1. 


9 to 12. 
lito 4. 


Statics and Dynamics, 
Hydrostatics and Optics. 


Sen. Mod. and Jun. Exam. 
Jun. Mod. and Sen. Exam. 


"Wednes. 
Jan. 2. 


9 to 12. 
lito 4. 


Easy Problems in all the 

three days' Subjects. 
Newton and Astronomy. 


Sen. and Jun. Moderators. 
Sen. and Jun. Examiners. 


Thursday, 
Jan. 8. 


9 to 12. 
lito 4. 


Easy questions from 1st Div. 
and from Pliys. Sub. in 
other Divisions. 


Jun. and Add. Examiners. 
Sen. and Add. Examiners, 


Monday, 
Jan. 14. 


9 to 12. 
li to 4. 


Nat. Philos. from 1st Div. 
Pure Math, from 1st Div. 


Jun. Mod. and Add. Exam. 
Sen. Mod. and Jun. Exam. 


Tuesday, 
Jan. 15. 


9 to 12. 
lito 4. 


Easy Problems. 
Isfc Division. 


Senior Moderator. 

Sen. and Jun. Examiners. 


Wednes. 
Jan. 16. 


9 to 12. 
lito 4. 


Easy Problems. 

2nd, 4th, 6th Divisions. 


Junior Moderator. 

Jun. and Add. Examiners. 


Thursday, 
Jan. 17. 

Friday, 
Jan. 18. 


9 to 12. 
1^ to 4. 


2ud, 3rd, 4th Divisions. 
2nd, 3rd, 5th Divisions. 


Sen. Mod. and Sen. Exam. 
Sen. and Add. Examiners. 


9 to 12. 
lito 4. 


2nd, Brd, 4th, 5th Divisions. 
3rd, 4th, 5th Divisions. 


Sen., Jun., and Add. Exam. 
Jun. Mod. and Add. Exam. 



J. W. L. GLAISHER. 
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SOLUTIONS OF SENATE-HOUSE PEOBLEMS 
AND EIDEES, 

FOR THE 

YEAR ONE THOUSAND EIGHT HUNDEED AND SEVENTY-EIGHT. 



Monday, December 31, 1877. 9 to 12. 

Mr Pbiob, Arabic numbers. 
Mr Ferrers, Eoman numbers. 

1. Parallelograms on the same base, and between the same 
parallels, are equal to one another. 

In a given triangle it is required to inscribe a parallelogram 
equal to half the triangle, so that one side is in the same straight 
line with one side of the triangle and has one extremity at a given 
point of that side. 

Let ABC (fig. 1) be the given triangle; B the given point 
in BO ; and let BB < DC. 

Bisect AB, AG in E, F. Join EF, ED. Draw FG parallel to 
ED to meet BC in G. EDGE is the required parallelogram. 

Join EC, FB. Then aAEF= aBEF, these being on equal bases; 
similarly aAFE= aCFE therefore aBEF=aCFE; therefore EF, BC 
are parallel ; therefore, by construction, EDGF is a parallelogram, and 

= 2 aEBF = aABF = ^aABC. 

2, If a straight line be bisected, and produced to any point, 
the square on the whole line thus produced, and the square on the 
part of it produced, are together double of the square on half the 
line bisected and of the square on the line made up of the half 
and the part produced. 

If a straight line AB he bisected in C and produced to D so 
that the square on AD is three times the square on CD, and if CB 
be bisected in E, shew that the square on ED is three times the 
square on EB. 

We have, by the proposition, 

sq. on AD + sq. on BD= 2 sq. on AC -h 2 sq. on CD; 
and by hypothesis, 3 sq. on CD ^nq. on AD. 
r^ S.-H. P. 1 
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Adding Umm eauiOs to the above equals, and then taking from each 
worn ihs my on AD -^ 2 tq. on CD, we have 

sq. on CD + sq. on BD = 2 sq. on AG 

= 2 sq. on C^ = 8 sq. on CK 
Bot fay tlie propodtion, 

q. onC/> + 8q. on5Z? = 2sq. on C^+2sq. on -'Z>, 
Uunfore 2 sq. on CiF + 2 sq. on ED =8 sq. on CE, 

theralbre 2aq.on ED = 6 sq. on CE, 

thanlbra sq. on J&i> = 3 sq. on C^ = 3 sq. on EB. 

8. The opposite angles of any quadrilateral figure inscribed 
in a circle are together equal to two right angles. 

If a quadrilateral be inscribed in a circle, and the middl 
points of the arcs subtended by its sides be joined to make anothe 
quadrilateral, and so on : shew that these quadrilaterals tend t 
become squares. 

Let A^BV^D^y AfifD^, A^BCJ), be three successive quadri- 
Uterala, made as tne question diicts, the order of points being given by 

A,A^,B, andJ^.5.53... 

Then 2arc J^, = arc-4,5j +arc^j(7,, 

2 arc Bfi, = arc 5,C, + arc C,Z), , 

Lei A B^ be the greatest; 5,C, or C,2>, the least of the arcs A^B^, 
BjC^,C^D^, D^A^. Then the above equalities shew that the arc A^B,^ is less 
Uum the greatest and greater than the least of these arcs, and that the 
Mme is true for the arcs /?,C,, C J>,, DA^. Hence A^Bfifi^ has no 
side so great and no side so small as the greatest and least sides of 
J,JJ,(7,Z), respectively: i.e. AJifiJ)^ is more nearly equilateral than' 
A^Bf^^D^: and so on. Hence the quadrilaterals tend to become rhombi, 
bat toe only riiombus that can be inscribed in a circle is a square, 
tberBfore tlie quadrilaterals tend to become stjuares. 
Or the proof may run thus : 
We bare 

8 arc il^, = arc J,5, + arc jB,C, , 
2 arc ^,C, = arc J9,C7, + arc C^D^ ; 
tberefoni 4arcil^, = 2 arc^^,+ 2arc5,C, 

= arc A^B^ + 2 arc Bfi^ + arc Cfi^ . 
:i!. 2 iir. /),.!, + 2 arc i?,C, = 2 arc ^,5, + 2arc 0,2),: 

ihen-fure, adding tbeee equalities, and taking from each side 2 arc B C I 
we bare ' 'I 

4 arc J^, + 2 arc 2),i, = 3 arc .4 ,5, + 3 arc C,Z),. 

Bimilariy 4 aroi?,(7,+ 2arc J,5, = 3 arc 5,C, + 3 arc D^A^. 

Now .<,/?, + arc Z),i4,= arc J?,C, + arc Z),^,- 

Ibersfure 4 are .1,5, + 2 arc C,/), - 4 arc ^3(7, + 2 arc ^ , 7?, ; 
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therefore the difference of the adjacent arcs J j^., i>ii4i = twice the 
difference of the ac^acent arcs -^^S^, Bf}^\ 

therefore the qxiadiilaterals tend to become rhombi ; therefore as before, 
thej tend to become squares, 

iv. Inscribe a circle in a given triangle. 

Prove that four circles may be described, touching the three 
sides of a triangle, and that the square on the distance between 
the centres of any two, together with the square on the distance 
between the centres of the other two, is equal to the square on the 
diameter of the circle passing through the centres of any three. 

It Ls known that the line joining any two of the centres of 
these circles is perpendicular to the line joining the other two. Let 
then 0, P, Q, R (fig. 2) be the four centres, and through Q, R di*aw 
QE, RE respectively parallel to OR, OQ. Then the angle ERQ is eqiial 
to the angle RQO, and therefore is the complement of the angle FRQ. 
Hence PRE is a right angle. Similarly PQE is a right angle. There- 
fore the points P, Q, R, E lie on the circumference of a circle, of 
which PE is a diameter. Again OREQ is a parallelogram, and there- 
fore ER is equal to OQ. Hence the square on OQ and the square on 
RP are together equal to the square on PE, the diameter of the circle 
PQR. 

V. If the sides of two triangles, about each of their angles, be 
proportionals, the triangles shall be equiangular to one another, 
and shall have those angles equal which are opposite to the homo- 
logous sides. 

The side BO of a triangle ABC is produced to D, so that the 
triangles ABD, AGD are similar. Prove that AD touches the 
circle described about the triangle ABC. 

Since the triangles ABD, ACD (fig. 3) are similar to one 
another, and the angle at D is common to both, it follows that the 
angles ACD, BAD must be equal to one another, and the angles DAG, 
ABC equal to one another. Hence AD \b to CD as BD is to A D, and 
therefore the square on DA is equal to the rectangle contained by 
DB, DC. Hence DA touches the circle described about the triangle 
ABC. 

vi. If two straight lines be cut by parallel planes, they shall 
be cut in the same ratio. 

If an equifacial tetrahedron be cut by a plane parallel to two 
edges which do not meet, the perimeter of the parallelogram in 
which it is cut shall be double of either edge of the tetrahedron 
to which it is parallel. 

Each edge of an equifacial tetrahedron is equal to the edge 
opposite to it. 

Let A, B, C, D (fig. 4) be the four angular points of the given tetra- 
hedron. Draw a plane, parallel to the edges AB and CD, meeting the 

12 
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dgi JC. AD, BC, BD in E, F, O, H respectively. Then, EFGH y^\l\ 
SVimnJlelo^tm. And Ji'/- is to C2> a ^iF is to ^C. Also ^^ ib to 
AB iTcB i/to AC. Therefore EF and EH together are equal to halt 
AB and CD together. Or the perimeter of the parallelogi-am LJ^GH 
most be equal to the sum of the edges AB and CD. 

vil Id the parabola, prove that the distance between the foot 
of the ordinate of any point and the foot of the normal at that 
point is equal to half the latus-rectum. 

Inscribe a circle in the segment of a parabola cut off by a double 
ordinate. 

Let QV (fig. 6) be half the bounding ordinate of the parabola. 
From the axis cut off VN equal to ^ F, draw NP at right angles to the 
axis, and draw PG the normal at P; G shall be the centre of the required 
circle. 

For PN*=^iAS.Ay 

= iAS.AV-^AS.NV 
^iAS.AV-^AS.QV 
= QV*-iAS.QV 
= QV-2NG.QV', 
therefore PG'^QV'- 2NG .QV+NG' 

= NV'-2NG,NV+NG' 
= GV*; 
therefore PG=^GV, 

and therefore G is the centre of the required circle. 

iiL Prove that the tangent, at any point of an ellipse, makes 
equal angles with the focal distances of that point. 

From the foci of an ellipse, perpendiculars are let fall to the 
Ungeni at any given point of the curve. With the feet of these 
patpeodiculars as foci, an ellipse is described touching the axis 
mi^ of the given ellipse. Prove that the point, in which it 
toodies the axis major, will be the foot of the ordinate of the 
given point, and that the ellipse described will be similar to the 
given ellipse. 

lt .V i , UZ (hg. 6) be the perpendiculars from the foci on the 
^{W^ ^ Draw PN perpendicular to the axis major, and join SP, 
UP, yy, ZS. Then, since SYP and S^P are each right angles, a 
cirdfl can bo dewribed about the quadrilateral SNPY, and therefore the 
Mdca SNY, SPY are equal to one another. Similarly the angles 
USZ, HPZ are equal to one another. Therefore the angles SNY, HNZ 
art equal to one another, and an ellipse described with Y, Z 9& foci, and 
peaiing through N, will touch HU at N. 

JMP**" ^^ is the diameter of a circle in which NY subtends the 
angle SPY, and UP is the diameter of a circle in which XZ subtends 



Dec. 31, 9 to 12.] problems and riders, 5 

the angle NPZ, and these angles are supplementary. Hence NY is to 
NZ as SP is to IIP. And if through Z we draw ZV parallel to aS'^, 
meeting SY in V, we see that VZ is the diameter of a circle, in which 
YZ subtends the angle YVZ, which is supplementary to NPY. There- 
fore SH is to YZ as SP is to YN, i.e. as SP + IIP is to TN+ZN. 
Therefore the distance between the foci of the new ellipse is to its axis 
major as the distance between the foci of the old ellipse is to its axis 
major; or the ellipses are similar. 

ix. Define conjugate diameters of an ellipse ; and prove that 
the sum of the squares on any two conjugate diameters is constant. 

A system of parallelograms is inscribed in an ellipse whose 
sides are parallel to the equi- conjugate diameters ; prove that the 
sum of the squares on the sides is constant. 

CP, CD (fig. 7), being the equal conjugate diameters, we have, 
with the usual notation, , 

PV. VG : QV :: CP' : CD'; 

therefore PV.VG=QV\ 

But PV. VG^CP'-CV (Euc. II. 5), 

CV'+QV'^CP', 

or QQ"-^Qq'=4.CP*; 

therefore the sum of the squares on the sides of the parallelogi-atn is 
constant. 

10. The tangents drawn from any point to a conic subtend 
equal angles at the focus. 

If P be any point of an hyperbola whose foci are 8 and H, and 
if the tangent at P meet an asymptote in T, the angle between 
that asymptote and HP is double the angle 8TP. 

Let HP (fig. 8) meet the asymptote in K. Join SP, and from 
S draw SL parallel to the asymptote. 

Then TP and the asymptote are the tangents from T, and TSL is 
the angle subtended at the focus by the asymptote ; 

therefore PST =^ TSL = STK= STP + KTP ; 

therefore PST + STP = 2STP + KTP, 

and TPS=TPK; 

therefore adding, and reversing sides, we have 

2STP + KTP + TPK = PST + STP + TPS 
2 right angles 

= PKT+KTP+TPK; 

therefore 2STP = pkT. 
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11. If two chords of a rectangular hyperbola he at right 
angles* each of their four extremities is the orthocentre of the tri- 
angle formed by the other three. 

If four such points and the tangent at one of them be given, 
find the centre of the hyperbola. 

Let A, B, C, P (fig. 9) be four such points, each being the ortho- 
centre of the triangle formed by the other three, and let the tangent at 
P be given. 

(1) The centre of any rectangular hyperbola passing through 
A, B^C lies on the nine-point cucle of a ABC. (Besant's Conies, Art, 
139.) 

(2) Let TPT be the ^ven tangent. Join AP, and produce it 
to meet BG in L. From L draw LQ parallel to T'PT to meet the 
nine-point circle in Q. Join QP, and produce it to meet the nme-point 
circle in 0', then is the requu-ed centre. 

For, let AP be bisected in V; then F is on the nine-point circle. 

Join VO. Then vdp = VLQ = VPT; therefore (Besant's Conies, Art. 
136) VO is the diameter conjugate to AP; therefore is the centre of 
the hyperbola. 

12. The section of a cone by a plane, which is not perpen- 
dicular to the axis and does not pass through the vertex, is either 
an ellipse, a parabola, or an hyperbola. 

In a given plane are drawn a series of confocal conies, upon 
which stand cones with their vertical angles right angles. Shew 
that the locus of their vertices is given by the intersection of an 
hyperbola, whose vertices are the foci of the conies, and a circle 
concentric with the hyperbola and passing through its foci. 

Let the given plane intersect at right angles the plane of the 
paper (fig. 10) in the line A' USA, and let S, II be the given foci. Let V 
be the vertex of the cone which cuts the plane in the conic whose foci 
are S, If, and vertices A, A'. Then the circle inscribed in the triangle 
VAA' will touch AA' sX S or //. Let it touch it at aS', and let it touch 
VA, VA' at L, L, 

Then A'Y - AY =A'L' - AL = A'S- AS=fiOT\%iixa!(.. Hence F is a 
point on the hv|)erboU whose foci are J, .4' and vertices S, H. 

Also, by hvpothema, AY A' ia a right angle; therefore V lies on the 
cirde d whidi AA' is a diameter, and this is a circle concentric with 
the hyperbola, and paasing thi-ough its foci. 



PROBLEMS AND RIDERS. 



Monday, December 31, 1877. 1^ to 4. 

Mr Glaisheb, Arabic numbers. 
Mr Gbeenhill, Roman numbers. 

1. Obtain the value of tt to six places of decimals from the 
series 



If ^ and 

n 



n p 



be converted into circulating decimals, find the 

relation between the figures in their periods, n being supposed to 
be prime to 10 and p less than n. 

(i) The series are 

^-28fi + 2 , 2^ , y>, 2.4.6 , I 

'^ - TTT i ^ + 3 \ToTJl ^3,5 VT?nr; ^ 37577 VTinr/ + <^<^- j 

, 3 03 3 6 il 4. _ / 144 \ , :^J_i / 14 4 \a J. Arn 1 

+ looooo (3 UooooO/' 3^5 uooooo-/ ^ '*^^- f 

The work is as follows, every figure that has to be written 
being printed, 

1 

0013 333 33 

213 33 

3 66 

7 



^|o = 0-013333 33 

16 

213 333 3 
12 



7 |255 999 
36 57 



000144 
2 

310-00288 



1-013 550 39 

28_ 

8 108 403 12 

20 271 007 8 

Fu-st series = 2-8 379 410 92 

1 

1152 
96 



0-00096 



6912 
10368 
110592 





0-000 960 00 
1 11 




1-000 


961 


11 






30 : 


336 


30 


6 005 

30 028 
300 288 
028 833 


766 
833 
333 
3 


66 
3 



30 365 156 2 
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Firet series = 2-837 941 092 

Second = 0303 651 562 

X = 3141 592 654 

Thua, value of x to six places is 3141 593. The true value is 31 41 
592 653 589... so that the above calculation is correct to the last figure. 

(ii) Let 

^ = 0.ay9y...^, ^=0.a'^y...r. 

**'*" n~999...9' n 999. ..9 ' 

>nd, since the sum of the fractions is equal to unity, 

a;3y...i+a'/?y...^' = 999...9 
80 that, the number of figures in each period being the same, 
a + a' = /3 + i8'=...=^ + f = 9. 
[The principal rules relating to the conversion of vulgar fractions 
into decimals are as follows : Let -jr^ be a proper fraction in its lowest 

terma, then (1) if iV is of the form 2*5", the decimal terminates after r 
figorea from the decimal point, r being the greater of the numbers m and 
n ; (2) if .y be prime to 10 the decimal circulates from the figure next to 
the decimal point (i.e. is a pure circulate) and the number of figures in 
the period ia equal either to <^ {N), or to a submultiple of ^ {N), cj> (N) 
denotang the number of numbers less than 2f and prime to it ; (3) if 
Jf-TTb'Ji, R being prime to 10, there will be r figures between the 
decimal point and the first figure of the iMjriod, r being the greater of the 
nomben m and , and the number of figures in the period will be equal 
to ^ {R), or to a subnraltiple of / {R). It is to be noted that if iV be a 
prime, then ^ {N) = N -\. 

If the period of -j. {N prime to 10) contains n figures, then the period 

M 

of -y (if any number {xirae to N) also contains n figures, and the total 

number of d^fftretU periods obtained by giving all admissible values to M^ 
"" Th"" ^ *^6 period of -^ contains N-\ figures (in which case 

N moat be a prime, though the converse is not true, viz. if N be a 
prime the number of figures in the period is either iV - 1 or a submultiple 
<>' ^- IX '***** ^ten is only one distinct period. For example 
|--i4285t, |--i85714, f =-428571, 4 = -571428, =-714285, =-857142, 
and the periods all contain the same figin-es in the same order, though 
b^ginmii|witha diifereDt figure. Also when the periotl contains N-l 
finra^ the noond half of the period is compImmUary <o 9 to the first 
half (k. the two portions when added together = 999. ..9 : take for 
example the period of ^, here 1 + 8 = 9, 4 + 5 = 9, 2+7 = 9) 
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If -T^has a period of ?i figures, -p of p figures, -Q^i q figures..., and 

if N, P, Q...he primes, then ^p^ has a period of a figures, a being 

the least common multiple of n, p, q But the demonstration does 

not apply to the case of a power of a prime. Generally however, - has 

a period of nN figures, r of nN^ figures, &c., but for an obvious reason 
this is not true when N 3 (a factor of 10 1), and it is also not true of 

the number 487, for -^ has a period of 486 figures, and ^^ has also a 

4o7 487 

period of 486 figures. It is, however, true for all other primes less than 
1000*, so that if iV^, P, Q... be any primes, each less than 1000 (3 and 

487 excepted), the period of ^ p^ ^ contains a figures, where a is the 

least common multiple of wiV*-i, pP^~'^ , g^-i....] 

2. Prove that, if <^ (a;) be a rational and integral function of 
X which vanishes when x is put equal to a, then x a is a factor 
of </) {x). 

Shew that 

is a complete cube. 

By actual development the expression is found to be equal to 
{6(-a + 6-c)f. 

3. Explain to what extent the equation aJ^.a"^ = a"''^" admits 
of being proved. Obtain the values of a" and a'K 

If <^(^) = ^^;, Fix) = -^^ 



-X 



shew that 



a'+a" '' a^ + a 

^^^+2/; 1+^(^)^(2/)- 

The equations are at once verified by substituting the values of 
<f>{x), <J3 (y), F {x), F (?/), in the right-hand members, and performing 
some slight reductions. 

4. Find the sum of the cubes of the first n natural numbers ; 
and shew that every cube is the difiference of two squares, such 

* Desmarest, Theorie des Nombres (Paris, 1852), p. 295. 
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that if the cube contains an uneven factor a', each of the squares 
is divisible by a*. 

Find the sum of the cubes of n consecutive terms of an arith- 
metical progression ; and shew that it is divisible by the sum of 
the corresponding n terms of the arithmetical progression. 

(i) Since 1* + 2* ... +n"= {|n(+ 1)}* it foUows that 

n = U(n+l)}--{Jw(n-l)}'. 

Let n = ab, we have to shew that |6(h+1) and ^b(n~l) are 
integers. This is evident, for (1) suppose n even, then since a is uneven, 
b is even and |6 is an integer ; (2) suppose n uneven, then |(i 1) is an 
inteiger. 

(u) + (a + 6)'... + {a+(n-l)6}'' 

iMi* + Sa'ft . Jn (n - 1) + 3a6*. ^ {( - 1) w (2w - 1)} + 6^ {| (n - 1)} 

m^{2a + {n-l)b}{a*+(n-l)ab + ln(n-l)b'}. 

5. Solve the equations : 

a^ - {2a-b -c) x + a* + b* + c" - hc-ca - ab = ; 

a?" + 2xif j^ = ax + hi/\ 
a? 2xyy*= bx ay) ' 

I( a^=px + q, shew that 



X = 



x + q 



where o-}-/8=jp, a^ = q. 

If g^'Bpjt^ + qx + r, express a^ in the form Aa^ + Bx + G. 

(i) The roots of the equation are 

a + &I) + cw*, a + b<i}' + cci), 
where is an imaginary cube root of unity. 

(ii) Adding and subtracting the equations, we have 

2(x-y) = (a + 6)+(6-o)y, 4ay= (a-6)x + (a + 6)y, 
which may be written 

{-i( + *)}{y-i(a-6)} = TV(a'-6*); 

or, potitng x-}(a + 6)=u, t/-\{a-b) = v, these are tc'-v' = lab, 
* - tV ( - * ). >^hich give on solution * ' 

--i(+6n '* = i(a + 6)J u= ii{a-b)) u^-ii(a-b)) 
(where < 1 . sh uruaI^ , leading to 
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x = l{{\-i)a+{\+i)h]-\ 
y=l{{l+i)a-{\-i)h}]- 
(iii) Let a;" = Ax + B, then we have 

x"-Ax-B = Q, a''-Aa- = 0, /S"-^j3-5 = 0, 
whence, eliminating A and B, 

X''{a-l3)-x (a" -l3") + aJ3 (a"- - yS""') = 0, 
which gives at once the required equation. 

(iv) The result is obtained by the elimination of A, B, C from the 
equations 

x'^Ax'+Bx + C, a"= Aa' + Ba + C, /S" = A^ + Bfi + C, y' = A-/ + By + C , 

where a, ^, y are the roots of x^ px^ qX"- r = 0. It is of course best 
expi'essed as a determinant. 

6. Prove that the logarithm of the product of ,ny number of 
quantities is equal to the sum of the logarithms of the quantities. 
Given that a^ + b^ = l and that* 

log 2 = 0-3010300, log (1 + a) = 0*1928998, log (1 + 6) = 0-2622226, 
find log (1 + a + b). 

Since a* + 6* = 1, we have, 

1 + a +b = J2{1 + a){l +b), 
as is evident by squaring both sides of the equation. Thus 

log (1 + a + 5) = |. {0-3010300 + 0-1928998 + 0-2622226} 
= 0-3780762. 
[The numbers in the question correspond to a = sin 34".] 

vii. Define the Trigonometrical Ratios of an angle so as to be 
true for all magnitudes of the angle ; and make a table shewing 
the values of the trigonometrical ratios in terms of any one of them. 

Prove that the equation tan x = kx has an infinite number of 
real roots. 

As X increases from mr ^ir to nrr + ^Tr, tan x increases through 
all real values from oo to oo , and therefore passes through a root of 
the equation tan a = kx; and to every positive root there is a correspond- 
ing negative root, 

viii. Prove geometrically 

(i) sin ui + sin -B = 2 sin |( J. + 5) cos |(^ - J5), 
(ii) cos ^ - cos 5 = 2 sin ^ (5 + A) sin ^{B-A)\ 

and explain how such formulae are shewn to be true universally 
for all magnitudes of the angles A and B. 
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COS (g ^ i8 + g) ^ co8(7 + tt-l-^) 
-^ sin (a + $) cos*7 sin (7 + o) cos^yS ' 

and /9 and 7 are unequal, prove that each member will be equal to 

cos ( /3 + 7 + ^) 
sm(/3-|-7) cos*a' 
and that 

sin (/9 + 7) sin (7 + a) sin (a + )8) 



cot^ = 



cos (/3 + 7) cos (7 + a) cos (a + /S) + sin" (a + /3 + 7) ' 
From the given equation 

sin (a + /8) sin (y + a) cos* /3 sin (y + a) sin (a + )3) cos* y 
~ 008 (o + /S) sin (y + a) cos* /J cos (y + a) sin (a + fi) cos,^ y ' 
of which the numerator 

= sin (/3 + y) sin (y + o) sin (a + )8) sin (y - p), 
and the denominator 

= \ {0O8 (a + )S) sin (y + a) - COS (y + a) sin (a + /8) 

+ 008 (a + ^) sin (y + a) cos 2)3 - cos (y + a) sin (a + /8) cos 2/3} 

= i {2 sin (y - ^) + sin (2a + ^ + y)(cos 2^ - 2 cos 2y) 

+ sin (y - )S) (cos 2)3 + cos 2y) = ^sin (y - ^) {2 + cos 2a 

+ COS 2)3 + cos 2y - cos (2a + 2/3 + 2y)} 

= J sin (y -/3){4 sin* (a + /3 + y) + cos 2a + cos 2/3 + cos 2y 

+ CO8 (2a + 2/3 + 2y)} = sin (y ^ ^) . {sin* (a + )8 + y) 

+008 (a + ;S)c08 (/3 + y) cos (y + a)}. 

Throwing out the factor sin (y - /3), which is common to the numerator 
and denominator, this becomes the expression for cot in the question, 
and nnoe it involves a, /3, y symmetrically it follows that each side of 
the giran equation also 

_ 008 (/3 + y + g) 

~ sin (/S + y) cos* a 

ix. Find an expression for all angles havingr a given sine 
If ^+^+C+/) = 27r,then 

cot I ^ cos 1 /? sin J 5 sin 4 C - cos i 5 cos i C sin ^ ^ sin ^ i? 
^^ri\{A -k- B) Bm^{A+ C) cos\{A + D). 
oca J ^ coe J Z> dn i^sin iC - cos ^^cos iCsin 1^ sin |2) 

-i{00i(i-Z>) + 008j(^+Z))}{0O8j(^-C)lcO8H^+C7)} 

-J{oo.i(J-i))-oo8j(^ + Z))}{co8j(5-(7)+cosH5+C)} 
-Jooii(^ + Z))oo8j(5-C)-ioo8i(^-2))cosH^+C) 

-J{c08j(5-Q + 008j(il-Z))}c08i(4+i)) 

^co.i(^+i?-C-Z))ooeH^-5 + C-/>)co8i(^+i)) 
in i (.4 + y?)Bin J(^ +r)coB J(.I + /)). 
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X. Prove that, in any triangle, a" = 6' + c' - 26c co.s ^1 ; and 
hence prove that 

a _ h _ c 
sin A sinB~ sin C 

In a triangle ABC, AB = AC + ^BC, Si,nd BC is divided in 
so that BO : OC :: 1 : 3; prove that the angle AGO is twice 
the angle AOC. 

If h is the perpendicular drawn from the angle A on the side 
C, and c = b + ^a, OG=^a, 

sin 2A0C^2 sin AOC cos AOC 

h AO' + OC'-AC 



2 



OA 2A0 . OC 

0C'+AC'-20C.AC. coC+ OC'-AC 
{OC + AC - 20C . AC . cos C)OC 

j^ ^a' + b'-^ab cos C + y^ a' - 
(t^ a^ + 6^ - 1 a6 cos G)^a 

, |(t^-f(a^ + S^-c^ 



= h 



.a_|6 + 3c 



= h %a'-^ + ^{h' + ah^\a') 
{-^^a' + l^l{b' + ab + la')}la 



= h 






= r = sin C and therefore angle AGO = 2 angle AOC. 

xi. Solve a triangle in which one angle at the base, the oppo- 
site side, and the altitude, are given ; and explain when the solu- 
tion is ambiguous or impossible. 

If the angle is 36, the opposite side 4, and the altitude ^/o 1, 
solve the triangle. 

Jo 1 
Since sin 1 8 ~ , there is therefoi*e one triangle satisfy- 

ing the given conditions, with angles of 18", 36" and 126", and sides 

4^^^^" landl^^^^^ orl ^^''^ j g^d 1 '^^ ^ ^ 

* sin 36" ' * ^^^ * sin 36" ' ^"^ * ^(10 - 2J5) ' * ^^^ * V(10- V^) " 

xii. Find expressions for the radii of the inscribed and cir- 
cumscribed circles of a triangle. 

If the centre of the inscribed circle of a triangle be equidistant 
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from the centre of the circumscribed circle and the orthocentre, 
prove that one angle of the triangle is 60. 

If be the centre of the circumscribed circle, / of the inscribed 
circle, and F the orthocentre, 

0/' = i2*-2i?r, 

Jf = lA* + Af - 21 A . AP C03 1 A P. 

And /^..^,^P = 2ficos^ 

am i^A 

angle IAP^\ir-C -\A = \{B -C). 
Therefore if OP = IF*, 

, ^ R AS* 4{s-a){8-b){8-c) 

therefore = -j = -^^ '-^ 

r abc8 aoc 

= 48in J^ sin^-BsiniC 

Thoi'forc l-Ssin^JsinJ^sin^C 

= 16 sin* J5 sin* J C + 4 cos*^ - 16 sin J^ sin |(7 cos ii cos ^ (7? - C), 

r l-2cos^-2cos5-2co3C+2 

= 4(l-co8 5)(l-cosC)+4 cosM - 4 cos ^4 sin ^ sin C 

-IGcos^sin'^^sin'C 

= 4(l-coeJ5)(l-co8C) + 4co8il (cos .4 - sin 5 ain C) 

4 cos ^ (1 - cos B){\ cos C) 
4(1 -cos J?)(l -co8(7)-4co8^co8j5cos(7 

- 4 cos il (1 - cos ^)(1 - cos C), 
or 1 2 (cos A + coe B + oo C) + 4 (cos B cos C + cos C cos A + cos A cos B) 

8 cos ^ cos 5 cos (7 = 0, 
or (l-2ooaJ)(l-2co8 5)(l-2cosC) = 0; 

therefore cos il or cos if or cos (7 = ^, 

and therefore i4 or i9 or C is 60*. 
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Tuesday, January 1, 1878. 9 to 12. 

Mr Glaishee, Arabic numbers, 
Mr Greenhill, Roman numbers. 

1. Define the resolved part of a force in any given direction. 
OA, OB, OG... are any number of fixed straight lines drawn 

from a point and spheres are described on OA, OB, OG... as 
diameters. Any straight line OX is drawn through and a point 
P taken in it so that OP is equal to the algebraical sum of the 
lengths intercepted on OX by the spheres. Find the locus of P. 

Let OX make angles 6^, 0^, ... with OA, OB,...; then 
OP = OA cos $1 + OB cos ^2 + &c., that is, OP = the resolved part in the 
direction OX of forces represented by OA, OB, ... If, therefore, OR 
denote the resultant of the forces OA, OB..., the locus of P is the sphere 
described upon OR as diameter. . 

2. If three forces are in equilibrium, they must lie in a plane, 
and meet in a point or be parallel. 

A uniform rod hangs by two strings of lengths I, I', fastened to 
its ends and to two points in the same horizontal line, distant a 
apart, the strings crossing one another. Find the position of equi- 
librium, and shew that if a, d be the angles that 1,1! make with 
the horizon, 

sin (a + a') (/' cos dl cos a) = a sin (a a'). 

In fig. (1 1) G the centre of gravity of the rod is vertically under 
0, the point of intei-section of the strings, so that the perpendiculars Om, 
Dn are equal. Thus OG cos a OD cos a, that is 

{V OB) cos a -(I OA) cos a. 
And since 

OA __ OB a 

sin a' sin a sin (a + a) 
this equation becomes 

' , a sin a ) , T t <* sin a ) 

I : -. T, } cos a =<l -. -. K ( cos a, 

sui(a + a)j (, sm(a + a)J 

viz. Bui(a + a')(r cos a' Icoaa) = a sin (a -a') (1). 

If ^ be the inclination of the rod to the horizon, and b be its length, 

h sin 6 = r sin a I sin a, b cos 6 = 1 cos a + l' cos a a, 

and these, with (1), give the value of 6 in terms of I, I', a, b. 

3. Two parallel forces P and Q have a resultant R which lies 
between them and is distant a and b from them respectively. Find 
the relations connecting P, Q, R, a, h. 

ABCD is a quadrilateral, and two points P, Q are taken in 
AD, BG such that AP : PD :: CQ : QB. From P, Q straight 
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Sby^B, CD.PF. ecyaremeqmhbnum. 

Beple 0?' by pamllel tovoe.S S. actmg at B, CJig- M 
*, S in magnitude. =^. W = ^.4Z>=^f , since ^^=^^ 

i i +.^ pn Thus ^, and AB actmg at Ji 
Similarly 5, is equal m magnitude to P^ tt ^ have as their re- 
Uve as theJr resultant i>^, and ,S^, ^d ^^ g^^^ ^^, ^.^ ^. 1^,,^ by 

of forces. 

4 Given the centres of gravity of a body and of any part of 
\t find the centre of gravity of the remainder. 

' rUdy consists of two parts, and one of thern is moved into 
any other p^sH on; shew that the line joining the two positions 
Ke centre of gravity of the whole body is paral el and bears a 
fix^ ratio, to the" ine joining the two positions of t^e^^^f />f 
eravity of the part moved; and apply this theorem to find the 
position of the centre of gravity of a circular arc. 

Let W be the weight of the whole body, and u. that of the part 
moved. Let g (fig. 13) be the centi-e of gmvity of the hxed part, and 
rTrCr.,!? Velentx4 of gx-avity of the mo>^d part and of the who^ 
fedy in the t'wo positions. Then gG, : gg, = u, : W, and gG : gg, = ^ . , 
so that (? 6?. is irallel to g,g and beai-s to it the ratio of w : W 

To anpi; the theorem to find the centre of gravity of a cucular arc 
AB of rudius a subtending an angle 2a at the centre (fag. U), remove 
from the end of the arc, A, to the other end of the arc, B, an element 
subtending at the centre an angle d. The effect of .this is to turn the 
arc through the small angle 6, and therefore to move the centre of gi-a- 
vity through a distance xd, x being the distance between the centre 
and the centre of gravity. The element e is moved through a distance 
2a sin a, and the weights are proportional to aS, and 2aa, so that, by the 

Uieorem, 

x6 : 2asino = aa : 2aa, 



sma 
and hence ^ = - < 



5. la tlic Roman steelyard the distances of the graduations 
from a certain point are in arithmetical progression, and iu the 
Danish steelyard in harmonica! progression. 

A brass figure ABDC, of uniform thickness, bounded by a 
circular arc Z^SC (greater than a semicircle) and two tangents 
AB, AC inclined at an angle 2a, is used as a letter-weigher as 
follows. The centre of the circle, 0, is a fixed point about which 
the machine can turn freely, and a weight P is attached to the 

Kint A, the weight of the machine itself being tv. The letter to 
wetghcil is suspended from a clasp (whose weight may be 
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neglected) at D on the rim of the circle, OD being perpendicular 
to OA. The circle is graduated and is read by a pointer which 
hangs vertically from : when there is no letter attached, the 
point A is vertically below and the pointer indicates zero. Ob- 
tain a formula for the graduation of the circle, and shew that if 
P= ^ w sin^ o, the reading of the machine will he \w when OA 
makes with the vertical an angle equal to 

_i [(tt + 2a) sin'^ a + 2 sin a cos a) 
\ (7r + 2a) sin^a + 2cosa j 

Let a be the radius of the circle, and G the centre of gravity of 
the machine (fig. 15). Taking moments about 0, 

Wa cos $-{vo. OG + Pa cosec a) sin 6, 

W being the weight suspended from Z>, and 6 the angle made by OA 
with the vertical. Suppose OG determined; "then 

tan6= -p^ = (1), 

w . OG + ra cosec o ^ ' 

and putting for W values corresponding to the weights to be engraved 
upon the limb of the machine, this fonnula gives the positions of the 
graduations. 

To find OG, we have (fig. 16) area of sector BO DC = a* (Jtt + a), area 
of triangle BOG = * sin a cos a, area of triangle ABC = a? cos^ a cosec a, 
and G^, G^, G^ being the centres of gravity of these areas, 

OG =^a ^, OG ^asiixa, 0G3-asha.a + iacos^ acoseca; 

whence, noticing that OG^ is negative, 

OG . a* (|7r+a+cota)=^a^ ( 2cosa+ 2cosasin*a+ 3 cos' a + cos* a cosec* a), 

= \a^ cos' a cosec^ a ; 
and therefore 

qq^2l cos'" 

~ ^ (ir + 2a + 2 cot a) sin* a ' 

Substituting this value in (1) 

/^ TT7 (t + 2a) sin* a + 2 sin a cos a 

*^^ ^ = ^^-y ^ Wu KW- S i > 

^ w cos a- F {(tt + 2a) sm a + 2 cos a} 

and the result in the question follows at once on putting 

6. State the laws of friction ; and explain how they may be 
verified experimentally. 

Two rings, each of weight w, slide upon a vertical semicircular 
wire with the diameter horizontal and convexity upwards. They 
are connected by a light string of length 21 (supposed less than 2a, 
the diameter of the semicircle) on which is slipped a ring of weight 

s.-H. p. 2 
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W Shew that when the two rings that slide on the semicircle 
are as far apart as possible, the angle 2a subtended by them at 
the centre is given by the equation 

( W + 2wf tan* (a + e) (? - o' sin' a) = TTV sin' a, 
where tan e is the coeflScient of friction between the rings and the 
wire. 

Let 26 (fig. 17) denote the angle between the portions of the 
string, and let T be the tension of the string when the rings are at 
A, b\& far apart as possible. Then Tr=2rcos^, and the noi-mal 
pi^esure on the wire at J is to cos a + T cos (^ - a). Resolving along the 
tangent at A 

Tmi(0-a) = V}aia + tan c {lo cos a + jT cos (^ - a)}, 
whence Tsin (6 - a - c) = m; sin (a + e), 

IT 

vir, ^ 2 8in(5-a-) = WJsLn{a + e). 

2co80 



This gives 



tan ^ = tan (a + e). 



But / sin d - a sin o, 80 that this becomes 
asina W+2w 



^{I'-a'mi'a) W 



tan (a + c). 



vii. State Newton's laws of motion, and explain the bearing 
of the second law upon the definition of force: prove also that a 
force may be measured by the kinetic energy generated in the unit 
of length. 

Given that a quadrant of the Earth's surface is 10 centimetres,^ 
and th^ mean density of the Earth is 5 '67, prove that the unit of 
force will be the attraction of two spheres each of 3928 grammes, 
whose centres are a centimetre apart, the acceleration of gravity 
it the Earth's surface being 981 ; a centimetre, second, and gramme 
1)1 iiig the units of length, time, and mass. 

The attraction F between m and m grammes at a distance I ^ 
centimetres is 

vliere C is a constant 

To determine C, consider a gramme on the earth's svuface, attract 
hy the earth. 

Then/'-981, m = l, m' = ^, x 10" x 567, ;=-xlO: 
mm' 8 x 10 X 5-67 " 
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To find the number of grammes m, which at a distance of 1 centi- 
metre from an equal mass would be attracted with the unit of force, we 



V G~ 



and therefore m = .1 -^ = 3928. 

(Everett, The Centimetre-GramTne-Second (C. G. S.) System of Uviits, 
p. 32.) 

viii. Describe the theory of Atwood's machine, and explain 
how it is used to verify the laws of motion. 

If the groove in the pulley in which the string runs be cut to 
that depth at which it is found that the inertia of the pulley may 
be divided equally between the moving weights, and if Q be the 
weight required to be added to overcome, the friction of the axle 
of the pulley when equal weights P are hung at the ends of the 
string, prove that an additional weight R will produce acceleration 

R 

2P+2Q+R+W^' 

where W is the weight of the pulley. 

All the mass of the pulley may be supposed collected into a ling 
of certain radius (the radius of gyration), and if the groove in which the 
string runs be cut down to this depth, the inertia of the pulley may now 
be allowed for by dividing the mass of the pulley equally between the 
moving weights. 

Suppose now the pulley weightless, and P + ^W the weights sus- 
pended from the string: let a be the radius of the groove, b of the 
axle of the pulley; ^ the angle of friction of the bearing. 

If be the centre of the pulley, A the point of contact of the axle 
in the bearing (fig, 18), then when the pulley is in motion or bordering on 
motion, the inclination of OA to the vertical is ^. 

If the pulley is bordering on motion when Q is added to one weight, 
then for equilibrium, taking moments about A, 

{P+Q + lW){a-bahx<f>) = {P + ^W){a + bam<l>). 

Suppose / the acceleration when an additional weight P is added, 
and let T and T' be the tensions of the strings. 

Then T{a-bBiD.<t,) = T' {a + b sin <t>), 

f P+Q + P + ^W-T T'-P-\W 



and 

Therefore 



g P+Q + P + ^W P + \W 

T^ _ CT + 5s in <I>_P+Q + ^W 
T ~ a-b sin ^ ~ P+ilf" 



22 



20 
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(/>H- (?-fig+|Tr)(i--0 



or 



1 + - 



therefore 



The same result will be obtained supposing the pulley to retain its 
weight W; for then taking moments about A wLen the weight ^ is 
added, and' the pulley is bordering on motion, 

{P+Q){a-b sin </))=-?' (a + 6 sin ^) + TFJ sin <^, 

a + bHm<l>P+Q + W 
o^ a-bsin<t>~ P + V^ ' 

as before. 

And when the weight R is added, and the acceleration of the system 
is /, if 7*, ^ be the tensions of the strings; for the motion of the 
pulley, taking moments about 0, 

f (y-r)a-(T+T'-4-Tr)5sin<^ 

g- Wa ' 

and for the motion of the weights 

/ P^-Q^R-T _T'-P 

-g- P + Q + R - P ' 



Therefore r=(/> + ^ + /?) (l --A, 



r-P 



, 6ein^ Q 

as before. 



ix. If a body, attached at its centre of mass to one end of a 
-tniijr of length r, the other end of which is attached to a fixed 
j. ,ut on a smooth horizontal plane, make n revolutions a second, 
prove that the tension of the string is to the pressure on the plane 
as WnV to g. 
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Prove that at the equator a shot fired westward with velocity 
8333 or eastward with velocity 7407 metres per second will if un- 
resisted move horizontally round the Earth in one hour and 
twenty minutes and one hour and a half respectively. 

Let*r be the radius of the earth, w the angular velocity, and v 
the velocity with which the shot is fired westward relatively to the 
eaiiih. 

Then since the earth turns round from west to east, 

or tj = ro) ^gr 

= m(lV289) 

= ra)(l17) 

= ISro) or 16ro). 

The earth's equatorial circumference being 4x10' metres, the velocity 
at the equator due to the rotation 

4x10' 
''""27x60x60' 

and therefore 18ra)=8333, 16r<o=7i07; and the shot will go roimd 
the earth in JL* or Jg-* of day: that is, in one hour and twenty 
minutes, or one hour and a half. 

X. Prove that the path of a projectile if um-esisted is a para- 
bola, and that the velocity at any point is due to the level of the 
directrix. 

A shot of m pounds is fired from a gun of ilf pounds, placed on 
a smooth horizontal plane and elevated at an angle a. Prove that, 
if the muzzle velocity of the shot be V, the range will be 



V 

2 



(l + i)t-n 



^l + (l + ^)tan^a 



Let u, V be the horizontal and vertical components of the 

f' ity of the shot, U the velocity of recoH of the gun, and ^ the angle 
parture of the shot. 
'] 



Then - = tani8: ^=tana, and mu = MU. 
u ^' u+u 

Therefore tan /8 = (l + -^j tan a. 
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V 
The range =2 sin )3 cos j3 



= 2 



gr. 1 + tan^ ft 



(-i) 



xi. Define an impulse, and explain how it is measured. Find 
the velocity of a particle of given elasticity after oblique impact at 
a fixed smooth plane ; and prove that, after impact on two planes 
at right angles, the velocity of the particle is reversed in direction. 

If a stream of particles of elasticity e all moving in parallel 
directions with velocity u impinge successively on two smooth 
fixed planes at right angles, prove that the average resultant of 
the pressures on the planes is Mu (1 +e), where M is the mass of 
the particles which strike each plane in^ one second. 

After impact on the two planes^ the particles form a stream 
moving in the opposite direction with velocity eu, and therefore momen- 
tum has been communicated, Mu(l+e) per second, to the original 
incident stream; Mu (1 + e) may therefore be taken as the measxxre of the 
average resultant of the pressiure due to the continued impact of the par- 
ticles on the planes. 

xii. Prove that the kinetic energy of two particles is equal to 
the kinetic energy of a mass equal to the sum of their masses 
moving with the velocity of the centre of mass, together with the 
kinetic energy due to the motion of the particles relative to their 
centre of mass ; and extend this to the case of any number of 
particles or a material system. 

Of the kinetic energy of a material system in free space, how 
much is available for conversion into work ? 

(Maxwell, Matter and Motion, Articles Lxxix,, lxxx., lxxxi.) 



Tuesday, January 1, 1878. 1^ to 4. 

Mr Pbior, Arabic numbers. 
Mr Ferrers, Boman numbers. 

1. From the behaviour of known fluids under the action o( 
external forces obtain a definition of a perfect fluid; and deduce 
the characteristic property of the internal forces in such a fluid. 

If the linear dimensions of a fluid medium at rest undei 
parallel forces uniformly distributed throughout it be variec 
uniformly in the ratio 1 : w, shew that the pressure at an] 
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point is varied in the ratio n-^ : 1; and that, if -4, iJ, C be 
three specified elements of the fluid, the moment of tlie pres- 
sure on the plane AB C, about the line AB, is varied in the ratio 
1 : n. 

Let A', B', C denote the elements A, B, C after the variation. 
Let OT be the pressure at C, or' that at C"; and let M be the moment of 
the pressure on the plane ABC about AB, M' the same for A'B'C 
about A'B\ 

Then since the whole pressure on the area ABC is equal to that on 
A'B'C, we have in the limit, when ABC is made indefinitely small, 

TS X area ABC = tzr' x area A'B'C, 

vs Sivesi A'B'C in? 



therefore 



13 area ABC 1 



Agaiuj ^ce the pressures on any area before and after the variation 
are equal, and when these areas a,re indefinitely diminished, then- dis- 
tances J), p' from AB before and after the variation are as 1 : n, 
we have 

M=% {pressure on any small area x p) 
M' = 5 {pressure on the corresponding area "xp'}, 
therefore =n'^ {pressure on the corresponding area xp], 

therefore ^tf, = - . 

M 71 

2. The difference between the pressures at any two points of 
a homogeneous liquid at rest under gravity is proportional to the 
distance between the horizontal planes in which the points lie. 

A regular tetrahedron of thin metal, whose weight is equal to 
the weight of water it would contain, is emptied of water, and cut 
into two halves by a central section parallel to two opposite edges. 
If one half be held fast in any position, shew that the force 
required to draw away the other half from it will be the same, 
provided* the centre of the tetrahedron be always in the same 
horizontal plane. 

Let W be the weight of the half-tetrahedron, 11 the pressure at 
the centre C of its base, a an edge of that base. Let a be the angle 
which each face of the half-tetrahedron makes with a line CX perpen- 
dicular to its base, 6 the uiclination of CX to the vertical. The pressure 
on each of the faces is equal to the product of its area into the pressure 
at its CO., and has a component along CX=this product x sin a. Then 
the component along CX of the pressures on two similar faces is, by 
symmetry, = 2 sin a x the product of the area of each into the pressure 
due to the depth of the point in which the line joining their centres of 
gravity cuts CX. Therefore the component of all the pressures 
= 4n-a^ {n - gph cos 6], where h is the distance from C of some fixed point 
G on CX, G being the centre of gi-avity of the surfaces pressed by the 
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water, and p l>eing the density of water. Let F be tlie force requii-ed to 
draw away the half-tetiiihetlron. Then we have 

Fe = iTra* {n - gph cos 9\ + TFcos 6. 

But by symmetry, when 6 = \v, since the tetrahedron would be in 
equilibrium, 

Fw = 47ra*n, 

2 

therefore IT must = iTaJ'gph, 

therefore F9 = iira*U. 

Or thus: 

Since the weight of the tetrahedron is equal to the weight of water 
it would contain, suppose it replaced by water which would then be at 
rest, and the half-tetrahedron of water could be moved by any the 
slightest force ; therefore the force which would move one half-tetra- 
hedron of metal from the other is the force across the plane that 
separates the half- tetrahedrons of water; which force is constant, 
b^use the centre of this plane is always at the same depth. 

3. Find the conditions for the equilibrium of a solid body 
floating in a liquid of greater density than the solid; and shew 
that, when it is in stable equilibrium, the height of the common 
centre of gravity of the solid and liquid is a minimum. 

If a body be floating in a liquid contained in a cylindrical- 
vessel, and be pressed down through a small distance c, shew that 
the common centre of gravity of the liquid and body will be raised 

B c* 
through a height \ a _ t> t where A, B are the areas of the cross- 
sections of the cylinder and solid in the plane of floatation, and d 
is the height of this plane above the base of the cylinder. 

Let W be the sum of the weights of the liquid and body, which 
remains unaltered; and let 2 be the original height of the c.G. of W. 
Let i be the height through which it is i-aised. The plane of floatation 

is raised through a height . _ c, and the weight of liquid raised 

above the original plane of floatation is Acgp where p is the density of 
the liquid. Supixjse the change made by lowering the whole system 
through a depth c, and then raising a weight Acgp from below the 
original base of the cylinder to the top of the liquid. This process gives 
the equation 

W{z^z)^W{z-c)^Acgp{d-l^l.-^c), 
therefore i..-e + ~^P 



-'^-7{''*ij^') 



But ir A<fi,'/. l.,i:(tmo the weight of the body is eqxial to the weight 

of the Hui.l.li.si.Iac.l. J ^ b 
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Therefore z--- c + -Jd + ^ . ^ c ) 



= i ' 



A-B'd' 

4. Explain the statement " when gases of diflferent kinds are 
placed in the same vessel, each acts as if the other were a vacuum" : 
and from it deduce Boyle's Law. 

The original pressures of three gases contained in vessels 
A, B, (7 of equal volume are a, j8, 7. If > /3a, 7a be their pres- 
sures when - th of the contents of B and C have been transfeiTed 
n 

to A\ ttaby ^ab> Jab their pressures when -th of the new contents 
of C and A have been transferred to B; Uabc, ^abo> labc their pres- 
sures when - th of the last-formed contents of A and B have been 
n 

transferred to G\ and if other symbols have similar meanings, 
shew that 

O-bca ^abc _ ^bca ^cab _ ^cab ~ ^abc _ + ^ + 7 

2ri 1 n n 1 n^ ' 

By the conditions of the question 

a. = a + -(^+7), ^ = -^/3, y. = -^r> 

(n-Xf (n-Vf ,^ , ^ n-\ n^-2ri'+2n-l ^ n-l 
_ 1 1^ n^-2n'+Sn-l 



I therefore by cyclical changes we obtain 



n^-^n^ + ^n-l 1^ 1 

Oica = 3 a + -/^ + - y, 

n n n' 

n^ - 271^ if2n-\ n-\ ^ n-\ 

"cab^ 5 0.+ P + -ZJ^y'> 

n n n 



2n-l 
therefore a,,^ - a^, = ^^3 (a + /3 + y), 

I 

Ocab - o^ic = 3- (a + ^ + y;. 
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5. Describe Nicholson's Hydrometer; and explain its uses. 

An old Nicholson's Hydrometer is found with its stem uni- 
formly coated with nist. Two weights of unknown magnitude are 
also found with it. The stem has three marks A, B, C upon it 
which marked the surface of some unknown liquid when the 
hydrometer (free from rust) floated in it either free, or with one or 
the other of the two weights in its upper pan. When it is now 
placed in a liquid, the surface in the three cases is at A', B', C. 
Shew that 

AA' .BC-AC.BB' + AB. CC' = 0. 

Let to , u>, be the two weights; p, p' the densities of the two 
liquids; o, a the areas of the stem of the hydrometer when free from 
rust and when rusty respectively. Then, whatever be the weight of the 
hydrometer, we have 

tOj = AB . pa and = A'B' . p'a, 

Wg = AC . pa and = A'C . pa' y 

, , AB A'B' 

therefore AC^AV" 

therefore AB{AC + CC - AA') = AC {AB + BB' - AA') 
therefore AA' (AC- AB) - AG . BB' + AB . CC = 0, 
therefore AA'.BC-AC .BB' + AB.CC' = 0. 

6. State clearly the argument which shews that rotating 
liquid under forces symmetrical with respect to the axis of 
rotation may be dealt with as if at rest under the given forces 
and an additional force passing through the axis: and, in the case 
of heavy homogeneous liquid rotating about a vertical axis, shew 
that vertical sections of the surfaces of equal pressure are para- 
bolas. 

A spherical shell is partly full of water at rest. If the water 
be made to rotate about the vertical diameter, shew that the 
greatest depression of the free surface exceeds its greatest eleva- 
tion. 

Let AB {fig. 1 9) be a vertical great circle of the sphei*e, CD the 
intersection of the burface at rest with the plane of the paper, J/TiV the 
intersection of the rotating surface with the same plane. Round the 
sphere describe a cylinder with axis vertical, and suppose the space 
between it and the sphere tilled with water to the height GCDU. If 
this water be made to rotate with the same angular velocity round the 
axis, its surface will intersect the plane of the paper in MK^ NLy being 
cuntinuations of the parabola MVN. 

Now the volume of the paraboloid between KL and F^i the 
volume of the cylinder between these levels ; and also, since the mass of 
water is constant, this volume is equal to the volume of the cylinder 
between KL and Gil; therefore the volume of the cylinder between KL 
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and GH is \ its volume between KL and F; therefore V and KL ai-e 
equidistant from (?/?; therefore Y is depressed below CD more than 
J/, xV are raised above CD. 

vii. Distinguish between a real and a virtual image; and 
prove that the image formed by a convex mirror is always virtual, 
but that that formed by a concave mirror is real or virtual, 
according as the distance of the object from the centre of the 
mirror exceeds or falls short of a certain amount. Prove that, in 
these cases, the image is erect or inverted, according as it is 
virtual or real; 

viii. State the laws of refraction. 

A small cylindrical pencil of rays is incident on the curved 
surface of a solid right cone with a flat base, formed of a refracting 
substance, the axis of the cone coinciding with the axis of the 
pencil. Determine the position of the point from which the pencil 
will diverge, after transmission through the cone. 

The pencil, after enteiing the cone, will diverge from the 
vertex of the cone, and therefore, after emergence, will diverge from a 
point on the axis, at a distance from the base = /* times the height of 
the cone. 

ix. Find the geometrical focus of a small pencil of rays after 
direct refraction into a medium bounded by a spherical surface. 

A luminous point approaches a refracting medium bounded by 
a spherical surface, the point moving along the axis of the medium. 
Prove that the point and its geometrical focus always move in 
the same direction, and that the least distance between them is 

^^^: r, /Lt being the refractive index, and r the radius of the sur- 

VAt + l 

face. Which is then nearer to the surface ? 

Let u, V, be the respective distances of the luminous point and 
its image from the surface of the medium. Then, r being the radius of 
the mediiun, we have 

fJL 1 ft 1 

V u r ' 

Now, as the liiminous point approaches the medium, u diminishes. 
Hence, - increases, therefore - increases and v diminishes. Or, the 
luminous point and its image move always in the same direction. 

Again, putting u v = y, we have 

\^ 1 ^ A^-1 
u y u r ' 
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therefore {{ix-l)u + y}r = {fi-l) {u-y)u, 

TV 

or u*-ir + y)u--^ = 0. 



Hence, that u may be real, we must have 
Ary 



(r + y)* + ^ = a positive quantity, 

or y* + 2 ^ ; ry + r* - a positive quantity. 

Thus, y cannot be intermediate in value between the two quantities 
(both of them negative) which satisfy the equation 

y'+2^^.ry + r\ 
fi-1 

These ai-e --^ i r, - ^, , . r. 

Hence, y is initially infinite, and diminishes till it attains the value 

^/^~ r. Since this is negative, we infer that u is less than v, and 

^fi + 1 
that the luminous point is the nearer to the surface. 

X. Define the focal length of a lens ; and prove the formula 

111 

= -., the symbols having their usual meanings. 

V u f '' ^ ^ 

Two lenses of crown-glass and flint-glass are placed with their 
surfaces in contact and coinciding; determine the relation between 
their refractive indices and the radii of their surfaces, in order 
that a pencil of parallel rays may continue parallel, after trans- 
mission through the combination. 

If /,, /, be the focal lengths of the lenses, F the distance from 
which the pencU diverges after transmission from the first lens, 

\_\ 

y~f 
11 
y~r 

Hence/+/'= 0, or one lens must be convex and the other concave, 
or the focal lengths of the lenses must be equal and opposite. 

And, if /at, ^ be the respective indices, r, r' the radii of the 
siirfaoe of the first lens, v\ s of the second. 



(,-,)(l.l,).(,--,(l,.l) = o. 

or 

the required relation. 



r 8 r ' 
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xi. Define the optical centre of a lens; and prove that there 
are two points which satisfy the definition. When are the two 
points coincident; and when is one of them infinitely distant? 

The centre of a lens is the centre of similitude of its surfaces. 
Hence there are two such points. They will be coincident when the two 
surfaces of the lens are portions of concentric spheres; and one of them 
will be-infinitely distant when the radii are equal and opposite. 

xii. Describe the Astronomical Telescope; and find its ma.cr. 
nifying power and field of view. Where should the eye be placed, 
to receive the most light ? 

Trace a pencil, from a distant object near the axis of the tele- 
scope, to the retina. 

To receive most light, the eye should be placed at the image of 
the object-glass formed by the eye-glass ; or, more strictly, the centre of 
the pupil should coincide with the image of the centre of the object- 
glass formed by the eye-glass. ^ For the section of the siu-face which 
envelopes all the pencils diverging from the several points of the object- 
glass will here be smallest. 

Wednesday, January 2, 1878. 9 to 12. 

Mr Prioe, Arabic numbers. 
Mr Glaishee, Eoman numbers. 

1. ABG is a triangle, and the centre of its inscribed circle. 
Shew that AO passes through the centre of the circle described 
round ^0 a 

Let D (fig. 20) be the centre of the cu-cle escribed to ABC, 
which touches BG externally. Then AOD is a straight line, because 
AD, AO both bisect the interior angle at A. Also since BO, CO bisect 
the interior angles at B and C ; and BD, CD bisect the exterior angles 
at B and C ; therefore OBD, OCD are right angles; therefore AO 
passes through the centre of the circle described roiuid BOCD. 

2. Between three towns A, B, C there is a continual migra- 
tion of families, so that the number of families in each town is 
unaltered, while the whole number of families migrating at any 
specified time is always even. Shew that, if by the end of any 
time an even number of families have left A for B, then by the 
end of the same time the number of families that have left B for 
A is also even. 

Let A^ be the number of families migrating at any time from 
A to B, and let similar symbols be employed for the other towns. Then 
by the given conditions we have 

As + Ac = B^ + C^, 

Ba + B^ = C^ + A^, 

C^ + C^=Ac + Bc, -. 

and A^ + A(; + Bc + B^ + C^ + Cb-= an even quantity = 2?? say. 
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Now, adding the two first of these equations, we obtain 

and substituting this result in the last of the equations, we have 

If then Ab be an even number, so is ^^. 

iii. If 

shew that the difference of a and h, the quotieut of h divided by a, 
and the sum of the squares of a and h are all equal. 
It has to be shewn that 

a - 6 = - = a* + 6^ . 
a 

and the values of a and h are such that 6 - 2a*. The first equation 
therefore becomes 2a' + 2a'=l, and the second 4a' 2a = 1. The 
latter is deducible from the former, for squaring 

ia* = {\-2ay=\-W+ia*, 

= l-4a' + 2a(l-2a), 
= l-4a+2a-2(l-2a*), 
= - 1 + 2a. 
It remains therefore only to prove that 2a' + 2a' = 1 : and this 
readily appears, for writing the first equation in the question in the form 

3 + l=(a+)3)U(a-)8)*, 
we have (3a + 1 )' = 2a + 3 (a' - ^'f (3a + 1), 

that is 27a + 27a'+9a + l=^+3(3a + l), 

viz. a' + o* = J. 

4. If a; + y + z = 0, shew that 

(a? y z ) \y-z z-x x-y) 

We have 1^:1^+*-::^ + ^ -^ = l + ?.lZf + ?.^Zl 

I y z jy-z y y-z z y-z 

^ ^ x{s?-zx + xy-y*) 
yz{y-z) 

= 1 + (aj-y-s) 
yz^ ^ > 

2a;* 
= 1 + (for y + s = - a;), 
yz^ ' 
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therefore fc" + ^^ + ^ (^- + -^ + _1_\ 

A as y z ) Xy-z z-x x-yj 



V.3 1 .3 , ^3 



= 3 + 2?li:ll=3+6=9, 

xyz ' 

for, since x + y + z = Q, x^ + y^ +z^- 3xyz = 0. 

5. Find the real roots of the equations: 

a^ + z" + y" = a\ y'z' + x' {y ^ z) =hc, 

z" + f+ x" = h\ z'x' +y'{z+x) = ca, 

y"+ x" +z' = c^ x'y' + z' {x + y)= ah. 

We have 
6V = {z" + y' + x"] [y" + x" + z'\ and = \yz' + x'{y-^ z)}\ 
therefore = {sfx' - ^y'f + {z'z - x'yj + {yz - x'y. 

Since then all the quantities are real, we must have 
yz = x'^, and similarly zx = y"', xy - z'^. 

Hence, substituting in the three first equations, we have 

of -^-xy + xz = a!', xy + if + yz = If, xz+yz + ^- c', 

,, xyz 1 , x+y + z 

therefore - = - = - = and = ^ ^ , 

* Ir c* x+y+z <i^ + 6* + c* 

therefore x + y + z Ja^ + 6^ + c* , 

a' c' 

X = = , y = ,- = , z 



, 5c , _ ca , _ ah 

which satisfy all the equations. 

vi. If a and b be positive quantities, and if a^= ^ (a + b), 
6, = {aj))^, a, = i (! + 6 J, &2 = [ctjb^]^ and so on, shew that 

-h _^ 

^r, = t) = . 

cos r 



Shew that the value of tt may be calculated by means of this 
theorem. 

Leta^Scos^, then a^ =- Jcos^l^, 5, = Jcos|<3f>, ag = 6cosJ<^co8*|<^, 
&, = 6cosi-<^cosJ^<^, ffl3 = 6cos|<^cos^<^cos'|</), 63 = ft cos J <^ cos ^<^ cos J <^, 
<tc. 
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Thus 



0=6 =6cosi^cos^<^cos|^^.. 



= b- 



cos ^ 



To calculate the yalue of ir it is only necessary to give a and b f ucli 

values that v stall ^ the cosine of |ir or ^tt or ^tt, Ac. 
6 

The simplest case is that of a = 0, 6 = 1, when we have 

, 2 

a =0 - . 
' ' v 

[The result in the question is, in fact, Euler's product under a 
slightly different form : for Euler's product, viz. 

-^= cosi^ cos^</cos|^.., 
9 
may be written 

^^^ ={Hi +p)}^ (Ki +p.)}* (HI -^p.)}^- 

where jj, denotes the previous factor {^(1 +p)} , p^ denotes the previous 
Now let p = ^ , p^ = -r^, <fec., then 

so that we may take a, = J {a+b), 6, = (a, by, fec., as in the question. 

The quantities o,, b^, a,, 6,... converge to the value of ir very slowly. 
I have calculated the values for the case of a = 0, 6=1, which are as 
follows : 



a =00000000, 
a, = 0-5000000, 
a, = 0-6035534, 
o, =0-6284173, 
a^ =0-6345730, 
a, =0-6361083, 
a, =0-6364919, 
a, =0-6365878, 
o, =0 6366117, 
o, =0-6366178, 
a = 0-6366193, 
a = 0-6366197, 
a = 06366 198, 



b =1-0000000, 
6, =0-7071068, 
6, =0-6532813, 
6, =0-6407287, 
b^ =0-6376435, 
6 =0-6368754, 
b, =0-6366837, 
b, =0-6366357, 
6, =0-6366238, 
6, =0-6366207, 
61, = 0-6366200, 
6 = 0-6366199, 
6 = 0-G36G198. 
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In this case the formula gives 

, 2 

IT 

and the value of - is 0-63661977... 

TT 

The method, regarded as a means of obtaining the value of ir is in 
fact only the method of polygons in a not very convenient form for if 

d) = , then 

. , IT TT ir 

h = 6 cos H cos TTs ... cos , 

= sm -^ 2 sm 7:77- , 
m 2 m 

so that the value of the circumference obtained from h^ is equal to the 
perimeter of an inscribed regular polygon of 2''m sides. The formula 
u.sed above (viz. for the case a = 0,6 = 1) is in fact 

2_V2 ^(2+^2) ^(2 + ^/(2 4-^2)) 

7r~ 2 2 2 ^^^' 

and was given in a form equivalent to this by Vieta ; but it does not 
appear to have been actually employed in the calculation of ir. The 
formulae that were employed were equivalent to 

IT TT 

2"m sin -- and 2"** tan ^r- 
2 m 2 m 

for the inscribed and circumscribed polygons, i.e. Van Ceulen would 
have calculated 

V(2-V(2+V(2 4- 7(2...4-V 2)))) 
2 " 

(involving n 1 square root signs, and which = sin J, in preference 
to the first nl factors of (1), which = cos | ir cos-|7r . . . cos ;r^ .] 

vii. In the sides JBC, CA, AB of a triangle three points 
A', B^, C are taken such that 

A' : A'G = p, : q CB' : FA =^, : g.^, AC : C'B = p^ : q^; 
shew that if BB' and GG' , GG' and AA', AA and BB intersect 
in A' , B", G" ; then the area of the triangle A"B"G" is to the 
area of the triangle ABG as, 

iPiP2P, - ^xMbY (P^Pz + Mz+P^%) (PsPi + Ml +Ps9i) 

Suice CC (fig. 21) is a transversal of the triangle ABB\ 
BA" . EG . AG' = BC' . AC. B'A", 

Whence BA" _ AC BC' _p,q, q^ 

nhence BTr' -WC- AC ^ p, ' p,' 

IH s.-ii. 3 
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Thus 


i,BA"C BA" (p, + q,)qs 

aBBV BB' p,p,-^q,q, + P,q,' 


and 


A BFC B'C p, 
A BAG AC p,+q,' 




A BA"C 2\q. 


so that 


i,BAG p^p.^q^q^-^p^q^ 


Now A 


A"ff'C"= ^ABC- aBA"C- aCB"A- aAC'B, 


80 that 




.A"F'C" 


J p,qs p^qi 


i.ABG 


p, p> + q^q^ + p^q* v^ p. + ^a^i + vs. 




pa^ 




v,p, + qxq.+ps^ 


which, after some reduction, 




{p^p,Ps-q,q,qs)' 



{P,Pz + ??3 + P.'Za) {PzP, + ^a?, + P^q,) {P^P2 + ?!? + Pi?.) 

viii. If PQ be a focal chord of a parabola, and jB any point 
on the diameter through Q; shew that the focal chord parallel 

to PS-'j^. 

Let pq, pr (fig. 22) be the tangents parallel to PQ, PR, and let 
F denote the focal chord pai-allel to PR. 

Let rp meet the diameter through g' in ^ Then pt=pr. 

Hence, and by similar triangles, 

P(r : PR'^pq' : pt'^pq" : pr", 

= PQ:F. 

PR* 
Therefoi-e F=-^' 

PQ 

ix. If OP, OQ are two tangents to an ellipse, and CP', CQ' 
the parallel semidiameters, shew that 

OP.OQ + Cr . CQ' = OS . OH, 
8, H being the foci. 

Since by orthogonal projection the triangle CFQ' (fig. 23) is 
equal to CPQ, the angles between any two diameters of a circle being 
equal to those between their conjugates ; and since the triangles SPQ, 
CPQ, II PQ on the same base PQ have their altitudes, and consequently 
their areas, in arithmetical progression ; therefore 

Af'P'n'h^SPQ + hAlIPQ. 



I 
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Hence a OPQ + a CFQ' = \ OPSQ + | OPHQ = \p. AA', 

where AA' is the major axis, and p the common magnitude of the four 
perpendiculars from to the focal distances SP, SQ, IIP, HQ. 

Let HP produced to S' be equal to ^^', 

Then, from above, a OPQ + a CFQ' = a OS'H; 

and, the angles at and C in the three triangles being equal, and the 
length OS^ being equal to OS, therefoi-e 

OP.OQ+ CP' . GQ' = OS. OH. 

This proof is due to Mr C. Taylor, of St John's College. 



10. A rhombus is formed of four rods of length a, hinged 
together. Two opposite rods are supported in a vertical plane bv 
two smooth pegs, which are separated by an horizontal distance h 
and vertical distance k. Shew that the product of the horizontal 
distances of either peg from the ends of the nearer unsupported 
rod is i (Ic' ^ah + K^), and that there is no bending moment 
round a point in either supported rod, whose distance from its 
supporting peg is three times the shorter of the distances of that 
peg from an unsupported rod. 

Let ABGD (fig. 24) be the rhombus ; P, Q the pegs ; and let 
the reactions at the hinges be denoted by the letters in the figure, the 

A 

weight of each rod being W. Let AP = x, CQ = x', ADC = 6. 

Resolving horizontally, we see that 

X,:=X, = X, = X = Xsay. 

Resolving vertically for the unsupported rods, we have 

r.+ TF=r^, r.+ 17=73, therefore Y^-Y^+Y^-T^ = (i; 
and taking moments round the centres of these rods, we have 
(7,+ rjcos^ + 2Xsine=0, 
{7^ + 7,) cos ^ - 2Xsin ^ = 0, 
therefore 7, 4- 7, + 7^ + 7^ = ; 

and since 7j - 7^ + 73 - 7, = 0, 

we have 73 = 7,, 7^ = Y^. 

Now, taking moments about P and Q for the supported i-ods, and 
using previous results, we have 

Y^x -Y^{a-x)^-W{\a-x) = 0, 
7.x' - 7, (a - x') + r ( J a - a;') = 0, 

therefore x = x'. 
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Henco, if PiV be drawn perpendicular to DC, 

DJ^ a-x-h and also = a cos + a;, 

therefore 2x=a{\-co^6)-h, 

therefore x = \a{l-co&e)-\h, 

a-x-h = la{\->rC0s6)-\h, 

therefore AP . I)N = x{a-x-h) = (-^-) -jCos'O, 

= l{k'-2ah + h'}. 

Next let 72 be a point in AB such that PH^Sx; then the bending 
moment round E ia 

r.(-4x)-i^^r.^^H'.-4.){r.-Tr'i^^}. 

Now, we have 

and Y^x-T,{a-x)+W{la-x) = 0, 

therefore ,a-W(^a-2x) = 0, 

therefore ^-^^^-^='^' 

therefore there ia no bending moment roimd B. 

XI. i\ji elliptic lamina of eccentricity e rests upon a perfectly 
rough equal and similar lamina, the two bodies being symmetri- 
cally situated with respect to their common tangent at the point 
of contact If o be the inclination of the major axis of the fixed 
ellipse to the horizon, and 6 be the inclination, measured in the 
same direction, of the major axis of the moving ellipse in a position 
of equilibrium, then 

sin i (^ + a) = e' sin $ cos ^ (d a). 

In fig. 25 OM is horizontal, FG' is the normal, C the centre, 
and PN' perpendicular to A'C In the position of equilibrium C'F is 
vertical, so that the angle PC'O = ^Tr-6, and since OP bisects the angle 
C'OCt the angle C'OP^ J (O-a), 

Nowr<?' = 'rA^, and 

CV : C'P :: sin \ (6 + a) : cos h (0 - a). 
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Also <7'iV' = C"P sin ^, 
whence ^'"'{f/'i O'P^e" C'P sin $, 

giving the equation in the question at once. 

[Or, otherwise, since FO is parallel to the diameter conjugate to C'F, 
tan FOC tan OC'F = -, : that is, 

tan |(^ - a) cot = -2 , viz. 1 - tan |(^ - a) cot 6 = e'.] 

12. A cube with two faces horizontal is pressed against a 
rough vertical wall -by two strings in vertical planes perpendicular 
to the wall which are attached to the ends of a rod which forms 
the upper edge of the face furthest from the wall, and passing over 
pullies in the same horizontal line in the wall support equal 
weights. If the coefficient of friction be tan /S (/8 > ^ tt), where 
tan 3/8 + tan /3 = 2, and if the ratio of the weight of the cube to 
each of the supporting weights be 4sini8, shew that, in the two 
limiting positions of equilibrium, the directions of the slant por- 
tions of the strings are inclined to each other at an angle 4/3 tt. 

In any position of equilibrium, let the pressure between the 
cube and the wall be F and let the vertical force due to friction be F. 

If the upper horizontal face of the cube be above the pullies as in 
fig. 26, where ABDG is one vertical face of the cube and E is one 
pulley, let / ACE = 6. If on the other hand it be below the pullies, as 
in fig. 27, let lAGE^^; and let this difference of notation distinguish 
the two cases. 

Let W be each supporting weight, and 2a an edge of the cube. 
Firstly, so far as turning round the edge ^ is Concerned, there will be 
equihbrium if 

2Trcos^. 2a>2Fsin^.2a + 4TFsin^.a, 

or cos ^ - sia ^ > sin ^. 

But tan3;8 + tanyS=2, therefore sin 4^ = 2 cos 3/8 cos ^, 

therefore 4 cos 2/3 sin /3 cos /8 = 2 cos 3/3 cos /8, 

therefore 2 cos 2/3 sin /8 = cos 3/3, 

therefore sin 3/3 - sin /S = cos 3/3, therefore sin 3^ - cos 3/3 = sin p. 

Hence there will be equilibrium, while 

cos ^ sin ^ > sin 3/3 - cos 3^, 

i. e. while cos ^ - sin ^ > cos (3/8 - ir) - sin (3^ - ir), 

i. e. while cos 6 - cos (3/8 - tt) > sin ^ - sin (3^ - t), 

,., . 3/8-,r-^ . 3/8-7r + ^ . 3/8-7r-g 3^-7r + (9 
1. e. while sm ^ ^ sm ^ ^ > - sin ^ cos ^ , 
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ZB-ir-9. ^ . Sfi-TT + e 3)3--n- + g 
i.e. while sm -^- ^ is + , for sin ^ ^ " ^^ 2 

Le. while ^<3/3-7r. 

Secondly, so far as turning round the same edge is concerned, there 
will be equilibrium, if 

2Jrsin<^.2a+2Trcos<^. 2a>4 Wsm/3.a, 
or sin ^ + cos ^ > sin /8, 

> cos (3y3 - tt) - sin (3)8 - tt), 
or sin <^ + sin (3/3 - it) > cos (3)3 - tt) - cos ^, 

or sin^^^ ^ cos-*- ^ >sin^- ^ sin ^^^ 2 ' 

or tan^- ^ < 1, 

d>-3B + Tr V , 00 TT 

or ^ ^ <;j, or <|)< 3/3-2 

Thirdly, so far as turning round the edge A is concerned, there will 
be equilibrium, if 

air sin ^ . 2a < 4 IF sin )3 . a, 

or sin ^ < sin )8, or <i><j3. 

Now )3 < 3/3 - ^ ; hence the cube will not be in eqidlibrium, unless 

As far then as turning is concerned,, the limiting positions of equi- 
librium are given by ^ = 3)3 tt, and <^ = )3, where we notice that 

e + <^ = 4)3-7r. 

It only remains then to shew that for positions of the cube between 
these it has no tendency to slip. 

If e<3)3-tr, wehavei2 = 21Fcose, F = 2Wmie+ iWaia^, 
therefore .Rtan)3-i'=2ir(cosetan/8-sin^-2sin)S) 
= 2 IK sec )3 {sin ()8 - 6) - sin 2)3} 

= - ilTscc )3 sin ^-jr- cos-^-^r ; 
J 2 

therefore ^ </? tan )3, if cos -4^- be negative, 

Lcif 3)3-e>7r, 
Le. if e<Zfi-ir. 

Again, if <^<)8, wehave /? = 2irco8</>, ^1^= 4Jr8in)8-2Trsin^, 
thoreforo - tan )8 - /* = 2 IT (cos </> tan )3 + sin <^ - 2 sin ^3) 
= 2 IF sec p {sin {l3 + <f>)- sin 2)3} ; 
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therefore ^ < i2 tan /8, if sin (/J + <^) > sin 2/3, 

if /3 +?!,< 2/3 or >fl-- 2/8, 
if </></3or>7r- 3/3, which is negative. 
Therefore, between the limiting positions of equilibrium given by 

6 = 3I3-Tr and <^ = /3, -F < i? tan /3, i. e. the cube will not slip. 

These are therefore the true limiting positions of equilibrium. 

13. A particle is projected from a platform with velocity V 
and elevation /3. On the platform is a telescope, fixed at elevation 
a. The platform moves horizontally in the plane of the particle's 
motion, so as to keep the particle always in the centre of the field 
of view of the telescope. Shew that the original velocity of the 

platform must be V ^^ , and its acceleration a cot a. 

"^ sma ^ 

Let A (fig. 28) be the point of projection ; the position of 
the telescope, F that of the particle at the time f. 

Then AB = AM-BM 

= V (cos yS - sin /3 cot a)t + ^g cot a f 

sin (a - /8) ^ , . . 

= V ^ t + ig cot a ^ 

sma 2^ 

Since this is true for all values of t, we learn that the original velocity 
of the platform must be V -. and its acceleration g cot o. 

sin n 



sma 



xiv. Two bodies are projected from the point A in the same 
direction with velocities v^ and v^. P and Q are any two points 
on their respective trajectories, and P3I, QN the perpendiculars 
upon the horizontal plane through A. If AM, AN, be denoted by 
ttj, a^, and the angles FAM, QANhj a^, a^, then 



4 oCosa, . -COS a, 

^ ^ ** COS aj -^ a cos a^ 

= ^WiV (;9'A cos (a, - a,) + {v^\ - i;>J sin (a,-aj|. 

Let i be the angle the direction of projection makes with the 
horizon, and let t be the time of flight of the first body from A to F 
(fig. 29) : then 

ttj tan Oj = V, sin i . - ^f, a, = v^ cos i . t, 

whence a, tan a^ = a^ tan * ^ "^^ sec , 

viz. ga^ tan' i - 2v' tan i + 2v' tan a, + ga^ = 0. 

Similarly ga_ tan' i - 2v/ tan i + 2w/ tan a, + ga^ = 0. 
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Eliminating tan i from these two quadratic equations, 
(2ga^v* - 2sra,r/) {2^," {2v,' tan a, + ga,) - 2 ^ (2t;, tan a, + gra^)} 
= {ga, (2v/ tan a, + ga^) - ga^ {2v* tan a, + ga^)Y, 
which, on reduction, at once assumes the form given in the question. 

15. Two buckets P, Q hang at the ends of a light string 
which passes over a smooth fixed pulley. Above each bucket is a 
fixed point from which hangs a light string supporting very small 
balls of mass m at equal intervals a. Initially, the lowest ball of 
the string above P is just touching the base of P, while a number 
of balls of the string above Q are coiled upon the base of Q, so that 
Q descends and at the first instant of the motion one ball is lifted 
from its base. Find the acceleration of the system after r balls 
have been lifted oflf Q. 

Shew that when the square of the mean velocity throughout 
a complete interval from ball to ball is to ga as the difference 
between the total descending and total ascending masses in that 
interval is to m, the velocity at the end of the interval is approxi- 
mately the same as it was at the beginning. 

Let P, (? be the masses of the buckets, m the mass of each ball, 
N the mass of balls initially on the base of Q. The geometrical condi- 
tions of the problem shew that the number of balls in motion is always 
the same ; therefore the moving mass is always P +Q-\- N. 

At the time t let r balls have been lifted off Q. Let u^ be the 
velocity just after the impact last before t ; v^ that just before, w^^, that 
jiist after, tlie next impact. 

During the interval in which t lies, the weight on Q's side is 
(Q+N- mr) g, and on Ps side (P + mr) g ; therefore dm-ing this interval 
the acceleration is 

(g + iV-7nr)-( P4-mr) _Q + N-P-2mr 
P+Q + N ^ PTqTx~^- 

And at the ensuing impact, since the velocity of one ball is destroyed 
by the stnng above Q, we have 

Now the space throughout which the system has the above accelera- 
tion IS a, 

therefore {I'+Q^ N) { r,/ - <} = 2 ((? + iVr _ p _ 2mr) ga. 
and =_.^^ 

therefore (/V <? + JT)' w,,/ -{P^Q^N- m)' < 

2f/a i^ + '^^-P- 2*") {P+Q + N- my 

pTqTn 
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If then tt^^j = w, approximately, we have 

or, approximately, 

"'"=f'^ {pTtT^"'}' = Si + ^-P-2"-} 0). 

But, if T be the time in which the complete interval is described, the 
indefinitely small time of one impact being included, we have 

Q + N-P-lmr 

V^ = U+ jT 7^ ^ OT, 

F+ Q + JH" ^ ' 

and = -^ y, ^ u.^ = - ^ u for this mterval, 

' F+ Q + J^-m '+ F+Q + J^-m " 

therefore m \ p ^^ j^ u^ \ = (^Q + N-F 2rnr) gr, 

therefore i j,^ t.^ Xf uX = ^{Q + N-F-2mrY (2). 

From (1) and (2) we obtain 

a=^{Q + J!f-F-2mr}. 

a* 

Now, if w be the mean velocity, iOT = a; therefore t*= g ; 

hence, 

mw^ = {Q + If-F- 2mr}ga, 

or w' : ga :: {{Q + N' - mr) - (F + mr)} : m. 

xvi. Prove that the periodic time of a body describing an 
elliptic orbit under an attraction to a fixed point within the 

ellipse is -^^, whereto is the perpendicular from the centre of 
the ellipse on the polar of ; assuming the acceleration of the 
body at distance r from to be ^ , where p is the perpendicular 
from the body on the polar of 0. 

In Newton, Section ii.. Prop, vii.. Cor, 3, it is shewn that the 
force under the action of which a body F revolves in any orbit about a 
centre of force C is to the force under the action of which it can revolve 
in the same orbit in the same periodic time about any other centre of 
force 0, as OF" . CF to CG\ CG being drawn paraUel to OF, and cutting 
the tangent at F in G. 
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Now let C be the centre, so that the law of force is fir and the 

periodic time -- =. : then (fig. 30) 

force to _ CG^ 
ioTcetoC~ OF',CF' 

^j OP = II [wz) ^^' 

CY and OZ being perpendicular to the tangent at P. 

Now if UV be the polar of and CY', PZ' are perpendiculars let 
fall upon it 



0Z~ PZ ^ '' 



so that 



force to = ^ (g,')' OP = ^ (^-)' r, 
and the periodic time is -^ : so that if the law of force be, as supposed 

117* IP 

in the question, ^ , the periodic time will be 27r j- 

The proposition (1), the truth of which is suggested by the wording 

of the question in which the law of force ^ is given, may be readily 

P 
proved as follows. We have (fig. 31) 

perpendicular from on tangent at P _ OR 

perpendicular from C on tangent at P CM ' 

, perpendicular from P on polar of LN 

perpendiculai" from C on polar of CN* 

PL being parallel to the polar of 0, It remains therefore only to shew 

, OR LN , ^, . . ,., J. . . . 

that -rm = ttt? > ai^d this is readily seen to be true for 
CR CN' "' 

C0.CN= Cr=CL.CR, whence ^ = ^^, 

CR CN 

,,, . CR-CO CN-CL ,, ,. OR LN 

and therefore --^-^ = ^^^, that is ^ = ^. 

[This is only a particular case of a more general proposition, in which 
P and the tangent at P may be replacetl by any point P and its polar : 
see Salmon's Conks, 5th edition, Art. 101, where the proposition is proved 
for circles. The simplest proof is analytical, viz. let the coordinates of 
and P he k, k and h', k', then 

perpendicular from P on polar of hh' kk' 
perpcndiculttr from contra on jwlar of 0~ a' b' 

_ iK!q>endicular from on polar of P 



pei*pendicular from centre on j)olar of P 
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The proposition that an elliptic orbit might be described about any 
point under the action of a force ^ is due to Sir W. R. Hamilton 
but the formula for the periodic time is, I believe, new. If coincide 

with the centre, then the polar is at infinity, so that = -t-^ const = u! 

P P, '^ 

suppose; thus the force is fiV, and the periodic time is If 

coincide with the focus S, the polar is the directrix, so that j9 = - : 

thus the force is ^-7, and the periodic time ia ^.( - ) , that is the 

force is ^ , and the periodic time ^^-j-y . It can be deduced from the law 

^ , that the most general laws of force such that, whatever be the cir- 
cumstances of projection in the plane xy, the body will always describe 
a conic, are 

u.r ^ fir 

and 



{ax + by + cy {aaf + hxy + cff 

Independent proofs that a body subject to the action of either of 
these laws of force will describe a conic about the origin as centre of 
force, and that these are the most general laws for which this is true, 
are given by MM. Darboux and Halphen, Comptes RenduSf t. 84, pp. 
7G0 762 and 936941 (1877).] 

xvii. A semicircle is immersed vertically in liquid with the 
diameter in the surface; shew how to divide it into any number 
of sectors, such that the pressure on each is the same. 

Consider the pressure upon the sector BOP (fig. 32), AOB 
being the surface of the water. The pressure is equal to the area of 

the sector X pressure at the centre of gravity = ^ a*^.pf-yjQ~ sin ^^, 

a being the radius, and 6 the angle BOP. Thus the pressure oc 1 - cos $, 
that is, oc the versed sine BN. 

The construction therefore is : divide the diameter AB (fig. 33) iato 
n equal parts in N^, iV^, N^.,. and draw vertical lines iVjif,, NJH^, 
NJI^, . . . then the pressures upon the n sectors OBM^ , OMJI^, OM^M^ . , . 
are equal. 

18. A fixed vertical circular tube full of air has within it two 
diaphragms of weight w^, w^ which fit the tube closely, and are 
originally in contact with one another. They are separated by 
water being forced into the tube through a small hole which is 
closed when the weight of water forced in is w^. Shew that in the 
position of stable equilibrium the line joining the weight w^ to the 
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centre of the tube is inclined to the horizon at the angle 

-1 Wi7 + '^^a7 ^Q^ 7 + ^3 ^^" 7 

^ Wg (1 - cos 7) + w^y sin 7 ' 

where 7 is the angle subtended at the centre of the tube by the 
water. 

Let e^ be the angle requii-ed, 0^ the corresponding angle for w^, 
being positive when below the horizontal. Let or be the pressure of the 
water at the lowest point of the tube, p the pressui-e of the air. Let a 
be the ratlius of the tube. Let the area of a cross section be unity, and 
let p be the density of the water. 

At the diaphragms the pressures of the water are ra- - gpa (1 - sin 6^) 
and w - ypa (1 - sin $^) respectively, where 6^+y + 6g = Tr. 

Hence, resolving along the tube at w?,, to^, we must have, in 
eqiulibrium, 

2) + w, cos ^, = OT - gpa {1 - sin $^), 

p + 10^ cos 6^ =ziT- gpa {I -Bin 6^); 

therefore iv^ cos 6^ - w^ cos 0^ = gpa (sia ^^ - sin 6^). 

Now gpay = Wg and 6^-ir-6^-y, 

therefore wj cos 6^ + w^y cos (6^ + y) = w^ {sin 6^ - sin (^, + y)}, 
therefore 

{w^y + w^y cos y + M>3 sin y} cos 6^ = {w^ (1 - cos y) + w^y sin y} sin 6^, 

therefore tan g, = ^-^-^^ ^-^ ^"7 ^ ^- ^^" ^ 

* ^3(1 cos y) + tOj sin y 

xix. In order to determine the vapour-density of a liquid, a 
small quantity of the liquid is sealed up in a thin bulb of glass and 
weighed. The bulb and its contents are then placed in a glass 
tube full of mercury, which is inverted in a bath of mercury. The 
tube is graduated so as to shew the volume measured from the 
closed end. The upper end of the tube is now warmed so that 
the bulb bursts, and the whole of the liquid is evaporated, and 
becomes vapour above the mercury. Obtain a formula for the 
vapour-density of the liquid in terms of m, the weight of the 
evaporated liquid, v the volume of the vapour, t the temperature 
of the vapour, 6 the height of the barometer in the room, h the 
height of the mercury, over which the vapour is, above that in the 
bath, and e the pressure of the vapour of mercury for the tempera- 
ture t 

If m be measured in grammes, v in cubic centimetres, b, h, e 
in millimetres, and if < be the temperatxure centigrade, then the formida 
for the vapour density is 

m 1 + . 003665 1 760 
V 0.001293 b-h-e' 
(Sec Kohlrauschs rhyaical MeamremenU, London, 1873, p. 50.) 
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XX. Any two parallel rays are incident upon the surface of a 
reflecting parabola. Give a geometrical construction for finding 
the point of intersection of the reflected rays; and employ the 
result to find the point in which any reflected ray cuts the caustic 
by reflexion of a parabola, the incident rays being all inclined to 
the axis at a given angle. 

Let TP (fig. 34) be one of the rays, cutting the axis at 
an angle a, let PT be the reflected ray and PG the normal. Then 
L SPr = L SPG -^/ GPT = L SGP+ L TPG = a. Therefore l SPT is 
constant for parallel rays. Hence if P, F be the points of incidence of 
two parallel rays, describe the circle circumscribing SPF , and it will 
cut either of the reflected rays in the point required. 

Hence, to find the point on the caustic corresponding to the ray TP, 
draw SQ perpendicular to SP and QU perpendicular to the reflected 
ray : R will be the point on the caustic. 

21. A and B are fixed points, A being a luminous point and 
B the nearest point of a glass sphere with refractive index /*. 
C a point on BA produced is the image of A as seen by an eye on 
AB produced beyond the sphere. Shew that J. (7 is least when 

the radius of the sphere is -^ AB. 

Let the radius of the sphere be -, BA = w, AC = x', and let 
be the centre of the sphere, and D the image of A after refiraction into 
the sphere. 

Then we have the equations : 

/I 1 /* 1 

Wa'od^'V' 





1 /A /A- 1, 




OD OG r ' 


therefore 


OA OC ' r ' 




/* /* ^ ~ ^ . 




r+u r +U+X " r 


therefore 


_2(,.-l) 


(r + m) (r + w + a;) \>.r 


therefore 


^{2(Al)'-''""} = *'""'^'' 




^J'^")" if.\- 2-/^... 



i-ucixui '^-\r-u' 2 0x-l) 

The least value of x will be found by solving this equation as a 
quadratic in r. 
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The equation is 

r' + r (2m - \x) + u' + ux = 0; 

which has real roots if 

(2m - XxY > 4 (u' + ux), 

or A.'^a; > 4m (1 + X). 

Thus the least value of a; is , - u, and the corresponding value 

A 

of ris \{)^-2u) = (^-^^^-\y = 



2(1 +A) ,\ 2 + X 3/1-2 
A 2 jM, 



22. If the Earth be supposed at rest, shew that Venus will 
have the same apparent brightness at both points of her orbit 
which have the elongation 

_,^; + ^/2e^-t;* 
'"' e ' 

where e, v are the distances of the Earth and Venus respectively 
from the Sun. 

Hence shew that there are positions of Venus in her orbit 
besides inferior and superior conjunction at which her apparent 
brightness is a maximum or minimum. 

Let S, E, V (fig. 35) represent the Sun, Earth and Venus re- 
spectively, and ECjSOg the line of conjunctions. 

Let^^ = e, SV=v, EV=x, SEV=e, VSC, = 4>. 

The pi*ojection on a plane pei-pendicular to ^F of the illuminated 
area is propoi-tional to 1 + cos (^ 6), and its distance from E is x. 

Then the apparent brightness / is proportional to 

l+cos(<^-^) If, a^ + 'if-e''\ 

-, or ' ^ ' 



xU ^^ J' 



a* 

Ix + v)* c* 
therefore / = /* ^ ^^ , where /i is a constant. 

The two values of ar(a5,, x^, which correspond to one value of 0, ai-e 
given bj the roots of the equation, 

a* + e* - v* 
cos^ = 2 > or a:'-2a:ecos5 + e*-r* = 0, 

therefore x^x^ = e*-v' = c' say. 

It is required to find two points P P^ in Venus' orbit with the same 
elongation 6, for which //., = Ip^. When these are equal, we have 

(a;,+t>)'-e' ^ (a?, + t>)'-e* 

< a?/ 

or xX' (-, - 35.) + 2t;,a;, (x' - .r,') - c* (x/ - x^) = ; 
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therefore c* + 2vc' {x^ + ccj - c' {{x^ + ,)"- c'} = 0, 

therefore (x^ + x^)' - 2v {x^ + x^) + v' = v'+ 2c' = 2e* - v', 

therefore x^ + x^ = v^ J2e' - v^ ; 

and since e>v, J2e' -v^>v,ho that we must take the upper sign. 

Now cos^ = ^1^'=^i1^=^l13 

2xe 2x^e 2e 

_ v + j2e'-v' 
2e 

Thus for this value of 6, Ip, = Ip^ = ii^^^]~'"l~'^ . 

Hence between Pj and P^ there must be some point at which I is 
a maximum or minimum. 



Wednesday, January 2, 1878. IJ to 4, 

Mr Feeeees, Arabic Numbers. 
Mr Geeenhill, Roman Numbers, 

1. Enunciate and prove Newton's first lemma. 

A point P moves in such a manner that its distance from 
a given point S varies inversely as PN, the perpendicular let 
fall from it on a given straight line. Prove that, if the tangent 
to the path of P meet the straight line in Q and the line SB, 
drawn at right angles to 8P, in R, PR is equal to PQ. 

Let P' (fig. 36) be a point on the locus of P, join SP', and draw 
PN' perpendicular to the given straight line. From SP' cut off aST 
equal to SP, then when P' is indefinitely close to P, PV is perpendicular 
to SP. Draw PU perpendicular to PJV. 

Now SP. PN' = SP. PN ; 

therefore (-ST + VP) {PN - PU) = SP . PN, 

whence, since SV=SP, 

VP' . PN- SP . PU= VP' . PU. 

But VP', PU are each indefinitely small, as compared with PN or SP. 

PP PP' 

Hence Piyr . ^ ^ ^P __, ; 

therefore PN sec NPP = SP sec SPP ; 

therefore PQ = PR. 
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2. Find the radius of curvature at any point of an ellipse. 

If the centre of curvature, corresponding to a point on an 
ellipse, fall on the conjugate diameter, the area of the corre- 
sponding circle of curvature is equal to that of the ellipse. 
This gives, with the usual notation, 

radius of curvature = CD, 

' agTbc-^^' 

therefore CD* = AC.BC, 

whence the result follows at once. 

3. Given the velocities at three points of a central orbit, 
determine the position of the centre. 

If the velocities be proportional in magnitude to the sides of 
the triangle formed by their directions, the centre of force coincides 
with the centre of gravity of the triangle. 

Let ABC be the triangle, S the centre, SP, SQ, SB the 
perpendiculars on BC, CA, AB respectively. Then, SP, SQ, SB are to 
one another inveraely as BC, CA, AB, or SP . BC = SQ .CA = SR. AB. 
Thus the areas of the three triangles, SBC, SCA, SAB, are equal, or *S' is 
the centre of gravity of the triangle. 

iv. Prove that a body, attracted to a fixed centre, will describe 
areas about the centre proportional to the times of describing 
them. 

Define the hodograph of an orbit; and prove that, if the 
velocity in the hcdograph is proportional to the angular velocity 
of the corresponding point in the orbit about the centre of 
attraction, the orbit will be an ellipse described about the focus. 

The velocity in the hodograph being proportional to the acce- 
leration in tlie orbi^ the acceleration is therefore proportional to the 
angiUar velocity about the centre of attraction. 

But the angular velocity about the centre of attraction in a central 
orbit is inversely proportional to the square of the distance, by the 
principle of the equable description of areas. 

Therefore the acceleration is inversely proportional to the square of 
the distance, and the orbit is therefore a conic section described about a 
focus. 

v. Find the law of attraction under which a body will describe 
an ellipse about a focus. 

Prove that, when the distance between the centres of the 
Sun and the Earth is r, the attraction between them is 

^tt' SE a 
r S+Er'' 
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where T is the periodic time, >S^ the mass of the Sun, E of the 
Earth in astronomical units, and a is the mean distance between 
their centres. 

(Maxwell, Matter and Motion, Article cxxxiv.) 

vi. State Kepler's laws ; and give Newton's dynamical inter- 
pretation of them. 

Prove that, neglecting the disturbances produced by the 
planets on each other's orbits, the statement of Kepler's third 
law should be anlended to " The cubes of the mean distances of 
the planets from the Sun are as the squares of the periodic times 
multiplied into the sum of the masses of the Sun and the planet." 

(Maxwell, Matter and Motion, Articles cxxxvi, cxxxvii.) 

vii. Explain the different methods used in Astronomy for 
defining the positions of terrestrial and celestial objects. 

Describe the shortest course of a steamer which is to go from 
one point to another without going beyond a certain latitude, 
supposing the great circle course to cross that latitude. 

If a string be stretched between the two points on a terrestrial 
globe, wrapping it on the parallel of latitude, the string will represent 
the shortest course, which therefore consists of two great circle arcs, 
touching the parallel of latitude, and the intercepted arc of the small 
circle of latitude. 

viii. Give the arguments in favour of and the proofs of the 
Earth's rotation. 

If, at any instant, the plane of vibration of a Foucault's pen- 
dulum pass through a star near the horizon, prove that the plane 
will continue to pass through the star so long as it is near the 
horizon. 

The angular velocity of the vertical plane through the pendu- 
lum is equal to the resolved part of the apparent angular velocity of the 
celestial sphere about the vertical, and consequently the plane of 
vibration of the pendulum will follow a star near the horizon. (Maxwell, 
Matter and Motion, Article cvi.) 

ix. Describe the transit-circle, and the residual errors of 
adjustment to be allowed for in the reduction of an observation. 

If a north and south collimator be made to collimate with 
each other, and if a be the micrometer reading for the coincidence 
of the moveable wire of the transit with the cross wires of the 
north collimator, ^ the reading for the south collimator, and 7 
for coincidence with its image when pointed downwards at a 
trough of mercury, prove that the level error is 7 ^ ( + ^)- 

The line of collimation is the line drawn from the centre of the 
object-glass through and pei'pendicular to the line of the pivots. 

S.-H. P. * 
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Therefore if c be the micrometer reading for the line of collimation, 

If / be the level error, then l = y-c ; 
and therefore Z = y - i (a + ^). 

10. Describe and explain the phases of the Moon. 

Mars rotates on his axis in 24 hours, and the periods of 
sidereal revolution of his two satellites around him are 7 1 hours 
and 30 hours respectively. Find the length of the lunar day for 
each ; and describe and explain the appearances respectively 
presented by them, between two successive transits over any 
meridian of Mars. In what directions do they respectively appear 
to move across the sky? 

It L , L^ be the number of hours in the lunar day for the first 
and second satellites respectively, 

Jl ^ 1 = 11 fTiprpfnrp L 1 01^ 

Y 71 ^T TSJJ> inereiore ^^ lUy ^ , 

^ ' ^=^77, therefore Z = 120. 



L 



~ TT 317 ~ T27r 



Hence the lengths of the respective lunar days are lOjy hours, and 
120 hours, respectively. 

Since the time of the sidereal revolution of each satellite is very small 
as compared with that of Mars, the length of a lunation will be sensibly 
the same as that of a sidereal revolution. The first satellite will there- 
fore go through its phases about 1^ times between two successive 
culminations, and the second about four times. The first satellite, since 
it revolves round Mars in less time than that in which Mars rotates on 
its axis, will rise in the West and set in the East. The second will rise 
in the East and set in the West. 

11. Define a True Solar, and a Mean Solar, Day. From 
what two causes does the difiference between them arise ? Define 
the Equation of Time ; and prove that it vanishes four times 
a year. 

Assuming that, if the orbit of the Earth were a circle with 
the Sun in its centre, the Sun's right ascension (a) and its lon-J 
gitude {I) would be connected by the equation tan a = tan I cos a, 
where a> is the obliquity of the ecliptic, prove that the equation 
of time will have its greatest value when tan a = J cos to, and that, 
if ^ be then the ditference between the Sun's longitude and right 

ascension, tan = ^ ' ' - , 
/cos (O 

The Equation of Time, in the case supposed, would arise only 
from the obliquity, and will therefore have its greatest magnitiule wlien 






J 



I 
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the difference between a and I is greatest. Now 
tan (^ - a) = tan I - 



tan 2 



1 - cos 0) 

1 + tan* I cos u 

sec 0) 1 
sec (I) + tan* I ' 



XT .97 sec CO 1 

Hence tan ^ + sec w = . -tan I 

tan (J, -a) ' 

SGC O) 1 

therefore tan* I - ^ ^ tan Z + sec w = 0. 

tan [I a) 

Hence, in order that tan I must be real, we must have 

{sec (I) - 1 ) ' 
I ij _ s r - 4 sec w not negative. 

If 6 be the value oil -a, when this quantity = 0, we have 

(tan ey = (^^^"-^)' ^ (l-cos(o)' ^ (sin|(o)^ _ 
. 4 sec o) 4 cos o) cos a> ' 

therefore tan ^ = ^ ^ " ^ . 

\/cosw 

Hence, this is the gi'eatest value of tan (I - a). 

12. Explain the cause of Eclipses. Why are the intervals 
between the Solar ecliptic limits larger than between the Lunar ? 

Having given that the line of nodes of the Moon's orbit makes 
a complete revolution, in a retrograde direction, in 6799*5 days, 
and that the length of a lunation is 29"53 days, prove that 
eclipses will recur, in an invariable order, after 223 lunations. 

If S be the number of days in a synodic revolution of the Sun and 
the line of nodes, then, since the nodes move in a retrograde direction, 

1 1_ 1 

S " 365-25 ^ 6799-53 

7164-78 



2483528-3325 
1 



346-630089 



nearly. 



Hence, 19 synodic revolutions of the Sun and the line of nodes 
= 6585-97169 days nearly. 

And 223 lunations = 6585-19 days. 

It thus appears that 223 lunations are very nearly equal to 19 
synodic revolutions of the Sun and the line of nodes, and therefore tJiat, 

42 
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at the end of this period, the Sun, the Moon and the line of nodes will 
be nearly in the same relative positions as at the beginning of it. 
Hence, ecUpses will recur after the lapse of this period in an invariable 
order. 



Thursday, January 3, 1878. 9 to 12. 

Mr Greenhill, Arabic numbers. 
Mr NiVEN, Roman numbers. 

1 . Shew how to find the convergents to a continued fraction. 
Prove that the ascending continued fraction 

a, a, 03"' a^ a, a^a^ a^a^a^ '" a^a^a^..,a^' 
The logarithm of the radical 

leads to the expression 

a, , a, " a. 

But, by reduction, 



a,aj... o/ a8a3...0n a^ai ...an a^ 

^= V^. ft, ... ^-.^ 

and therefore 

iogi?=^?-^' 4. ^^sA+^^sA + ... + H^ 

Putting log ^, = 6, , log ^, = 6 . . . log B=b, we obtained the re- 
quired equality. 

2. Prove that in a spherical triangle, 

cos a = cos 6 cos c -f- sin 6 sin c cos A, 
and hence prove that 

tan" i o = ^^' i ^ - 2 tan p tan ^ c cos ^ + tan' h c 
H-2tani6taniccos2 + tan*^ b tan^'"^ c * 

If A^, A A ,...A^ be n equidistant points on a small circle 
of a sphere of which the pole is 0, and if P be any other point on 
the sphere, prove that 

tan'i PA^ taa'i FA^... tan'^ PA^ 

= tan'* ^OA-2 tan" ^ QA tan" ^ OP cos nPO^ + tan '" ^ OP 
1 + 2 tan- i C>^ tan" i OP cos nPO^ + tan'" ^ (9^ tan*" | OP ' 
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Denoting the angle POA^ by 0, 
tan'' I P^ , tan^ I P^^ . . . tan'' ^ PA^ 
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r = n - 1 tan" 1 0^ - 2 tan J OA tan | OP cos ^ + j + tan' ^ OP 



^-O 1+2 tan|04 tan |0P cos (-^ + ^) + tan'^O.! tan' JOp' 

which is equal to the required resiUt, by De Moivre's property of the 
circle. 

3. Find the length and the equations of the shortest line 
joining the straight lines whose equations are 

xa_yh _zc 
cos/S 



and 



cos a cos p cos 7 
xd_yV_zc 



cos a' cos/3' cos 7' * 

Prove that the volume of the tetrahedron of which a pair of 
opposite edges is formed by lengths r, r on these straight lines is 

a a, h V, c 6 

\rr cos a, cos/3, cos 7 

cos a', cos )S', cos 7' 

If d be the shortest distance and Q the angle between the 
opposite edges, then the determinant is equal to c? sin (Frost, Solid 
Geometry, 60) ; and the volume of the tetrahedron formed by the given 
opposite edges, being \ rr' dwa.6, is equal to the given result. 

4. Prove the theorem for the differentiation of a product any 
number of times; and deduce the theorem 



Prove that 



\dx] Vdx V^ [ dx) dx^' 



Putting X = e*, and using the theorem 



we have 






w + 1 



)G4-'')'. 
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'{'i) 



dx"' 



5, Form the general equations of equilibrium of an inexten- 
sible string under given forces ; and prove that the form of the 
chains of a suspension bridge with uniform horizontal load is a 
parabola. 

If an endless chain be placed round a rough circular cylinder, 
and pulled at a point in it parallel to the axis, prove that, if the 
chain be on the point of slipping, the curve formed by it on the 
cylinder when developed will be a parabola ; and find the length 
of the chain when this takes place. 

The chain being on the point of slipping, the friction at every 
point is parallel to the generating lines of the cylinder, and thei*efore the 
resolved part of the tension of the chain perpendicular to the generating 
lines of the cylinder is constant. 

Therefore the pressure and consequently the Mction at any point per 
imit length of the chain is proportional to the cosine of the angle be- 
tween the tangent line to the chain and the generating line. 

The chain is therefore in equilibrium under forces, similar to those 
on a chain with uniform horizontal load, wrapped round a smooth ver- 
tical cylinder, and therefore the curve formed by the chain when deve- 
loped will be a parabola. 

Analytically, if x be the abscissa of any poiat in the developed curve, 
and il/ the inclination of the tangent to the axis of x, 



Therefore 



or 



Tcosil/ = 


T 




E = 


T 

--"cos 
a 


i<A 


^(Tsm^)-. 


= ^/?. 




|(tan^). 


= - cos 
a 


A. 




"a' 





2a 



the differential equation of a parabola of latus rectum . 

V- 
The required length of the chain, when on the point of slipping, is 

therefore the length of the arc of a parabola of latus rectum , com- 

prised between the ordinates - ira and iro. 
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vi. Shew that two similar curves, if similarly placed, have 
always one centre of similitude ; and that, if not similarly placed, 
they have always one pair of homographic points coincident. 

A triangle, the magnitudes of whose angles are given, moves 
with its vertices on three given right lines, shew that corresponding 
points of the triangle always lie on right lines, except one point 
which is fixed. 

Two similar and similarly situated figures may always be 
brought by a movement of pure translation to have any assigned pair of 
homographic points coincident; and, starting from this position, any 
movement of pure translation given to one of them will bring one pair 
of homographic points into coincidence ; those, namely, which lie in the 
direction along which the translation takes place, and whose distance is 
equal to the given translation. In the original position, therefore, one 
pair of homographic points coincide and form a centre of similitude. 

Any relative position of two similar figures in a plane may be 
attained by moving one through a given angle. After turning throiigh 
a given angle a, a pair of homographic points will come into coincidence 
in P, where APA' = a, and AP : J.'/* = ratio of similitude of the two 
figures. P is therefore found as the intersection of two circular arcs. 

Let the three fixed lines form a triangle ABG (fig. 37), and let a)8y 
be the triangle of given form. If circles be described round the triangles 
APy, Bya, CafB, they will intersect in a point P, at which the sides of 
the triangle a^y will subtend constant angles, it is therefore one of the 
homographic points of the triangle, and may be shewn to be fixed, for 
I BPa. = L /Sya, and CPa. = C(3a, and therefore 

LPC=27r-(ft + y)-{ir-A) = ir + A-{p + y), 

a constant angle. Similarly APB and APO are constant angles; P is 
therefore fixed. It may also be proved that any homographic point 8 of 
the triangle describes a straight line'; for describe cu-cles round aP8, 
yP8, to cut BG, BA m C'A'. 

The angles P8C" + P8 A' = two right angles, for they are respectively 
equal to PaB, and PyB, which are together equal to two right angles. 
Hence AW is a straight line. Further, the angle PC'B = angle PSa, 
and is therefore fixed. Hence G', and similarly A', are fixed points. 

[The theorem, as well as the above elegant demonstration of it, are 
due to Mr McFarlane G-ray, of the Board of Trade.] 

It may also be proved analytically ; for, if x^ ?/, be the co-ordmates 
of a, x^y^ those of )8, x^^ those of y, we have 

{x^ - Cj) sin y = {x^ - JCj) sm y8 cos a - (y, - y^ sin ^ sin a, 

(2/3 - 2/,) sm y = (y, - 2/1) sin /3 cos a + {x^ - x^) sin /3 sin a. 

The co-ordinates of any fourth homogi-aphic pomt are given by 

{l + m + n)x^=^ Ix^ + mx^ + nx^, 

{l + m + n)y^ = ly, + my^ + nys, 

where I : m : n are given ratios. These equations being aU linear, it 
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follows that, if cc,?/,, x^^, xj/^ satisfy linear relations, we can express 
xj/^ ill the form 

{l + m + n)x^ = A^x^ + B^, 

where A BC^D^ are linear functions of I, m, n ; the locus of the fourth 
point will tlience be a straight line, except for the particular values of 
I -.m -.n which make ^, = 0, C, = ; in which case the fourth point is 
fixed 

vii. In the moon's motion there occurs an inequality whose 
argument is (2 2?^) pi 2/9; investigate the magnitude of the 
corresponding term in the expression for the longitude, and explain 
the physical meaning of the term. 

viii. Define the specific heat of saturated vapour ; and shew 
that, if h be the specific heat of the vapour, c that of the liquid 
from which it is derived, at the same pressure and temperature, 
L the latent heat, then 

dL L 

What conclusion can be drawn from a knowledge that h is 
positive for some substance ? 

Trace the entropy of a pound of water from the solid into the 
gaseous state. 

The following brief sketch of the fundamental formulae in Ther- 
modynamics may perhajjs help the student. We shall suppose that we 
are dealing with a fluid body, so that the variations of the thermodynamic 
quantities due to changes of the state of strain may be neglected, and 
that therefore, of the three magnitudes pressure p, volume v, temperature 
6, one is a function of the other two. We shall also suppose the heat 
expressed in mechanical units, and suppose that we are dealing with 
unit of mass of the body. To change the state of the body from v, 6 to 
V + dv^ 6 + ddf 8H units of heat must be added, where 

hn=Mdv + Kjid (1), 

increase of energy contained in it 

dE = Zn-pdv (2); 

and the Fii-st Law is equivalent to assuming that dE is anexact dif- 
ferential with regard to t?, $. 

rSiJT 

For a reversible cycle, the Second Law gives I -^ = 0, so that if 

-'^-T <^>' 

d<ii is an exact differential ; in other words, between any two states, 
^^ - ^o *"*^ 4>-4>6^^ independent of the mode in which the passage 
between them has been cflected. 



1 
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We may write equation (2) in the foraa 

dE - 6cl<f) pdv /^\ 

and from this equation flow at once a variety of elementary results. "We 
may choose any two of the five magnitudes v, 6, p, A, E as the two 
independent variables, and imagine the other three expressed in tei-ms 
of them by means of three relations which are proper to the substance 
itself, and do not depend on the manner in which its chancres of state 
tak* place. 

We shall here content ourselves with considering the ordinary case 
in which v and 6 are chosen as variables. In this case 

d{E-e4>) = -<l>d6-pdv, 

and the condition, that the right-hand member may be an exact differen- 
tial, is that 

d<^ _dp 

d^~dd' 

This result is equivalent to Carnot's theorem, 
for since 6d<f> = Mdv + K^ d6, 

dv do 

To this may be added the other result K, = 0-^. 

do 

The most important case of this theorem is when the body passes 
from the liquid to the gaseous state. For let ^^ and <^, be the values of 
the entropy just before and just after the transfoi-mation has been 
effected ; then, being constant, 

'dH L 



^.-^.=/- 



where L is the latent heat ; and therefore, if h and c be the specific 
heats of the body as saturated gas and as liquid on the point of 
boiling, 

When h is positive, as in the case of ether, Md is the quantity of 
heat which must be given to a pound of saturated ether to raise its 
temperature dd, it being still kept saturated. If, therefore, it were kei)t 
in a non-conducting vessel and the pressure were suddenly increased, 
the temperature could not at the same time rise to the corresponding 
saturation temperature, unless heat were added; therefore, if no heat 
were added, the ether would be partially condensed. The reverse takes 
place with steam. 

To trace the entropy of a pound of water from ice to steam. 

To avoid considering the strains in ice let us suppose it just on the 
point of liquefaction at state B^v^p^, and let O^v^p^ be the corresponding 
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values when it becomes gaseous, and dvp the final values in the state of 
perfect gas. 

In liquifying <^ receives the change ^o' ~ ^o = ^ 
In the state of water, </> changes to 4>^, where 

where Z is the capacity of water for heat ; and if we suppose that it is 
sensibly incompressible, the change of <^ will be I ' dd. 

In evaporating, the change of ^ is ^/ - ^^ = ^' . 

In passing from state vfi^ to v9 as a perfect gas, ^ receives a 
change 

where c is the specific heat of dry steam under constMit volume : if i- be 
its specific heat imder constant pressure, 

pv ={k-c)d ; 
^-^.'=(^-c)log(^)+clog^. 
Adding all these changes together, we find 

The value of <^, so found, is evidently independent of the temperature 
and pressiire at wliich the evaporation takes place. 

ix. State the laws of the magnetic action of a current, and 
investigate the magnetic strength of the field inside a long solenoid. 

An electro-magnet is constructed by winding a wire uniformly 
' round n long coaxal circular cylinders of soft iron of equal thickness 
and length, enclosing each other ; the number of layers of wire 
between two adjacent cylinders being always the same and equal 
to the number of layers outside the last cylinder; shew how to 
find the magnetic moment of the combination. 

Solve fully the case where n = 2. 

In this problem we suppose the force inside a solenoid to be 
uniform, and thus neglect the disturbing effect of the ends ; and the iron 
cylinders will be magnetized uniformly, if we neglect in addition their 
mutual induction which would thus depend only on their ends. 

The force on the ouUude will thus be, to the same approximation, 
sensibly zei-o. 
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The solenoids being all of equal thickness and similarly wound, the 
force on unit pole inside any one of them will be uniform and equal to 
i-n-mi, where i is the strength of the current, and m the nximber of turns 
per unit length. This magnitude we shall denote by F. 

If A^, A^,...he the areas of the sections enclosed by the coils 
beginning with the outside one, ^, ...those of the cores, K the 
coefficient of induction for soft iron ; the strengths of the poles of the 
ii-on cores will be 

KF^, 2:F^, 3KFjB^... 

Thus the total number of lines of force from the electro-magnet will be 
and its magnetic moment will be 

I being the length of the electro-magnet. 

X. Define the electric capacity of a conductor, and the co- 
efficient of electric induction between two conductors ; and shew 
that the latter is negative, and numerically less than the former 
which is positive. 

If the capacities of two bodies are A, a when they are each at 
an infinite distance from any other body, shew that when they are 
at a distance M, great compared with their dimensions, their capa- 
cities are increased in the ratio H^ : R^ Aa. 

Call the two conductors {A), (a), and let (A) be charged with 

. F . 

a quantity F of electricity ; the potential at (a) is -^ ; and, if (a) be 

uninsulated, there will be induced on it a charge g- . The potential 

due to this charge at (A) is - -^^.F, which being sensibly constant over 

this conductor, will not alter the distribution of its electrification. The 

total potential at (A) will therefore be (^ - ^ j F. But, if (a) were at 

F 
an infinite distance, the potential at (A) would be -j . The capacity of 

(A) is therefore changed in the ratio E' : E'-Aa. The same result is 
evidently true of (a). 
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Thursday, January 3, 1878. 1^ to 4. 

Mr Ferrebs, Arabic numbers. 
Mr NivEN, Roman numbers. 

1. If the equation /(a;) = have two equal roots, one root of 
the equation/" {x) = will be equal to either of them. 

If the equation ax' + Sba^ + Sex + d = have two equal roots, 
they are each equal to ^ ^ . 

If the equation ax' + Sftx* + Sex + d=0 have two equal roots, 
they must be equal to one of the roots of the derived equation 

ax' + 2bx + c = 0. 

Hence the expressions ckc* + 26a;* + 3cx + d, oic* + 2bx + c, must have 
a common factor, or the equations 

ax' + 2605 + c = 0, 

bx' + 2cx + d = 0, 

must have a common root, to which the two equal roots of the given 
equation must be equal. Hence the value of this root is given by the 
equations 

al' _ 2x 1 

bd c' be ad ac-b'' 

Hence the equal roots are each equal to i t^ , or to 2 -, i , 

which two expressions are equal to each other, when the given equation 
has two equal roots. 

2. Sum the series 

m cos ^ ^ w' cos 3^ + ^ m' cos 5^ . . . ad injinitumy 

m being less thaii unity ; and prove that it has always the same 
sign as m cos 6. 

Trace the curve 

r = a (cos a cos ^ - J cos 3a cos 3^ -I- ^ cos 5a cos 2^ - . . .) . 
Express the doubly infinite series 

wi-oo ^'""' , N wt-, cos mx cos n y 
-i n-i ^ ^ m7i{m^ + n^) 
in the form of a singly infinite series of cosines of multiples of y. 
(a) If C denote the sum of the series 
m cos ^ - J in' cos 3e + \ w' cos 5^ - . . . ad inf., 



I 



Jan. 8, 1| to 4] problems and riders. 61 

we have 

2C = mc^^ - 1 m cS^^* + i m* c>/^ - . . . 

= tan m~' me^-i^' + tan"' ni-'^^ 

_, 2m cos ^ 

= tan '-:j ^, 

1 m 

'., * n \ i. -1 2m cos 

therefore C = i tan -:(- 5- . 

This result holds for all values of 6, since m is less than luiity, and 
ice 1 m^ is positive, G has always the same sign as m cos $. 

(/3) We have 

2r 

= cos (0 - a) - I cos 3 (^ - a) + i cos 5 (5 - a) ... 

+ cos (^ + a) - 1^ cos 3 (^ + a) + i cos 5 (5 - a) ... 

Now it is known that the upper line of the right-hand member of 
s equation is equal to \ir from d = {\ir a) to ^ = ^7r + a, and to 
^TT from 6* = Jtt + a to 6 = ^Tr + a. 

And that the lower line is equal to ^tt from ^ = (Jir + o) to 
^ = Itt a, and to ;|7r from 0=|7r-ato6 = f tt a. 

Hence the whole expression is equal to from 6 = -{\ir + a) to 
'^ = -(l7r-a), to ^TT from 6=-{\Tr-a) to 6 = |7r-a, to from 
^ = ^.n- a to 6 = ^ir+ a, and to -^tt from ^ = |7r -f-a to 6 = f tt a. 

Therefore the curve represented by the above equation will be an 
arc of a circle, radius \ira, subtending an angle tt 2a at the centre; and 
also (corresponding to zero values of r) the centre itself. 

(y) It will be sufficient, for this purpose, to sxun the coefficient of 

. ^.. cos ny . ,, 

(_ l) ^ VIZ. the series 

^ ' n 

cos X cos 2x / 1 \m ^^^ "^ 



I 



Call the sum of this series u, then 

d^u , cos 2x cos 3a; 

-^-5 WW = cos X H ^ 5 

oaf ^ ^ 

= \ {log (1 + e^^^) + log (1 + 6- ^^^)} 
= I log (2 + 2 cos a;) = log 2 + log cos ^a;. 
This holds from x=-7r to x = ir, 
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therefore u = Ae"" + Be "' 



^dx, 



1 f X f^ 

J log 2 + e""' / "' log cos 7:dx + e"" I e""* log cos 

n Jo ^ Jo 

A and B being arbitrary constants. 

To determine A and 5 we observe, first, that the value of u is 
unchanged by a change in the sign of n. Hence A - B. And putting 
x = 0, and denoting 

i>{n) = 2A-^Jog2, 
therefore A = l<f>{n)+ -^^ log 2. 

3. If 6) be the angle between the positive directions of the 
axes of X and y, prove that the axes of the curve 

aa;^ + 'ilixy + hy^=l 

are represented by the equation 

(a cos a> h)x'^+ {a b)xy+ {h h cos ) y' = 0. 

If x, y be the rectangular co-ordinates of a point, and 

^ = x + J~ly, 'n = x-J-ly, 

and a, /8 be the values of |^, t^ at a focus of the curve 

prove that ^^=^.> ^3'^ = ^- 

We may determine the foci of the curve 

by the consideration that the two tangents drawn from either focus 
satisfy the analytical condition of representing a circle. 

Now, these tangents are given by the equation 

(aa' + 2hal3 + bl3'-l) {ae + 2h^ + brf-l)={{aa + hp)i + {ha + b^)r]-l }^ 

Hence, since for a circle the coefficients of ^ and r)' are each zero 

a {aa' + 2hap + 6/3* - 1) - (aa + hft)' = 

b (aa' + 2hap + 6y3* - 1) - {ha + bfi)' = 0, 

therefore {ab-h') fi' -a = 

(ai-A)a'-6 = 0, 

therefore - = ^' ^'=^- 



I 
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4. Shew how the values of j cos"" xdx and j sm' xdz may be 
made to depend on those of J cos""-^ ocdx and j sin"-' xdx: and prove 
that ^ 

IT 



therefore 



(2n-l)(27i-3)...3 7r 
271 (2n- 2). ..4. 2 4 " 

We have (sm xf = (sin a;)*-' (1 - cos^ x). 
And |(sma:r-(cosa:)Va: = (^2S^^+ __L_ J(3i^^)^^^ 
cefore 

T/ \2nj T/ \2n-2 7 (sin a;)*""* COS a; 1 r. 

j(sm xy dx = j(sm a;)*" Va; - ^ ^^_^ ^^ j(sm x)''dx 

2n-l f .2_g , (sin a;)*""' cos a; 
= t: /(sin a;) ofec--^ ^ . 


Hence, writing u^ for / (sin a?)*" dx, 

Jo 

2n-l 1 



2/1 "-> 2""''?i 



Similarly ._, . |^ ._ _ _i__ , 



w 

J /"* . T r*! cos 2a; , tt 
and Wj = I sin' xdx= } ^r dx=-^. 

Jo Jo ^ ^ 

Hence . =--I,|2 + Jl^Ill + (i!LLlK?!izS...\ 
2"-^Hw w(w-l) w(7i-l)(w-2) j 

(2?t-l)(2ffl-3)... 3 TT 
' 2re(2w-2)...4.2 4' 

5. Prove that the Action, through any arc of the path of a 
projectile, is proportional to the area subtended by that arc at the 
focus; and express it in terms of the chord joining the ends of 
- the arc, and the sum of the focal distances of those ends. 

The action, in general, = jvds, and in the case of a projectile 
v= f - j p, ia being the latus rectum of the parabola, and p the perpen- 
dicular on the tangent. 
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Hence the action = 2 ( - ) A, A being the area subtended by the arc 
at the focus. 

And this may be expressed in terms of the quantities mentioned in 
the question, by Lambert's Theorem. 

vi. Investigate the " equation of continuity " in fluid motion ; 
and explain clearly what its physical signification is. What form 
does it assume in the case of an incompressible fluid moving ir- 
rotationally ? 

A stream of uniform depth and of uniform width 2a flows 
slowly through a bridge consisting of two equal arches resting on 
a rectangular pier of width 2b, the bridge being so broad that 
imder it the fluid moves uniformly with velocity U. Shew that, 
after the stream has passed through the bridge, the velocity poten- 
tial of the motion is 

a h,^r 2aU ^1 . iirh iiry Jl 

Ux + o Z ^ sm cos - e a , 

a IT I I a a 

the axis of x being in the forward direction of the stream and the 
origin at the middle point of the pier. 

Find the equation of the path of any particle of the water. 

The water is supposed to issue from the bridge with uniform 
velocity U, and the motion will be evidently u-rotational, if we neglect 
friction. 

The velocity potential satisfies the following conditions : 

+ ^ = 
dx' df ' 

4 = . Ux, oj = 00 , 

a 

^=U when a: -^ 0, except from y = -h to x = -\-b, when it = ; 

-^ = at the banks, or when y = -a and y = + a. 
These conditions are evidently satisfied by the function 

^ = . Ux + 2, ^. cos e > 

provided 

^~^ TT " . ivy ^ 

. C - - 5i t J, cos ^ from i/=0 to y = b, 

= U from y = 6 to y = a. 
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A^ is easily found by Fourier's theoi-em ; we have 

The first of these integi-als vanishes, and the integration of the two 
others fui-nishes 

^i = r . -i sin , 

B whence 

L^ a- 6 2afr 1 . tV6 t,ry -*^ 

^H 9 = ^^ + r . 2i T5 sin cos ^ e a . 

BP a tT ' i' a a 

The stream lines, which in this case coincide with the lines of flow of 
the individual particles, are given by 

dxl/ _ d^ di]/ d<fi 
dy dx ' dx dt/ * 



hence ^ = j(g. dy -^^ . dx) 



a-b ^ 2aU^^l . inb . tVv -^ 

= . U .y Y- 2. -75 sin sin ^ e . 

a "^ TT I a a 

vii. Investigate the phenomena observed when a star is viewed 
through a telescope, and the object-glass is limited by a small 
rectangular opening. 

When the opening is a parallelogram of any shape, shew that 
the bars of the same order form parallelograms similar to it, but 
turned through a right angle. 

We have to consider the image formed on the focal plane of 
the telescope. When the parallelogram is rectangular, we find from 
Airy's tract on the Undulatory Theory (Prop. 20), that the dis- 
placement at any point (p, q) of the focal plane is 



jdxjdy.u.'^-^{vt-B^P^), 



b being the focal length of the object glass, dxdy any element of area of 
the rectangle, and the origin of co-ordinates being the projection of the 
centre of the rectangle on the focal plane. 

The total intensity of light at p, q, is also found to be the square of 

, .f b\ . 2irpe\ ( b\ . Stt^/N 

M2^""^j(2-^""i;rV' 

2e, 2/ are the sides of the rectangle in the direction of the axes of 
X and y. 

If the parallelogram be oblique, the angle between two sides being 
(0, and we choose axes parallel to its sides, we must substitute dxdy sui w 
for dxdy. If w, k be the contra-ordinates of the point on the focal 

S.-H. P. ^ 
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plane considered, the function px + qy for rectangular axes becomes, for 
oblique axes, tsx + Ky. The contra^ordinates of a point referred to 
oblique axes are the intercepts cut oflf by perpendiculars on the axes of 
X and y ; in fact u! = p + q cos w, K = q + p cos w. 

The edges of the parallelogram being again 2e, 2/, the intensity of 
illumination for any given colour is, at any point, the square of 
, , . / b\ . 2irCTe\ / b\ . 27rK/\ 



The bright or dark bands of any colour are given by 
b> 

2ir - ZTT 



b\ -r . b\ J. 

^e^^.J, 'cf=-.J, 



where J is a pure number. 

They are therefore lines at right angles to the axes ; and, since 
cT : K '.: f : e, they therefore evidently form figiu-es similar to the oj^en- 
ing, but turned through a right angle. 

viii. Investigate the velocity of transmission of sound througli 
a uniform gas ; stating the correction to Newton's result introduced 
by Laplace, and explaining how the magnitude so introduced may 
be found by experiment. 

A gas is formed by mixing a number of simple gases in the 

proportions by mass of m^ : m^ : m^ The specific heats of 

these gases at constant volume and pressure are, respectively, 
c,,fc^;c^,k^;..., and the velocities of sound in them are m^ , w^ , Wg . . . ; 
shew that the velocity of sound in the mixture is given by 



^7* = 



^ /mcu\ 



2 {mc} ' 2 (m) 



k 
If the simple gases be such that - is the same for all, what will 

c 

this result become ? 

The velocity of sound in a gas is given by u*-^^-^.$.y, 

where v^ is the volume of a pound of gas at pressure p^ and temperature 
6^, 6 is the temperature of the gas under consideration, and y = k : c. 

Let there be a mass of gas ni^ + m^+ consisting of the given 

gases in the proportions w, : m^ : m^ . . . , and let it be kept in a vessel 
of given volume, and let heat be applied to raise the temperature of the 
whole hB degrees; then the quantities of heat absorbed are m^c^W, 
m^c^86, ... while, if C be the specific heat of the whole mixture under 
constant volume, the total heat absorWd ^ (m, + m^ + ...) C8d ; 

therefore (/ , + lu^ + m^ + , . . ) (7 = j ,r, + jn/-^ + .... 



Jan. 3, 1| to 4] problems and riders. 
In a precisely similar manner 

Now, if Fq be the volume of 1 lb. of the mixture at p , ^ , 

FS(m) = S(mt;). 
We see from the equations written down above that 



67 



hence we have 



Sf-=|. 2 (.)., 



TJ2 _ Po'o A ^ 



S {nic) ' 2 (m) 

k 
If - were the same for each of the component gases 

7-j2^ S(m^') 

ix. Give the theory of Wheatstone's Bridge; and explain how 
it can be applied to determine the position of a fault in a telegraph 
wire. 

If A and B be the ends of a wire with one fault, and R, S the 
I resistances to a current sent from A when B is insulated and to 
earth respectively; and if B', 8' be the corresponding resistances 
to a current sent from B, prove that B : S :: B : S'. 

Prove also that the same result will be true if there are two 
faults. 

In Cumming's Electricity, Art. 192, it is proved that, if the 
fault be at C, and the resistances of AC, CB, and of the fault be, 
respectively, xyz, then, for a current sent from A, 

E = x+z, S==x + -^; 

similarly, for a current sent from B, 

E' = .j + z,S' = v + ^^. 

A comparison of these expressions at once shows that 
B : S :: li': S'. 

We may similarly solve the case where there are two faults, one at 
C, and another at I). 

52 
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Let AC^x, CD=y, DB = z, 

and let the'resistances of the faults at C, D be u, v. 

First, let the current go from A to B, and let ^ be to earth, and let 
the potentials at ^, C, i> (fig. 38), be F, F,, F and let the currents in 
AC, CD, DBhei^t \, \, and those through the faults hej^J^. 

also i, = i^ +ii , and i^ = i^ +j^ . 

If we eliminate from these equations all the currents and potentials 
except ij and F, we obtain 

rrTl 1111) 

{uy uz uv yz yv) 

. rl 1 1 1 1 1 1 1) 
' \^xy xz XV uv uy uz yz yv) 

But since V = Ri^ , we find 

jR J + + + + y 
\uy vy uv uz yz) 

i.il. 

uz xz) 



(111111 

= a;i + + + + + + 
\xy yz uy vy uv xv uz 



To find S we may suppose the resistance in BB to be infinitely great, 
that is = 00 . 

This gives us 

/l 1 1\ /I 1 1 1 1\ 

SI + + ) = a;{ + +- + + ). 
\uy vy uv) \xy uy uv vy xv/ 

The coiTCsponding expressions for B" and *S'' are found by inter- 

R 
changing x, z and u, v ; but the symmetry of the expression for -^ 

shews that it will be not be altered by this change ; that is to say, 

R : S :: R' : S\ 



Monday, January 14, 1878. 9 to 12. 

Mr Priob, Arabic numbers. 
Mr NrvBN, Boman numbers. 

1. A BODY being subject to any given forces, find the condi- 
tions of equilibrium. 

A gipsy's tripod consists of three uniform straiglit sticks freely 
hinged together at one end. From this common end hangs the 
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kettle. The other ends of the sticks rest on a smooth horizontal 
plane, and are prevented from slipping by a smooth circular hoop 
which encloses them and is fixed to the plane. Shew that there 
cannot be equilibrium unless the sticks be of equal length ; and if 
the weights of the sticks be given (equal or unequal) the bending 
moment of each will be greatest at its middle point, will be inde- 
pendent of its length, and will not be increased on increasing the 
weight of the kettle. 

Let DA, DB, DC be the sticks ; ABC the hoop, D the common 
end from which hangs the kettle. Let w^, w^, w^ be the weights of the 
sticks, W that of the kettle. 

Fu-stly, the forces on DA are its weight, the reaction at D and that 
at A. Hence, taking moments about a vertical through D, we see that 
unless the horizontal reaction at A meets this vertical it will prodiice an 
xmbalanced couple rovmd it, and there will not be equihbrium. 

Thus the reactions at A, B, C must all meet in the vertical 
through D ; also being normal to the hoop they meet in its centre; 
therefore the vertical thi-ough D passes through the centre of the 
hoop ; therefox-e the sticks are of equal length. Similarly we learn that 
the reactions at D on DA are in the vertical plane through DA. 

Secondly, let the inclination of each stick to the horizon be 6 and 
its length 21. Then if Xj, 7, be the horizontal and vertical com- 
ponents of the reaction at D on DA, we have, taking moments 
about A, 

X, 2;sin e=Y^2l cos O+W^ lco8 0, 

therefore 2Xj tan 6 = 2 7^ + w^ . 

Similariy if X^, F^, X3, Y^ be the reactions at D on DB, DC, we 
have 

2X,tan^ = 2F, + wJ 

2X3tan^ = 2r3+t3, 

therefore 2 (X^ + X^ + X3) tan ^ = 2 ( 7^ + 7^ + 73) + w^ + w^ + w^. 

Also, since the hinge at Z) is in equilibrium, we have 

r, + 7, + 73 = Tr, 

sin 2A sin 2B sin 20 
From the four last eqxiations we obtaia 

^ sin 2^. cot g ( w^+w, + to; \ 



7 = 



sin 2A + sin 2^ + sin 2C 

sin 2A 
sin 2A + sin 2B + sin 



2CV^ 2 j 2 
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The bending moment about a point P of DA, at a distance z from 
i?, is 

-~ . ^ cos tf + F, a cos 5 - X, 2 sin 5, 

and is therefore greatest when 
w, z cos 



21 



+ r,cos^-X,sin^ = 0, 



21 
i e. when = (X, tan d -Y^ 






therefore the bending moment is greatest at the middle point of each 
rod. 

The bending moment about the middle point of DA is 
/cos^.|^-|*+r,-X,tan0| 

_ I cos 6w^_ aw^ 

where a is the radius of the hoop : therefore the bending moment about 
the middle point of DA is independent of I and W. 

2. Find the intrinsic and Cartesian equations of the common ! 
catenary. ; 

A string of length 21 hangs over two smooth pegs which are in 1 

the same horizontal plane and at a distance 2a apart. The two i 

ends of the string are free and its central portion hangs in a cate- i 

nary. Shew that equilibrium is impossible unless I be at least \ 

equal to ae ; and that, if Z > ae, the catenary in the position of J 

stable equilibrium for symmetrical displacements will be defined ; 

by that root of ce" = I which is greater than a. 

In any position of equilibrium let 2s be the length of the ' 
catenary. Then we have 

and, by equating the tensions on each side of a peg, we have 

a 

therefore l-c^, 

an equation which gives c when I is given. 
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It is plain that we may increase the value of I indefinitely. The least 
possible value of I is given by 

= e" - ce" . - , 
c 

or c = a, 

and then I = ae. 

a 

The roots of the equation ce" = I are separated by those of its first 
derived equation 

e" e" = 0, 

a 

which has only one root, c = a. 

Therefore ce" = I has only two roots, one less and one greater 
than a. 

It would appear from general reasoning that the root less than a 
corresponds to unstable equilibrium ; for if I be very large, this root will 
give a catenary consisting approximately of two vertical portions which 
will clearly rise or fall, if a portion of string be pulled over each peg. 
The following is a more formal proof. 

Suppose s slightly increased by pulling over a length 8s of each 
straight portion. Then the tension 1\ on the catenary side of the peg is 
w{y + 8y) and that T,^ on the other side w (I s 8s), where w is the 
weight of an unit length of string, y is the height of the peg above the 
directrix of the original catenary, y + 8y its height above the new 
directrix. 

Now 2/ = 2 (" + ")> = 9 (e* - ")> 
therefore 8y -8c l r [ ; 

therefore T^-T^ = tal^y + 8c'^- -U s + 8c''^\ . 

But y + s = ce'' = l, 

therefore T,-T^ = -f- (c -a)L 

c - -~ 

Again^ cs-ay=^ ^ {(c - a) e*" - (c + a) e "} 

c ^^ ^ 

= ^e " {{c - a) e" - (c + a)} 
c -'-{, ,1, 2a 2(t' 4<( 2a' \ , ^ 
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where we observe that the successive numerical coefficients in the ex- 

2a 

pansion of e" diminish. 

Therefore (c-a2/) = |e""'|(|-2)^ + (|-|)"3 + j 

and is therefore negative. 

therefore Bs' and 8c are of opposite signs. 

If then Ss be positive, 8c is negative, and T^ - T^ has the same sign 
as ac; i.e. if o a, the equilibi-iiim is stable for this displacement; 
and, if 8s be negative, the result is clearly the same. 

The problem may also be readily solved by finding the depth of the 
centre of gravity of the whole string beneath the horizontal plane 
through the pegs and forming the condition that this should be a 
maximum. 

iii. Determine the conditions of stability, for small displace- 
ments, of a body floating in water. 

A vessel, which may be treated as a cylinder symmetrical about 
a plane parallel to its length, floats in apparently neutral equili- 
brium : prove that the equilibrium will really be stable for small 
displacements if uk < sin a, where 2a is the breadth of a transverse 
section at the water-mark, a the inclination to the horizon, and k 
the curvature of the side at that point. 

If the vessel be displaced through a small angle, discuss the 
nature of the motion which takes place in righting. 

Let G be the centre of gravity of the vessel (fig. 39), 

// that of fluid originally displaced, 

AB original plane of floatation, 

A'ff the new plane after the vessel has turned through an 
angle fi. 

LetAB and CD cut in 0, and let OC = c. 

Let the equation of section referred to Cx and GCz be 

a^ = a' + 2hz+{-l)z' (1), 

higher powers than " being neglected. 

When the origin is transferred to 0, the equation will be 

(x+c)' = a' + 2bz + {-l)s^. 
If we put x=r cos 6, z=r sin $, 

r' {I - *sin* e)-2r (bB\n$ - ccos e) + c' -a* = (2). 
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We shall now approximate on the supposition that )8 is small ; it is 
cleai- that c is a small quantity of the oi-der (3, as the calculation itself 
verifies. With this understanding, it is clear that in (2) 

r^ + r^ = 2{b9-c), 

r^r^ = c* - a^ - eO^a*, 

{r - rf = ia" (1 + ^), where ^=^$' + (PtlSl _ ^ 

a a 

and therefore ^i ~ ''s = ^a (1 + ^&). 

Since the volume of the fluid displaced is always the same, 



1 



(r^^ - r/) de = 0, therefore bfi' - 2c)8 = or c = J 6)3. 





The turning moment consists, partly of the weight of the fluid 
originally displaced acting through N, and partly of a couple, being the 
weights of the two wedges on opposite sides of ; the latter, reckoned 
as a righting couple, 

= ^ j\r^'-r,')de. cos e. 

But .,3_,^3^(,^_,^).3Jr^t(!lzO: 

= 2a''+6a{b9-cY + 3a^^, 
therefore righting moment 

= ^-fsinfi + a f %e V +3 (be- cf - c'} de, 
^ Jo 

2a' . ^ a'l3' 
= -sm^+-3-. 

The equation of motion of the vessel is 

2a? 
Since the equilibrium is neutral, F. GH=-^ , 

therefore ^ = -3!^"-^ ^^' 

The equilibrium will be stable if e be positive. 

Now, from (1), 

, , d'af , /dxV d'z , _ ^ 

ox dx ^ d'x ^ da ds p^3 

But ^ = cota, ^ = -coseca.^.^ = -coseca.K, 

hence = cosec'a (sina-csK) W* 
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The equilibrium wUl therefore be stable if ax < sin a. 

The equation of motion (3) shows that the righting oscillations are 
not harmonic ; ft may be expressed in terms of t by means of elliptic 
fimctions. 

If /? be the extreme angle through which the vessel swings, the 
period of a comjjlete oscillation is 



-V^^rl 



dp 



JPo'-^' 

iv. A particle moves in a plane curve ; state the expressions 
for the accelerations along and perpendicular to the radius vector 
from a fixed point, and investigate the differential equation of the 
path when the forces acting on the particle pass through the fixed 
point. 

A particle describes a parabola under two forces, one constant 
and parallel to the axis, and the other passing through the focus ; 
prove that the latter force varies inversely as the square of the 
distance from the focus. 

Shew also that, if the force through the focus be repulsive and 
numerically equal, at the vertex, to the constant force, the particle 
will come to rest at the vertex; and find the time occupied in 
describing any arc of the curve. 

Let the force along the focal i-adius vector be P, and the con- 
stant force y) then the equations of motion are (fig. 40), 

^ =/x - jFdr + const (1), 

r'-^-^^'^ w 

But, in a pai-abola, j^* = ar, therefore - = ^ , 

therefore v = 2r (/+ P) j 

also (1) may be written v' = 2/r - 2 JFdr + const. ; 
therefore, substituting, we obtain 2JFdr + 2Fr = const.^ 
2Fdr + rdP=0, 

Fr* = const, or Fee -.. 
r 



If P be repulsive, and = ^^ where -, =/, 
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to 



This vanishes when r = a: the particle, therefore, comes to rest at 
the vei-tex. 

To find the time in any arc of the curve, 

(l)'=()-(iy4^(-''')0-;). 

J2f. clt = , , . dr. 



(therefore 
Let 
dt 



{r - a) Jr + a 
r + a = au\ 



fwhere u,=^ ^ -^, ''^= \/ -^ > 

and r^ , r^ are the focal distances of the extremities of the arc, 

V. A particle moves on a smooth plane curve under given 
forces ; shew how to determine the motion and to find the pressure 
on the curve. 

The force between two small masses attracting according to the 
iw of the inverse square of the distance is equal, at distance a, to a 

rery small fraction - of the weight of either. They are suspended 

)y two strings of length I from points a apart in a horizontal plane, 
ind set to perform small vibrations in the same vertical plane; 
)rove that the motion of each will be compounded of two harmonic 

lotions whose periods are very nearly as 1 : 1 H . 

Let the strings at any instant make angles 6, <f> with vertical ; 
id let m be the mass of each particle (see fig. 41). 

In finding the small oscillations of the system we may neglect square* 
id products of 6, ^. 

The horizontal distance between the masses 

= a + ^ (sin <^ - sin $) 

= a + l(<f>-e); 
vertical distance between them 

= ?(cos^-cos^) = 0, 

and therefore the distance between them =a + l(<f>-0), to the same 
degree of approximation. 
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The equations of motion, remembering that the force between them 

at unit distance = - , ai-e 
n 

*' n {a + I {(ji - 6)y n ^ na ^^ ' 

^ n na ^^ ' 

From these equations we derive the following by addition and sub- 
title tion, 



a(Q--^) = -g{\-^yQ-^\ 



the solutions of which are 



la 
^ + A = _i + ^ sin (o< + a) 



6 - ^ = jB sin {p't + a'), 

-) 

naj 



where j!>'' = - , and jo'* = - Tl ) 

11 
When n is very great, p : p' :: 1 + : 1 nearly. 

6. State D'Alembert's principle; and explain its relations to 
the principles of Conservation of Energy and Momentum. 

Two particles A, B are moving always with equal velocities 
starting from rest at the same time. A is of constant, B of variable 
mass. Shew that at any instant when the mass of B is equal to 
that of A, twice the kinetic energy of B has the same rate of 
change as the sum of the amounts of work done by the actual 
forces producing the motion of A and B. 

Let V be the velocity of each particle at time t, and suppose 
them to be moving in lines parallel to the axis of x, X^, X, being the 
forces then acting upon them. 

Their equations of motion are 

Now, the kinetic energy of = ^Bv* ; 

= Av -r + V -r (Bv) (at the instant 
at dt^ ' ^ 

when B = A) 
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or 8{Bv^)^{X^+X^)8x; 

whicli is the theorem as stated. 

7. When a rigid body is moving in two dimensions, shew that 
at every instant there is an instantaneous axis of rotation ; and 
that, if the moment of the effective forces about this axis be equated 
to the moment of the impressed forces about it, the time of small 
oscillations may thus be found. 

Two circular rings, each of radius a, are firmly jointed together 
at one point so that their planes make an angle 2a with one another, 
and are placed on a perfectly rough horizontal plane. Shew that 
the length of the simple equivalent pendulum is 

(1 + 3 cos^a) cos a 
2 sm a 

If m be the mass of each ring, their moment of inertia about 
an axis through their centres is 

2ma* cos^ a + ma'' sin* a = ma" (1 + cos^ a). 

The motion of the rings may be made clear by considering that of 
the horizontal cylinder passing through them. A cross section of this 
cyHnder will be an ellipse whose semi-axes are a and a cos a, the latter 
being vertical in the position of equilibrium. As this ellipse rolls on 
the plane in small oscillations, the normal at the point of contact always 
passes through the centre of curvature at the extremity of its minor 
axis ; therefore both the pressures on the rings pass through an hori- 
zontal axis at height a sec a above the plane. Let their sum be H. 
Then, taking moments about the lowest generator of the cylinder, which 
is the instantaneous axis of rotation, and denoting the angle turned 
through by 0, we have 

m {a" (1 + cos" a) + 2a* cos* a}-jj = {^^9 a cos a- Ra sec a} 6. 

Now the centre of gravity of the system has no vertical velocity in 
the oscillations ; therefore 

R= 2mg ; 
therefore the above equation becomes 

m{a' {1 + cos* a) + 2a' cos^ a} -y-j = 2mga (cos a - sec a) ^ ; 

at 

therefore the length of the simple equivalent pendulmn is 

1 + cos*a + 2 cos'a (1 + 3 cos*a) cos a 

2 (sec a -cos a) 2 sm a 



78 SOLUTIONS OF SENATE-HOUSE [MoNDAY, 

viii. Determine the initial motion of a rigid body which re- 
ceives a given impulse ; and find the screw round which it will 
begin to twist. 

A perfectly rough inelastic heavy ring rolls, with its plane 
vertical, down an inclined plane, on which lie a series of pointed 
obstacles which are equal and at equal distances from each other, 
and which are sufficiently high to prevent the ring from touching 
the plane. If the ring start from rest from a position in which it 
is in contact with two obstacles, prove that its angular velocity as 
it leaves the (w + 1)*^^ obstacle is given by 

2 S^r . . . 4 1-C0S*"7 

&) = -^ sm t sm 7 cos <y . r , 

a 1 cos 7 

where a is the radius of the ring, t the inclination of the plane to 
the horizon, and 27 is the angle which two adjacent obstacles sub- 
tend at the centre of the ring when it is in contact with both. 

The motion is supposed quite regular ; that is to say, it is not 
supposed to have become so great that, in tiu-ning round one of the 
obstacles, its centrifugal force is sufficient to carry it away. 

The moment of inertia of the ring about an axis through its centre 
perpendicular to its plane is 3fa', and about an axis through a point on 
its circumference perpendicular to its plane 2Ma^ ; therefore if w^ be its 
angular velocity as it leaves the (n + 1)*^ obstacle, and a>' just before it 
meets the (n + 2y\ its increase of kinetic energy 

^.23Ia'{<D"-<oJ) = Mgh, 

where h is the space through which the centre has fallen in passing 
between the two obstacles. 

But, by the geometry of the figure (see fig. 42), h = sin i . 2a sin y, 

2q . . . 
therefore w" ui* sin i sin y. 

a ' 

We have now to consider the impact at the (11 + 2)*'' obstacle B. If C be 
the centre of the ring, the impulsive forces will consist of two, R along 
BC, and the other T throixgh B at right angles to BC. There will be 
no impulse at A, because all force at that point is instantly relaxed at 
the moment that the ring comes in contact with B and begins to turn 
round it. 

Before impact the velocity of C at right angles to CB is ow' cos 2y, 
and after it awm, 

hence Ma (<>+,- w' cos 2y) = T. 

Also, taking moments aboiit the centre of the ring, 



I 
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By combining these equations, +i = <)'co8''y, hence substituting in 
above equation, 

<ji^ .. sec* y 0) * = -^ sin i sin v. 

+i ' " a ' 

To solve this put w^ = A + B co^*' y, 

1 ^9 sin i sin y . cos* y 

a 1 - cos y 

To find B we observe that when n-0 the motion is just commenc- 
ing, and therefore A + B= 

s 2g . . . . l-cos*y 

hence w -^ sm i sm v cos y . -:; r-^ , 

"a ' ' 1 cos" y 

The greatest possible value of O is given by 

2 _ 2g sin i sin y cos* y 

a 1 cos y 

but it might happen that, before this is attained, the regular motion we 
have supposed breaks up by the centrifugal force round an obstacle 
overbalancing the effect of gravity in keeping the ring on the point. 

Let us find the condition that this may take place in turning round 
the {n + 2)"^ obstacle, and let the radius be then inclined at an angle 6 to 
the vertical. 

The angular velocity is given by w' = ta^^ + - (cos (y - i) - cos &\, and 

the component of gi-avity along CB is g cos 6 ; the value of 6 for 
which the normal reaction against the obstacle vanishes is given by 

+ cos (y - 1) = 2 cos ft 

g 

If, therefore, = \ ' + cos (y - i) < 2, there will be some 

1 - cos y \ / / 

period of the motion at which the ring will bound off from the obstacles, 

and the foregoing investigation wUl not hold beyond this period. 

ix. If a system of rays of light emanate from a point, shew 
that, however they may be reflected or refracted, they will always 
be normal to some surface ; and apply this result to shew that a 
small pencil of rays always passes through two focal lines at right 
angles to each other. 

A pencil of rays diverging from a point P, whose position is 
variable, is incident on a refracting sphere at a given point in a 
given direction ; if Q be the corresponding primary focus after re- 
fraction through the sphere, the position of Q when the incident 
pencil consists of parallel rays, i^that of P when Q is at an infinite 
distance, prove that 
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16 sin(t r) 

where a is the radius of the sphere, t the angle of incidence on the 
sphere, and r the angle of refraction. 

Shew how to find the corresponding theorem for a pencil re- 
fracted through any number of spheres, the axis of the pencil 
lying always in one plane. 

Let the axis of the ray pass through the sphere in the direction 
PABQ (fig. 43), and let AP - u, Aq^ - u^ , and let the cori-espondiug 
quantities for be Q = v, Bq^ = t?, , q^ being the primary focus after 
refraction into the sphei'e at A. 

The equation which gives w, is 

/I cos* r cos* i _ fjL cos r - cos i 
u^ u a ' 

and u = -. , and a the radius of the sphere. 
'^ sm r *^ 

In the same way we find 

fi cos* r cos* i fi cos r cos i 





i;, V 




a 


we have to combine these with - v^ 


= u^ 


+ 2a cos r. 


I observe, 


first of all, that 








X 

u c 


, ^ 


X 
1 1' 

V c 


where 


^ sin i cos* r 


1_ 

c 


sin (i - r) 


sin?' cos* z' 


a cos* i sin r 


We have then 








2a cos r 
Xc 


U V 

+ . 

-c v c 



or 



If the left-hand be written - , we get, on multiplying up, 

uv-c{u + v) + c^ = a{2uv-c{u + v)}, 
w (1 - 2a) - c (m + r) ( I - a) + c* = 0, 
,. . 1-" / X rc(l-a)l' c*(l-a)* c* 
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But 



\c _ sin i cos^ r 1 sin i cos r 



2a cos r sin (i - r) ' 2 cos r 2 sin (i - r) ' 
sin i cos r sin i cos r 



and c = 



1 - 2a 2 sin (i ~r)-2 sin t cos r 2 cos i sin r 
a cos* I sin r 



sin (i r) ' 

therefore the right-hand member of equation (A) may be written 
j.^ /a^a2icosr\' ^ ^, 

IP' \ism{i-r)J 

If we put the above equation in the form 
{u-f){v-f) = K\ 
we see that when u = co , v f, and when t; = oo , w -f; 
u f is therefore what has been denoted by PF and v f by QG. 
We obtain therefore PF . QG = K\ 

. a sin 2i cos r 

where K = -; ; j-. r- 

4 sin {% r) 

To extend the theorem, we observe that the distances of one pair of 
conjugate foci P, Q from another pair P^, Q^ are connected by a very 
simple relation; for if P^P = x, Q^Q = y, both being measured in the 
same direction along the axis of the pencil, and if P^F=u^, QJjr=^v^, 
we have 

It results from these that 

--- = 1. 
X y 

If we trace the foci corresponding to these foci througli the system 
of spheres, and suppose p, q are their last positions, then, if pq = X, we 
have an equation of the form 

A B , 

-Tr+ - = 1. 

A X 

This result is evidently of the same form as the theorem in the first 
part of the question. 

10. Give a formula for finding the parallax of Mars by two 
observations made out of the plane of the meridian. 

Shew that a small error in the place of the zero-point on the 
graduated scale of the altazimuth will have no effect upon the 

rccuracy of this formula, if 
/sin z^ sin z\ _ / sin^^ _ sin z^ \ _ h^ h^ c 
VsmXj ~ sin hj "^ i^tan h^ tan hj sin h^ - sin h^ ' 
s.-H. P. ^ 
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where z z h ,h &K the observed zenith-distances and hour- 
InZ of the planet at the two times of observation, and o is the 
rr5 decremenr of Its hour-angle during the interval between 
them. 

Hymers's formula (Art. 260) is 

(A, - \ - c) cos 8 
F (paraUax)= J ^ij,^^h,-K) cosj^{h^ + /^J^l ' 
where 8, ? are the declination of the star and latitude of the place of 
observation respectively. 

Then an error in the zero-point from which the zenith^distancesare 
measured wiU not affect the accuracy of this formula if Slog/^-U, 

* ' 8A. - 8A, 8A, - 8A, ^ __SA, + 8A, _ ^ ^^ 

\-h^-c 2 tan ^ {h, - K) 2 cot ^ (A, + h^ 
^^o^ff COS ^i = sin 8 sin Z + cos 8 COS? cos ^1, 

therefore sin z^ 82;^ = cos 8 cos I sin h^ 8h^ . 

Similarly sin z^ 82, = cos 8 cos ? sin h^ 8h^ ; 

and, since the error is in the zero-point of 2,, z^, 82;, = hz^. 
Hence the above equation becomes 

sin a, _ sin_2, sing, _ sing, sing, ^ sing, 
JhT^, sin A, sin A, sin/^, ^ sin A, sin/^, _^ 
A -A -c 2tani(A,-AJ 2cot|(A,+AJ 



sin z. 



therefore 2!^%^ = ^Mcot H V '0 - 1^" K'., + ^ ! 



_^ {cot I (A, - A,) + tan | (A, + A,)} 
2 sin Ag 

sin z cos A, sin g. 



"2SiA;-8inJ(A,-A,)i(''.+''.) SsinA.- sinJ(A,-A,)cosJ(/.,+/.,) 



= / 



smz, 



\tanA, tanAJ sin A, - sin A, ' 

(sin g, sin g,^ _ ( sing, _ sin zA ^ h^-\-c 
therefore |^^^ - -^^ } |^ ;,^ tan A J sin A. - sin A, 
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Monday, January 14, 1878. IJ to 4. 

Mr GiAiSHER, Arabic numbers. 
Mr Greenhill, Roman numbers. 

1. If the series a^ + a^x + a^ + &c. and &, + h^x + h^ + &c. 
be convergent, and equal to one another, for all values of x, give 
the ordinary proof that a^ = 6^, i = &,, cl^=^ b^, &c.; and point out 
the difficulties in it. 

Prove that, if a < 1, 

(1 4- ax) (1 + a^x) (1 + a^ . . . 

~ ^ "^ IT^"^ (1 - a'){l-a*) "*" (1 -a^)(l - a*) (1 - ) "^ *^" 

(i) In order to make the ordinary proof complete it has to be 
shewn (1) that we are entitled to put x-O, and so obtain ag = bf^ (see 
De Morgan's Algebra, chapter vni.). We then have left 

a^x + a^ + &c. = h^x + h^^ + &c., viz. x (a.^ + a.^ + &c.) = 0, 

or say xS= 0. This implies either that a; = or that aS'= 0, and it might 
be contended that for x finite, 8 was equal to zero, but that when x was 
infinitesimal or zero, xS was zero in virtue of the factor x. It has 
therefore to be shewn (2) that S must be zero for aU values of x, and 
the difficulty is to establish this without iatroducing conceptions with 
regard to vanishing quantities that really belong to the difierential 
calculus. 

(ii) Let 

(1 + aoo) (1 + o^x) (1 + al'x) . .. = 1 -^A^x + A^x^ + &c. 

Put a* for X, and this becomes 

i(l + dx) (1 + d'x) . . . = 1 + il ^a^x + J^aV + &c. 
Therefore 
(1 + ax) (1 + ^ ^a^x + A^a*'^ + &c.) = 1 + ^,aj + A^ + <fec. 
Equating coefficients 
a + A^a^ = A^, A^a^ + ui^a* = A^, A^d + A^a"" = A^, &c., 
whence 

8 ^ 

and the theorem follows at once. 

2. Obtain from Demoivre's theorem the exponential value of 
>^x, and thence, or otherwise, find the expansion of cos a; in 
seen ding powers of x. 

62 
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Prove that 
, ../tan 2^+tanh2<^N .^ _. /tan^ tanh 6\ .j, ^ , . 

where tanh and coth are defined by the equations 

tanh X = -i =v , coth a; = . 

e'' + e ^ -e' 

(i) By Demoivre's theorem 

cos 6 { sm 5 = (cos 1 + 1 sin 1)* = hfi say, 

therefore cos ^ t sin 6 h~^, and 2 cos 6 = J{P + k~^, 2i sin $ = k^ k~^. 

Expanding the right-hand side of the second equation, 

2i sin e = 2(e log k + ^j-f-g- * '^^)' 

whence i ^ = log ife+ powers of 6^ (a convergent series). 

Proceeding to the limit ^ = 0, this becomes i = logk, whence ^ =e% and 
therefore 2 cos ^ = e'^ + e " *^, 2i sin ^ = e* - e - ^. 

(ii) We have 

, _ 2tana; 2 .^ , 

tan 2x = ^ 7 J = T ^ , if ^ denotes tan 6, 
1 tan X t t 



and 



, , 2 tanh a; 2 .,, . i . 

tann zx ^j r ^g = ^^^^ ^ , if 2^ denotes tanh A, 
1 + tanh* a; T^ + T' ^ 

\ tTt + T^ 
^ .,/'(t + T)-tT(t-T)\ , /T-' + t-^-i + T\ 

-^^ \{r'-t)-^-{T-' + TrO^ Vtan2e-tanh'2<^j- 

3. Shew how to obtain the sum of the m*'^ powers of the roots 
of an equation in terms of the coefficients. 

If s^ denote the sum of the ni}^ powers of the roots of the 
equation 

x" + a^af-^ + ajx""'... +a^ = 0, 

prove that a^ is equal to the coefficient of TT in the expansioQ of 
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Let ttj, a^, ... a^ denote the roots : then 
a" + a^x"-' + a^af-' ... + __=: (a;-a^) (a -a,) ... (a; - a,), 
whence, dividing by x" and putting x~^ = hy 

\+aJi + ajt' ...+ ah' = (1 _ a^h) (1 - aji) ... (1 - a,A) 

= elog(l-aift) +log(l_Oaft)...+log(l-OnA) 
g-aiA-isjA'-JSa'i'-... 

and the theorem follows by equating coefficients of h". 

4. Find the sine of the angle between the two straight lines 
represented by the equation 

Prove that the equation of the locus of the points of intersec- 
tion of pairs of tangents to the ellipse 

^ + 2^ = 1 
a 

inclined to one another at a given angle a is 

V -Vf-a^- hj = 4 cof* a (ay + 6V - a' b'). 

If o be the angle between these straight lines, 

tana= ^V 5 ^, sma= . J^^ , . jrfj. 

A + B AH^ + ( J. - Bf 

The former equation is {A + By - 4 cot* a [H' - AB) = 0, and the 
equation of the pair of tangents drawn from the point h, k to the ellipse 
being {a'F + b'h' - a'b') {ay + b'af - a'b') - (a% + b'kx - a'by - 0, we 
have A = a'b' (F - ), H = - a%^hTc, B = a'b' {h' - a'), and the result in 
the question follows at once by substituting these values. 

5. If ABCD be a spherical quadrilateral inscribed in a small 
circle, prove that A + G==B + I>. 

If a, h, c, d be the sides in order of a spherical quadrilateral 
inscribed in a small circle, and a be the diagonal joining the inter- 
sections of a, h and c, d, prove that cos^^a = 

sin| ^sin^ccos \ia-\-d) cos|(a-c?) + sin^ asin^</cos|(6+c) cos|(^ c) 
sin I 6 sin ^ c + sin I a sin ^ oJ 

(i) Let (fig. 44) be the centre of the small circle circumscrib- 
ing ABCD; then, since OA, OB, 00, OD are all equal, therefore 
L OAB = L OBA, iOAD=i ODA, l OGB = z OBC, l OGD^ l ODG, 
whence, adding these four equations, A + C = B + J). 
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(ii) Draw the chords AB, BC, CD, DA, BD ; then chord 
vl5 = 2sin^a, chord 2?C = 2sin|6, &c. We thus have a plane quad- 
rilateral whose sides AB, ... DA are 2 sin |rt, ... 2 sin ^c? and diagonal 
BD is 2 sin I a. Now in the plane quadrilateral A BCD, whose sides 
AB, BC, CA, AD are a', h', c', d', by a well-kno-vvn theorem, 

^, (a'h' + c'd'){a'c'-{-h'd') 

BD = - TTl TT> > 

he + ad 
whence 

. J (sin Jasin|J + sin|csin|c?) (sin Jasin|c + sin|6sin|c?) 

^ ~ sin I h sin | c + sin ^ a sin ^o? 

Therefore 

J. sin|6sin^c(cos*|a+cos*|c? l)+sin|asin|c?(cos*^6+cos*|c-l) 
- sin ^6sin Jc + sin ^asin^c? 

and cos* |a + cos* |c? - 1 = | (cos a + cos d) -cos\{a + d) cos ^ (a - c?) : 
similarly cos* | i + cos* ^c-\ cos |(6 + c) cos | (S c), 
whence we have the formula in the question for cos* J a. 

vi. Prove that the equations of the generating lines through 
the point 

cosi(^ + 0) ,sini(^-K/>) sini(^-<^ ) 

^~ cosi(^-<^)' ^~ cos^(^-<^)' COS^(^-</))' 

on the hyperboloid of one sheet 

axe - = - sin ^ -I- cos ^, f = cos ^ -f- sin ^ : 

a c he 

and - = sin ^ + cos <f>, f= - cos (f) + sin <f). 

Prove that, if a model of a hyperboloid of one sheet be con- 
structed of rods representing the generating lines, jointed at the 
points of crossing; then if the model be deformed it will assume 
the form of a confocal hyperboloid, and prove that the trajectory 
of a point on the model will be orthogonal to the system of confocal 
hyperboloids. 

The equations of a generating line may be written 
a; - g cos ^ y-bsinO z r 



asind -icosd c ^{(a*+c*) sin*d+ (6 + c)co8*^}' 

where r is the distance of the point xya from the plane of a^ measured 
along the generating line. 
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When the model is deformed, r, 0, - , | , ? will remain xmclianged, 
provided a* + c* and 6* + c* remain unchanged. 

Hence when the model is deformed it assumes the shape of a con- 
focal hyperboloid, and the trajectory of a point on the model is a series 
of corresponding points, which is therefore orthogonal to the system of 
confocals. 

[Another solution is given by Prof. Cay ley in the Messenger of 
Mathematics, Vol. vii. pp. 51, 52 (August, 1878).] 

vii. Find expressions for the co-ordinates of the centre of 
curvature and the radius of curvature at any point of a plane or 
tortuous curve, taking the arc of the curve as the independent 
variable. 

Prove that, at corresponding points of a plane curve traced on 
a cylinder and its development when the surface of a cylinder is 
developed into a plane, the ordinates drawn to corresponding axes 
which are perpendicular to the generating lines of the cylinder 
are in a constant ratio : prove also that the product of the radius 
of curvature and the normal intercepted by the axis is the same 
at corresponding points of the curve and its development. 

Let AP (fig. 45) be a plane section of a cylinder, and BN a 
transverse section, the planes of AP and BN intersecting in the axis 
OM ; and when the cylinder is developed into a plane, let the curve AP 
be developed into the curve AP' and the curve BN into the axis BN'^ 
corresponding to the axis OM. 

Then PN=P'N' and the arc AP== arc AP'. 

Hence if MP = y, N'P' = y', and if a is the angle between the planes 
of AP and BN, 

y=ysma; 

and therefore if y=f{s) in the cui-ve AP, then y' = cosa/{8) in the 
ciuT^e AP', 8 denoting the arc AP or the ai-c AP'. 

If p denote the radius of curvature at the point P of the curve AP, 
and if the normal PQ be denoted by n and the angle MPQ by i/r, then 

I = Bin ^ /(.), 

and cos \j/ -^ =/" (), 

cosxl/ 

Also n = ysecil/ = sec f/{s), 

therefore on = - j,n \ 
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If p', w', i/r' denote the corresponding quantities at the corresponding 
point P' of the curve AP", 



ds 



= sin \p' = sin af (s), 



and 
therefore 



cos i/^ -^ = sin a/ (s), 

, _ cos \\/ 
P'^ Bin a/" (8)' 

v! = y' sec ^^ = sec ^' sin a/ (s) ; 



[As an example, suppose the cylinder a right circular cylinder ; then 
the curve AP is an ellijwe of eccentricity cos a, and the curve -4P' is 
the curve of sines ; and thus it is evident that the surface genei-ated by 
the revolution of the ellipse AP abovrt the axis OM is applicable on the 
surface generated by the revolution of the curve of sines AP' about the 
axis BN\ that is, if the part of the surface, generated by the revolution 
of an ellipse of eccentricity e about any axis parallel to its minor axis, 
between two meridian planes inclined at an angle 27re be taken and the 
ends joined, the meridian curve will become the curve of sines; a 
problem due to Mr Droop, and set in the Senate House in I860.] 



viii. Integrate : 
1 



, and 



(a + xY (c + ir)^ ' (a + a;) (c + x)^ ' """ {a^ - a') {a? - c^)^ * 
Prove, by means of the substitution 

ax_adcy 
X h b cy d' 

that, if 771 be any positive quantity, and a>b> c> d, 



{(a-^)(^-c)r^ 



f (g - x) {x - d) {x-h){x-c) Y 
\ ad bc J 



dx 



b-c 





{{a-x){c-x)r-' 



{{ax){xd) {b ar) (c x) 
d\ a-d b-c 



dx. 



(i) 



)(a + 



dx 



and 



(a + xy{c + xy J{a + x){c + xy 



J (a + 



dx 
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are found by differentiating with respect to a and c respectively 
J , and tliis, when a>c, is equal to 



/i 



{a + x) (c + a;)' 

2 ^ -1 /c + aj 

- ,. tan ' / , 

Ja-c V a-c' 

when a < c is equal to 

1 Jc + x-Jc-a 



(") /tt 

' (x a 



Jc a Jc + x + Jc~a 
dx 



=/. 



cos ^ c?<^ 



if aj = csec<^, 



, 1 , a sin di - Ja' -c* 

(a>c) = log , 

^ ^ 1aja'-c^ ''asincf> + Ja'-c' 

1 a Jaf - c'-xja? - c* ^ 

, - 1 _i asin^ 



(iii) If 



a X a d c y 
x-h h - c y-d^ 



dx dx dy dy 

then + f= + -1} 

a-x x-b cy y-a 

dx = -J dy. 



a-x. x-h c-y.y-d 

Also x = b.a-d.c-y+a.b-c .y-d-T-B, 

a x = a b.a-d.c y-^J), 
x-h=a-b.h-c.y-d-=rDy 
x-c h c.c-d.a y^Dt 
x d=ad.c- d .by-r-D, 
where D =a-d .c- y + b- c.y -d. 
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_, . a-x.x d x b.x c 

Therefore . + = 

ad 0- c 

-a-h.a-d.c-d.h-tj.c-ij + a-h.h-c.c-d.a-y.y- d^ Z>', 

=a-h.a-d.h-c.c-d( ''-y-y-'^ ^ ^ . -l'-y )^D\ 

\ a- d - c J 
Therefore C {a-x x-cy-' ^ 



r"- [a X . X c)"'~ 

I /a-x.x d x h.x~ c\" 
h \ ad b-c J 



i 



*'/'a h.a-d. h c.cd.a~y. c yY*~^c-d. a~h .a d.hc 

D' ) J'' J,. 

(a b.a d.b c.c d/a-y.y d by.c yXY" ' 

" [ n-^ i, a-d +-TiT~;/ 



f 



/ a-y.y-d ^ b-y.c-y y 
\ a-d b-c J 



'd 

ix. Shew how to integrate the differential equation 

af(p)+yF(j)) = <f>(p). 
Obtain the complete primitive of the differential equation 

2y = a:p+p 

and shew that exactly the same equation is obtained by expressing 
the condition that p should have equal roots in the differential 
equation as by expressing the condition that c (the arbitrary con- 
stant) should have equal roots in the complete primitive ; and 
determine the geometrical meaning of this equation. Is it a sin- 
gular solution ? 



If 


2y = xp + -, 


differentiating 




_ dp a dp 


or 


dx a 
Pd^-'' = -p" 


or 


dx 

p -X 

dp a 


or 


d fx\ a 

dp\^r~9'' 
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and therefore 

X a 

p 3/ 

We have therefore to eliminate p between 

xp'-2yp + a = (1)^ 

and cp^-xp^ + ^ = o ^2). 

The condition that (1) should have equal roots is y' ax^O. 

The condition that the equation in c obtained by eliminating p from 
(1) and (2) should have equal roots reduces to (y* axy = 0. 

The equation y' ax^O is noi a singular solution, for it does not 
satisfy the differential equation; since it is obtained both by giving 
equal roots to p and to c, we infer that it is not a tac-locus, and that it 
is therefore a locus of singular points. It is in fact a cusp-locus. 

X. Solve the difference equation aw^^^w^ + 5m^, + cw + cZ = 0. 
Prove that the solution of the equations 



6'- , a- 

Vn = :-, and u.= 



2 
U 

n+1 ~ 



c - w """" c - V^ 

subject to the condition that u^ = 0, is 

sin nG , sin (nC B) 



w.= a 



sm(nG-B)' " sm{n + l)G 

where A, B, G are the angles of the triangle whose sides are a, h, c. 



a 



w.^, = 



a^ _ a' (c- u^ 



c-v (f-W-cu' 

" c- 



c u^ 
or , cu , ,w + (i* - c") u.. - al'u + a'c = 0. 

To solve this equation (similar to the equation of the book-work) 

put 

w ^, V-c^ 

u = ^^* : 

" w^ c 

therefore u .. = 2^ : 

and the equation becomes 

^6^ /^,_ 6^\ _ aY^^. _ i^^V .^0, 
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or ^.+, z^^, + -^-5-; = 0, 

or w ,,-z cos Cw.. + ^- w =Q. 

The auxiliary equation is 

7?i - 2 cos Cm + ^ = 0, 
c c 

and therefore m = (cos (7 J 1 sin (7), 

and w^'=P i ] sin (nC a) ; 

ah sin (nC + C - a) h'-c* 
therefore u=^ 



_ sin 5 sin {nC + C-a) sin^ B - sin* G 
sin C sin (nC - a) sin J. sin C 



= a 



c sin (nC a) 

vC -a) sin* 1 
- a) sin 

sia B sin (w(7 + C - a) - sin (^ C) sin (nC - a) 
sin C sin {nC a) 

_ sin (nC + B -a) 
sin (nC - a) 

Also since u^ = 0, therefore a = B, and therefore 

siawC 
u =a 



sin {nC - B) 
sin ^ 



. ^ sin A sin nC 
sin (7 - 



sin (/iC-i?) 
sinJ5sin(wC-5) 



sin C sin (nO-B) - sin ^ sin C 
sm (nC-B ) 
Bm(n + 1)G' 



[A solution of this question is contained in Prof. Cayley's paper 
" Note on the function bx = a* (c-x)^ {c (c-a;) - 6*}" Quarterly Journal 
of MatJienmtics, vol. xv. pp. 338 348 (1878).] 



i 
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Tuesday, January 15, 1878. 9 to 12. 

Mr Glaisheb. 

1. The sides BG, CA, AB oi a, triangle cut a straight line in 
D, E,F; through I), E, F three straight lines DLOO, EHOM, 
FKON having the common point are drawn, cutting the sides 
CA, AB in L,G', AB, BG in M, H; BG, GA in N, K, Prove 

that 

AK.BG . CH ^ AG .BH .CK ^ QD .HE .KF _ HD .KE .GF 
AM.BN.GL AL.BM.GN LD . ME.NF~ ND.tE.MF' 

Regarding GL (fig. 46) as a transversal of the tiiangle ABC, 

AL.BG. CD=AG.BD.GL, 

and BC as a transversal to the triangle AGL, 

AC.GB.LD=^AB.GD.LG, 

BG AG.BD AB.GD 
"*^^^^^ rT~ AT. nn~ AH r.n \^r 



CL AL .CD AC. LD 



Similarly, regardiag HM, CA as respectively transversals of the 
triangles ABC, BHM, 

CE _ BH .CE BC .HE 

AM" BM.AE~ BA.ME" ^"''' 

and KN, AB a,s respectively transversals to the triangles ABC, CNK, 

AK_ CK.AF _ CA.KF ,> 

BN~ CN.BF~ CB.NF ^ '' 

whence, multiplying together (1), (2), (3), and reducing in the second 
product by the ""relation ^^. i?i^. Ci>-^i^. ^/>. C'^ (obtained by re- 
garding DEF as a transversal of the triangle ABC), we prove the 
equality of the first three ratios in the question. To prove that they 
are equal to the fourth ratio, regard DEF as a transversal of the tri- 
angles AGL, BHM, CKN; whence 

AE . GF. LD^AF .GD. LE, 
BF.HD.ME=BD.HE. MF, 
CD.KE.NF^CE . KF . ND, 
imdtiplymg and using AE . BE. CD=AF. BD . CE, we find 

GD.H E.KF _ HD.KE. GF 
LDTMETNF ~ ND.LE .MF' 
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This equation may also be obtained by regarding DEF as a trans- 
versal of the triangles OGM, OHN, OKL ; whence 

OD.GF. ME= OE .GD. 2IF, 

OE.HD. NF =OF.HE. ND, 

OF. KE.LD = OD.KF. LE, 

and the equation follows at once by multiplication. 

2. Prove that, if x be less than unity, 

X 3^ a?" 

(1 -a;)(l -a;'^"-'^) "*" (1 -a;^)(l -cc^""'^) "^ {\-a^){l-x"'^')'^ "^^ ^'^'^J' 

- 1 / X x^ x"""- ' \ 

~ 1 - x^'Ki - x'^ 1 - x' '" "^ 1 - x^y ' 

We have 

x-af*\ X a^"*' 



{l-x){l-af'^') l-x l-x'"*'' 

(1 -") (1 -a*-^') " Y^^~ l-x'-*^ ' 
&c, = fec. 



whence 

X 



{l-x) (1 -x^"^') ^ (1 -a;^) (1 - ic^"-^^) "^ (1 -x') (1 -a;^"-^*) ^*^- "^ ^''-^ 
1 f a; x^ ' , - . - 

~ l_a,.^->-. -fTT^s^- <^:c- ^iw/-| (1). 

" l-a;"ll-a;"*'l-a^""'^ 1 -:*->/ ^"^' 

since, a; being less than unity, the terms in each of the two infinite 
series in (1) continually tend to zero. 

[If X be greater than unity, then using the formulae 

x-a?'*' 1 1 

(1 -a:) (1 -a:-*) " I^^ ~ 1 -*+' ' 

a^-a?'** _ 1 1 

(1 - sTfil-x*'*^) ~ 13^" ~ l_a:*-*3 ' 
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the series 

1 ( 1 1 1 , 

1 1 



l_a;+> l-x' 



(fee. ad in, 



wt/:j 



- -L_/JL 1 1 ) 

1 -a;^ U -a "^ 1 -a;' *' 1 -x'"-'] (^)' 

since, x being greater than unity, the terms in the two series continually 
decrease. 

Thus, if a; < 1, the given series = (2), and if > 1, it = (3). The two 

forms are readily deducible the one from the other; for in (1), since the 

number of terms in each series is the same, there are n terms left over 

a? 
in the second series each = ^- ^ {q infinite) = 1 when x>\, and thus 

we must add to (2), if a? be > 1, the term 



and this is easily seen to be the difierence between (2) and (3), for 
+ 1=1 L 1 r3+l=l Taj&c- 



l-o; \-x' l-x^ l-x"" 

We therefore have the given series = (2) if aj < 1 and = (2) + :j -^ 
if a; > 1, and the change of form is deserving of notice.] 

3. If 

F{x) =f{x) + lf{x^ + ^/(o;') + lf{x') + i/(x) + &c. 

prove that 

f{x)^F{x)-lF{x^-lF{x')-\F{x')+lF{x^)-{F{x') 

+ ^Fix"')-&c. 

where only terms involving numbers that contain no square factor 
appear in the second series, and the sign is positive or negative 
according as the number of prime factors of the number is even or 
uneven. 

Let Ba be a symbol of operation such that when operating 

m a function of x it converts it into (-) of the same fimction of af, 

that 



U.<i>{x) = l<i>(^), E^i,{af) = l<l>{c^),&c. 
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1 
db 



Then E^ E, ^ (x) =E,E^<f> (x) = E^<t> i^) =-E^<f> (^) = \<t> {^), 



so that, in the question, 

F{x) = {1 + E^ + E^ + E^ + E^ + &c.)/(x) 
1 



/(^), 



(1-^J(1-^3)(1-^J... 

2, 3, 5 . . . being the pi-ime numbers. 

Therefoi-e /(x) = (1 - E^) (1 - E.;) (l-E^.. F(x) 
= {l-E^-E^-E^+E,-&c.)F{x) 
=^F{x)-iF{x')-^F{a^)-iF{x^) + &c., 

the law of the terms being as stated in the question. 

Or otherwise, thus. Substitute for F (x), F (x^), F (of), ... their 
values in terms of /(x),/(x^), /(x^), ... given by the first series; we 
thus have 

x = x+^x^ + lx'' + Ix* + ix' + ^x' + lx' + lx' + lx' + ^\x"' + &C. 



-h -i 



TO" 



+ 117 

in which x, x', a?, ... are written for f {x), f {of), f [a?), ... to save space, 
and the second line contains the value of |^ ^ {af), the third line of 

^F {iif), &c. It is evident that every coefficient that appears in the 

/(mf) column will be , so that we need consider only coefficients of 

/{x""), such coefficients being always + 1 or 1. Now in the case of 

m= 6, we have a coefficient + 1 from F(x), 1 from ^ F (x^), 1 fi'om 

^F(x^), +1 from ^F(af); and generally for m a^a^ ... a^, where 
a,, ttj, ... a^ are primes, there will be a coefficient + 1 corresponding to 
the factor 1, i.e. from F (x), a coefficient 1 corresponding to each of 
ihe factors a,, a^, ... a ^, + 1 corresponding to each product of two factors, 
a^a^, afl^, , 1 corresponding to each product of three factors, 
a^a^a^, and so on. Thus the whole coefficient 

=i_+!L^)_...(_)M = (i-ir=o. 

Now consider the term for which 77i=a,"a/ . .. a/ : the + Ts and Fa 
will occur exactly as for the term for which 7n a^a^ ... a^. This is 
readily seen to be the case, for we only obtain a term from each pi-irae 
factor, or product of diffei-ent prime factors in m; and these are the 
same for a.'^a.? ... a." as for a.a ...a . 
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[It is evident that the. theorem is still true if /(a;"') and Fix") 
^ m ^ ' m ^ ' 

be replaced by TnFf{x"') and m^F(x'') ; p being any quantity, positive or 

negative, or zero, viz. if 

F{x) =/(x) + 2'f{x') + ^f{x') + ^^f{x*) + &c. 

then f{x) = F (x) - 2''F (of) - ^F {a?) - 5''F (a;*) + &c 

In order to apply the first method of proof to the general theorem, it 
is only necessary to define F^ by the equation F^ <f> (x) = a''<f> (of). The 
theorem itself is due to Mobius. Crelle, t. ix. p. 105 123.] 

f 4. If a spherical triangle AB G be taken as the fundamental 
triangle, and a, /8, 7 be the spherical trilinear co-ordinates of a 
point P on the sphere, and p, q, r the spherical tangential co-ordi- 
nates of any great circle passing through P, then 

sin a sin a sin^ -I- sin 5 sin /3 sin ^f + sin c sin 7 sin r = 0. 

Let XZPY be any great circle passing iJirough P (fig. 47), 
and making angles B, 0, i/r with BG, GA, AB. Then sin a = sin FXain 0, 

. sin r^sin<^ . 

sm = suiAZsiilJ/= : -. - smJ/, 

^ ^ svaA ^ 

therefore sin -4 sin a sin /J = sin 6 sin ^ sin t/^ . sia PX sin 7Z, 

and (observing that in the figure p is negative) it has to be shewn that 

- sin PXsin 7^+ sin PFsin ZX+ sin P^sin Xr= 0, 

and, putting PX = 03, PY=y, PZ = z, this expression on the left-hand 
side 

= - sin X sin (3/ + ) + sin y sin (x- z) + sin zshi(x + y) 

= I {- cos (2/ + 2; - jc) + cos {x + y + z) +coB{y + z-x)- cos (x + y- z) 

+ cos {x+ y-z) cos {x + y+ z)]-= 0. 

Or, otherwise, thus : 

sin a = sin PP sia PPC, sin^?^ sin^Psin^iPF, 

. ^^smBPG 
sm a = sm GP . jr^r^ , 
sm PBG 

therefore sin a sin a sin 7) = sin AP sin BP sin GP , sin -4P F sin BPG. 

The equation to be proved is therefore 

- sin APT sin BPG + sin BPX sin GPA + sin GP7 shiAPB= 0, 
viz. putting iAPY=x, iBPY=y, lGPZ=%, 

this is - sin re sin (y - s) + sin y sin (a; + ) - sin z sin (a; + 2/) = 0, 
which is at once seen to be tme as above. 

S.-H. p. 7 
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[The equation in the question, which is due to Mr H. Hart, becomes, 
when the radius of the sphere is made infinite, aap + h^q + cyr = 0, 
which is the well-known relation between the tangential co-ordinates of 
a line in piano.] 

5. An ellipse, centre C, turns in its plane about one focus S 
as a fixed point, and intersects a fixed straight line SX in P ; along 
the normal to the ellipse at P a distance PT is taken equal to CI), 
the semi-diameter conjugate to CP; prove that the locus of T, in 
the plane, is one or other of two circles, according as the normals 
are drawn inwards or outwards. 

First, suppose PT is measured inwards. In fig. 48 let 
SP = X, ST^r, I XST = $, then 

Sr = SP' + Pr - 2SP . PT cos SPT and cos SPT = ^ , 

therefore, since PT^ = x {'2a x), 

0^ = a^ + 2ax -x' - 2bx= 2 {a-b)x (1). 

^ SP' + Sr-Pr x' + 7^-2ax + af x-h ,, 

Also cose= 2>ST.^T = 2^ ^^V (^^' 

on substituting for r^ the value just found. Whence from (1) and (2), 

viz. r'-2{a-h)r cos 6-2h{a-h) = 0. 

The locus of 7^ is therefore a circle of radius ae, and having its centre at 
M where SM ~a-b. 

Similarly, if PT' be measured outwards, it can be shewn in exactly 
the same manner that the equation of the locus of T' is 

r' - 2 (a + 6) r cos e + 26 (a + 6) = 0. 

The locus of T' is therefore an equal circle having its centre at M' where 

SM' = a+b. 

[We have CP^CP+Pr- 2CP . PT cos CPT =a' + b'- 2ab, 

whence CT =a b, and similarly CT' = a + b; so that SM= CT =a-b 
and SM' = CT'=a + b; also CS = TM = T'M ' = ae. Thus SMTC and 
SM'T'C are contra-parallelograms. For an account of the linkages with 
which these contra-parallelograms are connected see Mr Hart's paper 
" On some Cases of Parallel ISIotion," Proceedings of the London Mailie- 
maticnl Society, Vol. viii. pp. 286289 (1877).] 

6. Prove that 

(S''-(i.y--"i-)-'(4r* 



I 
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We have 

(d \^~^ 
y- j x" = a (a - 1) . . . ( - i + r + 1) a;"""*''"'". 

Differentiating r times and multiplying by a;"'"^'', this becomes 
= a (a - 1) . . , (a - w + r + 1) . (a - 74 + r - m) (a - w + r - m - 1) . . . 
(a ji - m + 1) x""""^'', 
which, differentiated m times, 

= a (a !)...( w + 7'+ l).(a- w + '-m)(a-i+r-m-l)...(a-i-m+l) 
.(a-TO4-r)(a w + r-1) ... (a-w + r-m + l)a;''~"'*'''~'" 

T ) '^''' 

Thus the theorem is true when the quantity operated upon is a;", 
and therefoi'e it is true for <^ (a;), where (f> (x) = Ax" + Bod" + Cx' + &c., 
that is, when <f> (x) is any function of x expressible in ascending or descend- 
ing powers of x. The theorem must therefore be true when (fy (x) is 
unrestricted, for it merely asserts an identical relation between the 
differential coefficients of <^ (x), and the truth of such a relation cannot 
be affected by the fact of whether </> (x) is or is not expressible in any 
particular form. 

[The above method of proof is of general application to formulae involv- 
ing differentiations and multiplications as in the previous question ; and, 
in order to obtain such identical relations, it is only necessary to start 
with x" and so arrange the differentiations and multiplications that the 
factors thus introduced may be the same for both sides of the equation. 

Thus, for example, i-j- ) x' = a(a-l) ... (a n) x"'" ^, and multiply- 
ing by a;""^* and differentiating n times, we have 



_ 2a {2a -1) {2a - 2) ... {2a-2n) ...._._, 

1 /dV"^' 1 fdy*' a 

whence Q^ -^^1-^^ H^') = ^^^'-'i^^)- 

The general principle upon which all such theorems depend is that 

since as' ""*-=- a;"". " = ( + m) a;", 

ax 

the operation a;*""* -j- *" is equivalent to multiplication by a + m, and 

72 
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therefore any number of operators a;*~"'-y-a;"', a;'~"-T-ic", ... are converti- 
ble in regard to order '. 

In reference to the extension from the case when the operand is x" 
to the general case when the operand is <f> (a;), it is to be observed that 
the theorem asserts an identical relation between the derivatives of 
^ (x), viz. ^ (as), ^' (ic), <}>'' {^) > ^^d ^^^^ tl^is is proved to hold good 
when (fi (x) is of the form Ax" + Bx'' + Cx' + &c. It must therefore hold 
good for all forms of (J3 (x) suice the process of differentiation cannot 
distinguish between whether <f> (x) is expansible in powers of x or not ; 

(d \" 
-J- j x^'cft^"^ (x) is 

x" <^<^+"> (x) + nmx""-' i^'--*"-" (x) + &c., 

whatever form (f> (x) may have, and since the theorem merely expresses 
the identity of the results obtained by applications of this formula, it 
follows that, if we know that this identity holds good for all functions, 
subject only to a restriction, which restriction could not influence the 
direct proof, then we may assert the general truth of the theorem. It 
is generally interesting in theorems obtained by an extension of this 
kind to actually work out, by performing the differentiations, a particular 
case obtained by giving numerical values to the letters m, n, r .... The 
present is a good instance of a restriction, necessary in order that a 
particular proof of a theorem may apply, and yet such that the theorem 
itself shews obviously that it may be removed.] 

Or, otherwise, thus. Put ( -7- ) <!> (x) = ip (x) and the equation 
becomes 

If ^ denote the operation x -7- , then the left-hand side 

= ^(^-l)...(.^-m-f-l)a;'"^(^-l) ... (^ -r + 1) a:-"i/^ (.r) 

= & (^ - 1) . . . (^ - m -r 1) {^ - m) ... {b -m-r+ l)il/(x) =a^'"^'(^)"^ V('^)- 

[Boole, in his Dyfferential Eqxiations, does not consider the operative 
symbol x -j- , but puts a; = e* so that x -7- is replaced by -^ and x" by e"*. 
It is however generally preferable not to make this transformation, 
but to retain the symbol a; -^ , or, say 3-, the fundamental properties of 
which are (1) ^'x" - a".x", 

(3) ^ {h) x'u = x"<f) {b + n) ?*.] 
' See Proceedings of the London Mathematical Society, Yol. vm. pp. 47 51. 
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7. If 

^ = Q -Mx) da>l g/ w dx (c^ ^ c^gc \-c,fc\.. + ca;")/(a;) dx-^Ce -/*<-^' ^, 
where c,,, Cj,...c, (7 are (ri+ 2) arbitrary constants, and 

where a^,, aj,...a are m given constants, shew that if i be not 
greater than w, -j- , obtained by the direct differentiation of u with 
regard to a?, contains only n+1 arbitrary constants. 
By diferentiating the expression for u, 

, = {c^ + c,x...+cx'')f{x) 

- <f> (x) e-/*()<ia!je/'<.(x)(te (c + c^x ... + c,")/ (a;) - C<f> (x) e-/*{)<te^ 
whence 

JL eM^)d^ ^ = (c + c.a; . . . + c^x") {P^ eM^x 
^(x) dx ^' ' " '^(x) 

_ je/<i>Wdx (c^ + c^x...+ c^xT)/ {x)dx-C 
^ c^ flM em=c)dx _ JeM^)dx/(x) dxj 

+ c^ /"^^ g/ ix)dx _ Je/*(*)(to <r/(aj) cfo^ , 

^^^ dx~ dx\c{>{x)J' dx dx\<f>{x)r 

-'-d^-''"^' dx\<f>{x) J' 
whence, multiplying by a^, a,, ... a and adding, 

= 0, 
therefore a,5, + a^B^ ... + a^B^ = 5 (a constant) ; 
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and, substituting for B^, 

which only contains n+\ arbitrary constants. 
Or, otherwise, thus. We have 

uQf<i> (X) dx ^ Je/<#> {X) dx(^c^4.c^x ... + cx")f{x) dx + C, 

whence -r- + ^ (cc) w = (c^ + CjO; . . . + cjc")/ (x), 

1 du , ,, _ 

VIZ. -. j- + (a + a.x ... +a x )u = c. + c.x ... + ex . 

J (x) dx ^ ^ '" u 1 

Differentiate this equation m + 1 times, and we obtain an equation of 
the form 

J (x) dx dx *"*' "'^* " 

the coeflBcient of u vanishing. This is a differential equation of the 

(m+ ly^ order in -r=- and therefore -^ involves m + 1 constants in addi- 
^ ' dx dx 

tion to the n m constants c' ^,, c' ^, ... c' , that is, -r- iu n-\ arbi- 

m + l m + 2 n ^^ 

trary constants. 

[The above theorem is true whatever fiuictiony"(a;) may be of x ; but 

if -rr-T = i + 6, a; ... +6 c', it can be shewTi in the same manner by 
f{x) 1 r 

continuing the differentiations, that if r = w + 1 and m = n, then each 

differentiation of u reduces the number of independent constants by one 

until we come to _^^, which only involves p + \ constants, p being the 

greater of the quantities w, r 1.] 

8. Prove that 
n 



/, 



^^~rf^ = l__+___ + __&c. 



The coefficient of a;" in v", that is in e'^'s-^ = - ^ ^ , and, 
integrating by parts, 

[V(logt,)'c/i;=-l^ ^-'(logt;)-]'- -^ fV(log^)-'c^t; IJ 

. >, n M-1 n-2 1 /! , 

= ( - ) r . - ^f . r . . . ^ I I' dV. 

^'w+lw+lw+1 + l/o 
whence the coefficient of a" = (-)" 



.'0 

1 



ft 
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9. Two equal circular discs of radius a with their planes par- 
allel are fastened at their centres to a bar, the discs being inclined 
to the bar at au angle a. The two wheels thus formed being rolled 
along a plane, prove that the intrinsic equation to the track of 
either wheel on the plane is 

. , . s 

sm sir = cos a sm - . 
^ a 

The track of each wheel will be the trace of a circular section 
of an elliptic cylinder when the cylinder is rolled on the plane. 

I AF (fig. 49) be one circular disc, BN' a transverse elliptic section 
of the cylinder ; and if A'F', B'N' be the traces of AP, BN on the 
plane; then the elHptic arc J5^=the abscissa B'N'', the circular arc 
AP = ihe arc A'P', and the ordmates AB, NP=\hQ ordinates A'B'^ N'P' 
respectively. 

Therefore if the arc^P or A'P' be denoted by s, and NP or N'P' 
by 2/, we have y = c a cos a cos - , where c denotes the distance between 

CO 

the centres of the sections AP, BN; therefore sin ^ = -^ = cos a sin - . 

CCS t 

[The curve sin i/^ = cos a sin - possesses the property that the product 

of the radius of curvatiu-e and normal at any point := a^, the normal 
being terminated by the axis of the curve, i. e. the straight line which 
thvides it symmeti'ically. This is at once seen to be true, for the radius 

of curvature = -j~ , and the normal = y ^^^ ^i where y = a cos a cos - .] 

10. Prove that 

i , 2 cn*^ {u + v) cx}? (w ?;)] 4 
(\u\u + v) dn^ {u v) \_ J J 1 k^ sn^ u sn^ V 

I - k^ sn^ [u + v) sn"-* {u-v)\ ~ 1- A^^sn^w-F sn^ v + A;^sn'^M sn^v ' 

Writing x, y for sn u, sn v, then (Cayley's Elliptic Functions, 
1876, p. 63), 

sn {u + v) sn {u-v) = (x^ - y^) ^ (1 - k^x^y^), 

en {u + v) en {u-v)^{l-9f -y' + Fx'f) -f (1 - o^y'), 

dn {u + v) dn {u--v) = {\- ^V - k'f + ufy') ^ (1 - k'xSf), 

whence 

( dn (w + v)dn (w i5)j ' 

(1 - JPa;' - ky + Fa^yy -{l- x'- f + ^x^Y (1 - ^^V)' 

" {\-^yy-{x'-y'r {l-k'af-kY+k'x'fY' 

The first fraction reduces to k'\ for, working out the numerator and 
denominator, the former = k" {\ - Fx" - kY + k*x'y% and the latter 
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= 1 ^V ^y + h*x*y* ; whence the result in the question follows at 
once. 

Or, otherwise, thus. In the known equation 

1 72 8/ \ 2/ \ (1 -^sn*w) (1 -Fsn^w) .,, 

1 -k^sn'(u + v)snUu-v) = ^ 7^ y^-^ ^-^, ' ....(1), 

^ ^ ^ ' (1 -^^sn^Msn^i;)^ ^ '" 

put K+u for u and we have 

, 2 en* (w + v) en* (^^ -v) _ (dn* u-k^ cn^ **)(!- ^ sn* v) 
dn^ (w + v) dn^ (?t - v) ~ (dn^ u-k^ cn^ m sn^ t')* V-';> 

and the result follows at once by dividing (2) by (1) and observing 
that 

dn* u-k' en* zi = k" (1 - k' sn* u) 

dn' u- en' u^D? V =\ - w? u - k^ sn^ v + k^ sn^ m sn* v, 

11. If 1, 2, 3, 4 denote the foci (lying in order on the circum- 
ference of a circle) of a bicircular quartic, whose equation is 

Ip^ + wiPa + wpa = 0, 

Pi' Pi' Pa I'eing the distances of any point on the curve from the 
three foci 1, 2, 3 ; prove that 

Pl2.13.i4-i'^23.2i.21-l-n'34.3l.32=0, 
where 12 means the distance between the foci 1, 2. 

Produce 12, 34 to meet in 0. Then, by a known theorem, 
the curve is its OAvn inverse in respect to 0. Let 

01=a, 02 = b, 03 = c, Oi = d, OP = p, iF01=e, z 104 = a (fig. 50). 

Then 

p^' = P^ - 2ap cos 6 + a\ p/ =" p' - ^hp cos 6 + b% p^ = p* - 2cp cos {6 + a)+c-, 

substituting in the equation Ip^ + mp^ + np^ = 0, and clearing of radicals, 
the equation becomes 

r {p' - 2ap cos e + a*Y + vi* {p* - 26p cos 6 + Vf + n* {p' - 2cp cos (6 + a) + c'}' 

- IJ^m* {p - 2ap cos + a'} {p - 26p cos Q + &*} 

- Wn* {p* - 2ap cos B + a-\ {p* - 2cp cos (^ + a) + <?\ 

- 2m'n' {p' - 2bp cos 6 + b'} {p' - 2cp cos (^ + a) + c'} = 0, 

or, say, ap* + /8p' +yp-+ 8p + e = (1). 

Now the curve is its own inverse in respect to 0, the modulus being 
ab, =c(f, therefore (1) is not altered by substituting for p, so tLat 

aaV + /Sa'b'p + ya'by + Sabp' + ep' = 
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is identical with (1). Thus 

6 ~ 8 ~ ^ ~~f~ a' 

whence aJ/3 = 8. Putting for P and 8 their values, this gives 

ab{A co%$ + c {n* - Fn^ - m^n^) sin 6 sin a} 

= ^ cos ^ + c (c V - a'^V - 6'm V) sin 6 sin o, 

which is true for all values of 6, so that ah A = B and 

a6c n' (n' -I'- m') = en' (c'n' - aT - bW), 

viz. {ab - c') n' + (a' -ab)l'- (ab - ) m' = 0, 

viz. a {a b)r b {a -b) nf + c {d c)n' = 0, since ab = cd. 

Also a-b = \'2, cZ - c = 34, and by similar triangles a : c = 14 : 23 
and b : c = 24 : 13, whence the equation becomes 

ZM2. 13. r4-m'23. 24.21 +w^34. 31. 32 = 0. 

(It may be noted that the term corresponding to the middle one of 
the three foci considered has the negative sign.) 

12. Shew that the focal length of a lens equivalent to n given 
lenses of powers k^, k^, k^,... K,^, placed on the same axis at distances 
^i> <^2' ^3vn_i apart, is given by the formula 



F 



-K^, -1, 0, 0, 0,... 0, 0, 

l,-a. -1, 0, 0,... 0, 0, 

0, l,-/f_ -1, 0,... 0, 0, 

0, 0, l,-a_-l.... 0, 0, 



0, 


0, 


0, 


0, 


0,.. 


. -a,, 


-1, 


0, 


0, 


0, 


0, 


0,.. 


. 1, 


-!' 



(2n 1 rows). 



the incident ray being supposed parallel to the axis. 

A lens is equivalent to a system of n leuses on the same axis, 
if, being placed in the position of the first lens, it produces the same 
deviation on a given ray as the system of lenses. A i-ay passing through 

a lens at a distance y from the axis suffers a deviation =^from the axis. 

Suppose a ray parallel to the axis to be incident on the first lens of 
the system at a distance ?/j from the axis : let 8, be the deviation after 
passing through the first lens, 2/2 the distance from the axis at which the 
ray cuts the second lens, 8^ its deviation after the second refraction and 
so on. Then putting k,, k^, ... k^ iov f~\ f^~\ ... f~\ we have the 
equations 
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Writing these in the reverse order, 



whence 



K=I/^ 



0, -K,, -1 , 0,... 
0, l", -_ -1,... 



1, 



0, 
0, 



0, ...-a. 
0,... 1 



and since 8^ = ^ , this at once gives the result in the question, by 
moving the first column so that it becomes the last. 

[The equations also show that -^ is equal to the numerator of the 
last convergent to the continued fraction 

JLJ_J_J_ i- 

1 + K, + aj + Kg+ ...fC_' 

see Mr Pendlebury's note " On equivalent lenses," Messenger of Mathe- 
matics, Vol. VII. pp. 129131 (1878)]. 

13. Three equal uniform bars, formed of such material that 
any particle repels any other "with intensity proportional to the 
product of their masses and directly as the distance between them, 
are loosely jointed at their ends so as to form an equilateral tri- 
angle. If one of these connexions at the angles be severed, find 
the motion of the system. 

Prove that the angular velocity of either of the outer bars 
when all three are in a straight line is JH4: times their angular ve- 
locity when they are at right angles to the middle bar. 

Suppose the three rods placed in a straight line and a small 
impulse given to the middle rod through its centre and perpen- 
dicular to its length, find the time of the small oscillations. 

Let m be the mass and 2a the length of any one of the bars, 
then if a; be the distance of the centre of the middle bar from the centre 
of gi-avity of the system and the exterior angle between either of the 
outer bars and the middle bar, the kinetic energy of the system will be 

^m{x' + 2(x-a cos 60^ + 2a' sin* 66' + f a 6'}. 

The quantity x can be eliminated from this expression by means of 
the equation 

x + 2{x-a sin 6) = 0, 

viz. 3a; = 2a sin ^ ( 1 ), 
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which expresses the obvious fact that the centre of gi-avity of the 
system remains a fixed point during the motion. The kinetic energy 
then becomes 

f m (1 + sin' ^) a** ^' (2). 

Now let n be the repidsion between two units of mass placed at unit 
distance apart, then the force upon any one of the bars will be Sm'fxr, 
where r is the distance of the centre of the bar considered from the 
centre of gravity of the system. The work done by this force from the 
commencement of the motion is clearly 

where r^ is the initial value of r. The work done on the system by its 
mutual repulsions is thus 

3m*/t'{|a;^ + (a; - a sin $y + {a + a cos 6y - ^a'}. 

By eliminating x we reduce this to 

3mya' {^ sin' e+(l+coH6y-l} (3). 

The expressions (2) and (3) are equal, and being equated lead easily 
[to the result in the question. 

The second part of the question is easily solved by an application of 

I? Lagrange's equations. We may however solve it otherwise as follows : 

Let the middle bar be brought to rest by applying to the system a 

[reversed acceleration equal to x. The equation of moments about the 

[fixed end of either of the outer bars is then 

m . ^ a'6 = 171". bafjL . ad + mxay 

[whence by means of (1) we have 



The time required is therefore Stt . / 



15m/A 



14. Prove that, wlien the angular velocity of a vertical cylin- 
drical shaft of radius a, revolving in two bearings at a distance I 

I apart, exceeds \ w- a/ , where m is the least root of the equa- 
tion cos m cosh m = 1, the shaft will tend to bend laterally under 
the influence of the rotation ; and find the curve assumed by the 
axis when the deflection is small ; E being the modulus of elasti- 
city, and p the density of the shaft. 
Let the shaft turn in fixed bearings at and B (fig. 51), and let 
OPAB be the curve assumed by the axis of the shaft when the deflection 
due to the rotation is small. 
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Take as the origia and OB as the axis of x ; and let G be the 
bending moment at due to the constraint of the bearing. 

Then, if to denote the angular velocity, the bending moment at F will 
be equal to 

G^ + Trr/po)* I {x-x')y'dx' I 

(fy 
and, since the curvature at P is approximately ^ , therefore 



EI^^G + tra' pio' r {x - x') y'dx\ 



I being the moment of inertia of the circular section about a diameter, 
and therefore EI the flexural rigidity of the shaft. 

Differentiating twice, 

EI ^ = TTa? pa? I y'dx\ 

d^^--Ery=Ea^y^ 

the differential equation of the axis of the shaft, when the deflection is 
small. 

The problem therefore becomes the same as the determination of the 
lateral vibrations of a bar clamped at both ends (see Lord E-ayleigh's 
Theory of Smmd, 172). 

We must therefore have m the least root of the equation 

cosm coshm = 1, 

, m* 4pa)* . ^ m^a I'e 

When the angular velocity exceeds this value, the shaft will tend 
to bend laterally more and more as the angular velocity is increased 
under the influence of the i-otation. 

(The shaft is supposed vertical in order that gravity may have no 
influence upon the result). 

15. Find an expression for the average energy transmitted 
across a fixed vertical plane parallel to the fronts of an infinite 
train of irrotational harmonic waves, of given small elevation, 
moving on water of uniform depth. 

Let // be the maximum elevation of a train of waves of wave- 
length X, moving parallel to the axis of x. Then, if k = 27rX~', 
n^'litViC^y where V is the velocity of propagation, the elevation at 
any jwint x at any time t may be taken to be 

A = // cos {rd - KX). 
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By the known theorem the velocity of propagation is connected with 
the wave-length and the depth of the water I by the equation 

and the corresponding velocity-potential ^ is given by 

z being measured downwards from the surface. In fact, <f> satisfies 
V'<^ = 0, and gives a value for ^ equal to zero when z=^l, and equal 

to r- when s = 0. 
at 

By the equations of hydrodynamics the part of the pressure due to 
the motion is 

whence, if the square of the motion be neglected, 

= f^^^ eKi-e--i '^''^ ^""^ ~ ''^^ 

The rate of transmission of work at any moment is found by in- 
tegrating 8p -^ dz from z =Q io z = l. Thus 



dW 
(It ' 



cos^ {nt - Kx) fi 



r-s'/p^f;{e"'-"^e-.^^-',Ya., 



in which 



j {e<(^-^ 



+ e-K(z-DYch = 



4KZ + e2^-e~2'c 



2k 



Introducing the value of V we get 

dW 

-7- = ^ gpit' V cos^ {nt - kx) 



1 + 



2kI 



or, on integration over a long range of time, 



W=lgpH\ Vt. 



1 + 



4k? 



iIkI _p-2kI 



id "I 

] 



16. An ellipsoidal conductor is placed in a uniform field of 
lectric force, the potential of which is Ax + By + Cz, the axes 
litt, 26, 2c) of the ellipsoid being taken for co-ordinate axes. Prove 
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that the density of the induced electricity at a point {x, y, z) on 
the surface of the conductor is 

1 / Ax By 



4,ra6cy/^; + f-; + ^bg V^ 




where 



Jo 



d\ 



J(d' + X){l/-\-X){c^+X) 



This problem is easily solved by the use of ellipsoidal co-ordi- 
nates, for an explanation of which see Mr Ferrere's Treatise on Spherical 
Harmonics, Chap. VI. The following solution, which is of genei*al 
application in the case of the sphere, does not apply readily to ellip- 
soids, except in the one case stated in the question, viz. when the 
potential is a linear function of x, y, %. 

Let TJ be the potential at any outside point due to a soHd ellipsoid 
of uniform density, then I -j- +m ^ + n -j- \s the potential at an out- 
side point due to an ellipsoidal shell of the first degree, viz. a shell 
foiTued by the coexistence of two solid ellipsoids, of equal unifoi-m 
densities, one attracting and the other repelling, whose centres are infi- 
nitely near and on the line whose direction cosines are I, m, n. If we 
suppose the matter composing this shell to be an electrical distribution, 
then the potential at any outside point due to the outside field and to 
the supposed distribution is 

^ ^ ,dU dU dU 
Ax + By + Cz + I -r- +m-j- + n-r- , 
" ax dy dz 

that is, 

(See Thomson and Tait's Natural PhilosojyJiy, 522.) 

Inside the shell the potential will be zero at every point, provided 
the following relations hold good, viz. 

where <^ is the value of ^t when c has the value zero, viz. at the surface 
of the ellipsoid. If then I, m, n, M are thus determined, the supposetl 
distribution is in reality the distribution induced on the ellipsoid by the 
oatside field. 
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The potential due to the induced electricity is therefore given, inside 
the conductor, by 

r= - (Ax + % + Cz), 
and, outside, by 

(dipt d<f)g dffie \ 

doi^ d d(? ' 

To find the density we have 

_d_V_dV^ 
dn dn 

Now / = aV + 6'y8' + cV + , 

therefore 2p dn - de, 

dV dV 
whence j = 2p -^- . 

dn de 

dV 
In the expression for A-n-p it is clear that y- will cancel those 

dV 
parts of y which depend on differentiating x, y, z, and therefore the 
dn 

only part which is left is that which depends on differentiating -^ , 

&c., and then putting = 0. We finally obtain the result 

p / Ax By Cz \ 

abc \ ^d(f> - g dcf) ^ dcf> y 
V da' db' "^ d?) 

[By putting ^- sin-^ 

and transforming the integral for <^, we have 

dd , ,, a'-b' 
where k = = ;. 






I 

^V 17. A copper wire in the form of a complete circle is suspended 
^^ that it can turn without friction about a diameter which is per- 
I pendicular to the direction of the earth's magnetic force ; it is set 
' in rotation and then left free, determine its subsequent motion, 
neglecting the self-induction of the wire. 
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The energy of the wire consists of two parts : 

1. Its energy of motion ^Mk^6^, where Afk^ is the moment of 
inertia about the axis of rotation, and is the angle between the nonnal 
to the circle and the direction of the magnetic force. 

2. The kinetic energy of the current ^ y^*, where y is a constant 
representing the self-induction of the wire, and which will be presently 
put equal to zero, and is the ciu'rent at time t. 

Let A be the area of the circle, B the resistance of the wire, and E 
the electromotive force round the wire at time t Then 

dA cos 6 4 n A 

E = i =- A sm 6 . $ \ 

at 

also the heat generated in the circuit in time dt measured as equivalent 
work = Ii<j>'dt ; this, added to the increment of energy of the wii'e, must be 
zero; viz. 

Ecj>- + ]lWed + yij>'^=0. 

We have also 

y^ = E-R<i>^-AsiD.d.6-R^. 

Introducing now the assumption that the self-induction may be 
neglected, and eliminating <^, we have 

^1^ + if*' 9 = 0, 

w being the angular velocity when ^ = ; 
whence t = 



f 



Mk^ <a-^ (6 -shxO cos 6) 



2R 



Tuesday, January 15, 1878. U to 4. 

Mb Greenhili., Arabic nmnbers, 
Mb Febbebs, Boman numbers. 

1. Find the equations of the tangent and normal at any 
point of a hyperbola. 

Prove that the part of the tangent at any point intercepted 
between the point of contact and the transverse axis is a harmonic 
mean between the lengths of the perpendiculars drawn from the 
foci on the normal at the same point. 
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^ Let the tangent and normal at a point P of the hyperbola 

-2-^ = 1 (fig- 52) meet the transverse axis in T and G, and let SZ, S'Z' 
be the perpendiculars from the foci on the normal at P. 

li{xy) be the co-ordinates of P, then the equation of the tangent at 

^ is ^- ^,f = 1, and therefore OT = ~ . 
a b X 

The equation of the normal at P is 
X y 



and therefore OG^^^llA' 



x = eoc 



Therefore ' TG=e'x-- = ^"^ '"" 

X X 



and therefore 



SG = e'x ae., 
S'G = e^x + ae ; 



SG S'G e^x~ae e'x + ae e^x^-a?~ TG' 

Or, immediately, since PT, PG &re the internal and external 
bisectors of the angle SPJS', therefore GSTS' is a harmonic range. 

Therefore, by similar triangles, 

JL J_ _ A 
ZG * Z'G " PG ' 

and therefore PG is a harmonic mean between ZG and Z'G. 

11. The three principal planes of the surface 

{a, h, c, a', h', c'^x, y, zy = \ 

are represented by the equation 

I ax+ cy^r h'z, c'x+ hy+ az, h'x-{- a'y+ cz 
Ax^ C'y + Ez, C'x + By + A'z, Bx + A'y + Cz 



11 



^ y 



= 0. 



where A, B, C, A', B, C are the several minors of the deter- 
minant 

a, c, V j 

c, 0, a \ . 

h', a, c I 

s.-H. p. o 
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Considei' the surface asi? + h]f + C2* = 1 , its polar reciprocal 
-4a;* + By' + C^ = 1, and the sphere of + y' + z^ = r^. 

Take any point on one of the co-ordinate planes, which are the 
principal planes of the first two surfaces. Let its co-ordinates be 0, g, h. 
Its polar planes with respect to the three surfaces are 

hgy + chz = 1, gy + Chz =1, gy + hz = r*. 

which are all parallel to the axis of x. 

Hence, a principal plane of a given surface may be regarded as the 
lociis of a point whose polar planes wdth i-espect to the given surface, 
to its polar reciprocal, and to a concentric sphere, ai'e parallel to the same 
straight line. 

Now, the reciprocal of the surface mentioned in the question is 
{A, B, C, A', B\ C'^x, y, zf^l. Hence the result foUows. 

iii. (a) Integrate 

dx 



()8) Prove that 

["(1 - sin a cos (9)" dd = (cos a)*"^^ !'- ^^ 
Jo Jo (1 



(I - sin a cos 6)"^' ' 

(yS) Let (fig. 53) be the centre of a circle, Q any point with- 
in it, PQP' any chord through Q, OP=a, OQ = h, QOP = 6, QOF = &. 

Then (a* + h'- 2ab cos 6)^ {a' + b'- 2ab cos $') = (a* - by (1 ). 

Again, if the chord PQP turn through a small angle, so that P comes 
to 2h ^^ ^- p'> 



and 
therefore 



Pp _ P'p 
PQ~'FQ' 

d6 d& 



(a -H 6' - 2 cos 6 cos B) ^ {a' + b'- 2ab cos 6')^ ' 
Hence 

(a' + 6' - 2ab cos 6)' d6 = - {a' + - 2ab cos 6)' ( "']'*' f!"| "^-^f)^ dO' 
^ ^ ^ ' \a* + 6* - 2a6 cos 6 7 

(a' - VY" a? - b' 



{a' + b'- 2ab cos 6')' a' + b'- 2ab cos 6 
{a'-bT*' 



,d& 



(a* + 6* - 2a6 cos ff) 



TTTTl d&. 
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Put a = c cos ^a, b = c sin ^a, and we get 

(1 - sm a cos ey dd = - -p-^ '- -rr^;:^d6 . 

(1 -smacos 6^) 

Integrate this between the limits and ir of 6, which respectively 
correspond to the limits tt and of 6', and we get (writing $ for 6') 

(1 - sin a cos 6)" dO = (cos a)^''^' / ^ ^-p-, . 

JQ Jo (i-smacos^) ' 

This result may also be obtained by considering sin a as the eccentricity 
of an ellipse, 6 as the eccentric angle of any point, 6' as its vectorial 
angle, taking a focus as origin, and the positive direction of the prime 
radius passing through the fuxi-her extremity of the axis major. 

iv. Shew how to integrate a linear differential equation with 
constant coefficients. 

Integrate the following differential equations : 

d*ij (Pv 

(a) j^ + (^^+ f^^) ;t4 + in^n^y = cos J (m + w) cos ^ (m w) a; ; 

(/3) -T: = ax + hy + c, ^ = hx + hi/ + e, 

and determine the arbitrary constants in the latter system, having 
given that when t = 0, x = a, y = 0. 

(a) The given equation may be written in the form 
-r^ + (mV n^) -r^ + mVy* = h (cos ^aj + cos nx). 
Consider the equation 

-T^ + (m* + n') -y^ + mVy = I (cos fix + cos vx). 

dx ^ ' dar 

Its integral is 

2/ = -4 cos mx + 5 sin mx + A' cos nx + B' sin nx 

cos fxx , cos va! 

'^ ^ {m'-li.') (re-ii')"^^ {n' -v'){m'-vy 

But this assumes an indeterminate form (or rather the last two 
terms become infinite,) when iJL = m and v = n. 

The integral then assumes the form 

2^ = -4 cos mx + -B sin tux + A' cos nx + -B'sin wc 

X sin Tnx x sin 7ix 
4:m 4w 

82 
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The given equations may be written 

whence, eliminating y, we get 

Hence, putting a + 6 = /Xj + ft^, ab-h' = fi^fi^, 

be he 



X 



= P, ef^i' + P^ ^^ - 



Pj, P^ being arbitrary constants. 

To determine them we have, when t = 0, 

x = a, -Y = ax + by + aa + hp -i- c, 

Civ 

therefore a = P, + P, , 

aa+b(3 + c = /ijP, + fi^P^, 

be he 
thei-efore p^^ V'-t^2> "' '^r^-^ ^^ 

bc JiC 



{a - fL^ a hp + c + 
(a - /u-J a + /i/3 + c + 



Hence x = ^ c^i* 

be Tie 



(a-fx^) a + hfi + c + 



. be- lie 



,, \ a 1 ae he 
{o-fi^)p + /ia + e + 

Similarly y = ^ c'*>' 

I \ n I ae hc 

{a- fi) p + ha + e+ 

M., , ae hc 

5. Prove that, when a system is in equilibrium under gravity, 
the centre of gravity of the system is at a maximum depth in 
positions of stable equilibrium, and at a minimum depth in 
positions of unstable equilibrium. 
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A cylinder, the cross section of which is a spiral of Archimedes, 
is placed inside a fixed cylinder, of which the cross section is a 
parabola whose axis is horizontal, so that the pole of the spiral 
is in the axis of the parabola. Prove that, if no slipping takes 
place and the centre of gravity of the first cylinder is at the 
pole of the spiral, the cylinder will be in neutral equilibrium 
for finite displacements. 

Let r = a9he the equation of the spiral of Archimedes : then 

(It 
the polar subnormal (fig. 54:) SG= 7^ = a? and is therefore equal to the 

subnormal of the parabola AP of latus rectum 2a. 

Consequently the pole of the spiral, if properly placed, will describe 
the axis of the parabola, and therefore if the-axis of the parabola be 
horizontal the equilibrium of the spiral will be neutral if the centre of 
gravity be at S, provided no slipping takes place. 

6. State and prove the principle of conservation of energy 
in the case of a material system moving in two dimensions under 
gravity. 

If I be the length of the simple equivalent circular pendulum 
of the motion of a wagon rolling under gravity inside a fixed 
horizontal circular cylinder of radius a, the radii of the wheels 
being c ; and if I', I" be the lengths of the equivalent pendulums 
when the body of the wagon is slung so as to move in the same 
way as in the cylinder (1) when the wheels are free to revolve, 
(2) when the wheels are fixed ; find I, I', I", and prove that 

cH + {a-c}H' = cH' + {a-c)T. 

In the case of a conservative material system, moving under 
gravity, the increase or diminution of kinetic energy is equal to the 
weight of the system multiplied into the depth or height of the centre of 
gravity of the system below or above a certain plane. 

Let M be the mass of the body of the wagon, m of the wheels, 7i the 
distance of the centre of gravity of the body of the wagon from the axis 
of the cylinder, k the radius of gyration of the body of the wagon about 
a parallel axis through its centre of gravity, k the radius of gyration of 
the wheels about their axles. 

Then, if 6 denote the inclination to the vertical of the plane through 
the axis of the cylinder and the centre of gravity of the wagon, being 
the angular velocity of the wagon, 

(1) when the wagon rolls, 6 will be the angular velocity of the 

wheels, and therefore the kinetic energy of the system 

= ^M{h' + h') e* + lm{a- c) e' + lm (^X k' 6% 

I=H -^{Mh + m {a- c)]g con $, 
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by the principle of the conservation of energy ; and therefore 

' M{h'' + V) + m{a-cf(\ + '^)j 

I ^ 

Mh + m {a - c) 

(2) When the wagon is slung and the wheels are free, since the 
wheels do not revolve, the kinetic energy 

= lM{h'-\-k') e'- + \m {a-cye% 

= H + {Mh + m {a-c)}g cos d, 

by the principle of the conservation of energy ; and therefore 

M{h' + k') + m(a-cY 
Mh + m{a-c) 

(3) When the wagon is slung and the wheels are fixed, then is 
the angular velocity of the wheels, and therefore the kinetic energy 

= J M{h' + Ie') 6' + lm{a-cy $' + 1 ttik' 6\ 

= H+ {Mh + m{a- c)] g cos 0, 

by the principle of the conservation of energy ; and therefore 

_ M {h' -^ 1 ^ + m{a-cy + mK' 
Mil ^'m{a-c) 



Therefore 



Wi ( - c) 



Mh + m {a - c) 

l" - I' 



and therefore 



Mh + m (a c) ' 

c'{l-l')={a-cy{l"-r), 
or, c*l+{a-cyr = cH' + {a-cyi". 

7. Prove that, if $^, 6^, 0^ be the component angular velocities 
of a system of rectangular axes Ox, Oy, Oz considered as a rigid 
Rystem moving about the origin 0, and \, \, h^he the component 
angular momenLa of any material system about the axes Ox, Ov, 
Oz, then 

-oi-K^s + hA 

with two similar expressions are the rates of change of A,, h., \ 
about axes fixed m space, with which Ox, Oy, Oz are coincident 
at the instant considered. 

Deduce the equations of motion of a rigid body moving about 
atixed point referred to three rectangular axes fixed in the 
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Prove that, if Watt's governor be constrained to revolve round 
a vertical axis with constant angular velocity, and if the in- 
clination 6 of the arms be included between a and B, then 

-^j varies as (cos a cos ^) (cos ^ cos /9), and that, if 6 = y in 

the position of relative equilibrium, cos a + cos y3 = 2 cos 7. 

Verify that, at any time t, tan ^6 = tan ^/8 dn [ iT ^ , kj, where 

k' =tan Jacot^/S. 

Considering the motion of either ball, and denoting hj A, C, 
the moments of inertia about the axes OA, OC (fig. 55), then -Atasind, 
(7w cos 6 are the components of angular momemtum of the system about 
the principal axes OA, OC ; and therefore 

h^ = -Ae, h^ = {C - A) 0) sin e cose, h^^ {C coa' 6 + A sin' 0) <o ; 

also e, = 0, e^ = 0, ^3 = 0); 

dt 



and ^ - ^2 ^3 + K^i = ^9^ ^in 6, 



therefore - ^ ^ + (^ - C) w' sin ^ cos = Mgh sin 6 ; 

and integrating, 

I A6' = E+ Mgh cos 5 - 1(1 - C) (' cos' 0, 

A-C 
or 6^ = -7 oy' (cos a - cos 0) (cos - cos ^), 

if ^ = when = a and = p. 

In the position of equilibrium, ^ = ; and therefore y is given by 

Again, since 

e^ = dlL^ ^^ (cos a - cos 0) (cos 5 - cos i8) 

i-g , (tan^ ^0- tan' ^ a) (tan' | ^ - tan^^ 
~ ~J~ *^ (1 + tan^ i6f (1 +tan4a) (1 + tan'^^) ' 

therefore 

sec* 1 ^ 6' =^^^ io' cos'la cos'i;8 (tan'|5- tan'^a) (tan| ^ - tan'J^), 

or 

/caani^Y = 4 ^^ o,='cos^U cos^|^ (tan^i^-tan'ia)(tan'i^-tan*i<>). 
\ dt / A 
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Now from the definition 

dn'a=l-^*sn"a;, 
and therefore 

A;'sn*a; = l-dn*x, ^'^ en' a; = dn* a; - A"' ; 

also sn a; = en a; on aj, 

-J- dna; = k^snxcn x, 
ax 

= -J(l-dn' x) Jidn' X - k'^. 
Therefore, if tan^ 5 = tan|)8dnZ^, A;'= tan |atan|/3 

(li^)'=|:tan.i^(.-dn-xl)(dn.A'i,-i-) 

= 4-! cot*! iS (tan'l ^ - tan J 6) (tan' J ^ - tan4 a), 

and therefore 

JT* A C 

j5 = 4 ^ o)' cos? I a sin' I ^, 

viii. An infinite mass of homogeneous gravitating liquid 
rotates with constant angular velocity tu about the axis of z. 
Prove that a possible form of the free surfeee for relative equi- 
librium is the eUiptic cylinder 



-j -t- ^ = ] , where (o^ = ^irp 



ah 



p being the density of the liquid. 

K r be the potential of the infinite homogeneous elliptic 
cylinder -5 + ti = 1 at any point of its mass, we have 

The evaluation of this definite integral would introduce an infinite 
constant But we get rid of this by observing that 

=-4 oab r ^"^ 

_ ivphx 
a-i-b ' 
rf F _ ^vpay 
<iy a + 6 ' 
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And, iip he the pressure at any point, we have 

Hence, the form of the free surface is given by the equation 

If this coincide with the surface of the cylinder + ^^ = 1 we have 



/(^ _ 27rpb\ _jo(i^_ 27rpa \ 
V2 a + bj~ \2 a+bj' 



therefore ^ o>' = 27rp - ^^ = ^ , 

2 '^ a + b 

therefore w* = 47rp 



(a + by 

ix. Find the precession of a given star in right ascension 
and declination. 

Prove that all stars, whose precession in right ascension is 
equal to a given quantity, lie on the surface of a cone of the second 
degree, one of whose axes is the line of equinoxes. 

Let P (fig. 56) be the pole of the equator, 11 of the ecliptic, 
S the star, S' the position to which, in a given time, it is displaced rela- 
tively to F, in consequence of precession. Then SUJS' = SI, which is the 
same for all stai's, and /SF/S' = 8a. Hence 

8a = ^_^ sin aSP cos n.S'P. 

And if to be the obliquity of the ecliptic, 

cos 0) cos SF cos SH. 



co&USF^ 

therefore ha = Zl 



sin/S'P.sin^S'n 
cos (I) cos SF cos SU. 
sin^^n 



r 



Now, taking the line of the equinoxes as the axis of y, and the 
earth's axis as the axis of z, and r as the radius of the celestial sphere, 



ciT> ^ aT^ 2: cos 0) + 03 sin (0 . aj* + y* 
cos*5P=-, cos/S^II = , smSF= -, j 



therefore ^^^^fo^<^{^ + y'^^')-^{^co^-^^^^-)^ 

or (8?cosa)-8a)(a^+2^)-8/sina>a; = 0, 

shewing that all stars, for which 8a is equal to a given quantity, lie in a 
cone of the second degree, one of whose axes is the axis of y, i e. the 
line of equinoxes. 
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Wednesday, January 16, 1878. 9 to 12. 

Mr Pbioe. 

1. The locus of the foci of rectangular hyperbolas which have 
a oiven diameter is a lemniscate. 

Let QCP (fig. 57) be the given diameter ; S, II the foci of any 
one of the hyperbolas. 

Tlien, since CP=CQ, CS=CH, and iPCS= l QCH, 
therefore SP = HQ. 

But rect. aS'^ . QII= sq. on semi-diameter conjugate to CQ = CQ% 

therefore PS . QS= CQ' = CP' ; 

therefore the locus of aS' is a lemniscate with foci P, Q. 

Or thus : let 

CP=CQ = a, CS=r, iSCP^O. 

Then, since P lies on a rectangular hyperbola of which aS is a focus and 
C the centre, a* cos 2^ = r*, for this is the polar equation of that hyper- 
bola, o, being the polar co-ordinates ; therefore r* = a^ cos 26 is the 
polar equation of the locus of S, r, 6 being its polar co-ordinates : and 
this is the polar equation of a lemniscate. 

2. If the sides of a triangle ABC meet two given straight 
lines in Oj, a^ ; b^, b^\ c^, c, respectively ; and if round the quadri- 
laterals hfi.fjC^, c^c^a^a^, a^ajbj)^ conies be described ; the three 
other common chords of these conies will each pass through an 
angular pomt of ABC, and will all meet in one point. 

Let x^ 0, y = 0, z = be the equations of the sides PC, CA, 
AB of the triangle ; and let u=lx + my + w;j; = 0, w' = I'x + my + n'z 
be the equations of the two given lines. 

Then the equations of the three conies are 

uu' -I- h^yz = (1), 

uu' + \zx = (i (2), 

uu + k^xy = (3). 

Of these (2) and (3) have common chords whose equation is 

k^zx-k^xy = 0; 

Le. =: and k^z -kj/=0 axe the equations of their common chords. 

Thus k^z - k^ = 0, k^x - k^z = 0, k^y -k^x=0 are the equations of the 
common chords of the problem, and each of these clearly passes through 
an angular pouit of ABC, while they all meet in the point whose co- 
ordinates are given by 

= ^= 
^. k~ k' 
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3. If a chord of an ellipse be drawn to cut the evolute of the 
ellipse at right angles, three times the difference between its 
segments intercepted between the evolute and the ellipse is equal 
to the diameter of curvature of the evolute at the point of inter- 
section. 

Let (fig. 58) be any point of the evolute, P the correspond- 
ing pomt of the ellipse, centre G. QfiQ^ the chord through 0, perpen- 
dicular to OP which is a tangent to the evolute. 

Since OP is the normal at P, Q,Q^ is parallel to the tangent at P; 
therefore PC produced bisects Q^Q^, say in V : 

therefore OQ^- OQ^ = 20r=20P tan VPO. 

Let p be the radius of curvature of the evolute at 0, a- the distance 
of from a cusp measured along the evolute, t]/ the angle between PO 
and the major axis of the ellipse; and let PO = r. Then (r=r, and 

da- dr 

Now let CA be the semi-major axis of the ellipse, and let the semi- 
axes he a,h; let L PGA = 0, and let p be the perpendicular from C on 
the tangent at P. 

Then 

, ^ ^ tan i/r - 2 tan iZr 
Trr,^ , /, m tan j/^- tan e ^ a" V 

tan FPO = tan (./r - 6) = , 7 . , ^= ri 

^^ ' 1 + tan xb tan -t o 
^ 1 + 2 tan \h 

(a* - 6*) sin j/r cos i/r 
~ a' eds" i/^ + 6^ sin* ^ " 

Again r = 5- = 5- , 

P {a' cob' il/ + b' sin' if; f 

therefore 

dr _ 3a'b' (a' - h') sin \p cos xp _ (a' - h') sia 1/^ cos \p _ 3 +^ ypQ . 

#~ (a^cosV-fJ^sin^^)^ ~ *" " cos* ^ -- 6^ sin* ^ ~ *" 

therefore 3 (O^^ - 0^,) = 6r tan FP(? = 2p. 

4. If ylJ5C be a triangle circumscribing a parabola whose 
focus is S, and if SA, SB, SO meet BO, GA, AB in A', B', C 
respectively, shew that the lines drawn through A, B,C per- 
pendicular respectively to the other tangents through A', B, G 
meet in a point. 

This may be deduced from the reciprocal of the following : 
If abc (fig. 59) be a triangle, and al, bm, en its perpendiculars meet 
the circumscribing circle in a', b', c' ; and if s be any point on the cmile: 
then sa', sb', sc' meet be, ca, ab in points on a straight Une which passes 
through the orthocentre of abc. 
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For, let ', 8h\ sc' meet be, ca, ah in/, g, h ; and join/o, go, ca, cb'. 
Then ifoc= tfa'c for the triangles /oc, fac ai-e similar. 
Similarly, igoc=/.gh'c. 

Therefore ifoc^- tgoc^ i fa'c + z gh'c = 2 right angles ; 

therefore /oy is a straight line, and similarly h lies upon it. 

Now, if we reciprocate with respect to a circle round *S' as centre, the 
circle and inscribed triangle become a parabola (fig. 60) and cii-cum- 
scribed triangle ABC. The focus is at S, the point s becoming the line 
at infinity. The line al becomes a point on BG which with A subtends 
a right angle at aS', i.e. A". Then the point a becomes the second tan- 
gent A"P through A" ; sa' becomes a point at infinity on this tangent; 
and f a line drawn through A parallel to A" P. Hence the reciprocal 
theorem is, that this line and those di-awn like it through B and C meet 
in a point. 

Now, let SA meet BC in A' and let A'P the other tangent from A' 
meet A"P in P. Then the circle through A'A"S passes through P ; and 
A'SA" being a right angle, so is A'PA". Therefore the line through 
A parallel to A"P is perpendicular to A'P, and it has been shewn that 
this line and those drawn like it through B and C meet in a point. 

5. ABPCDQ is a twisted polygon all whose angles are right 
angles ; AB, CD lying on fixed straight lines. 

Shew (1) that if A, B, C, D be any points on their respective 
lines the locus of P or Q is an hyperboloid of one sheet; and (2) 
that if A, B, C, D be so taken that P, Q are equidistant from the 
greater real and imaginary axes of the hyperboloid, and if the sides 
of the polygon represent forces, these forces have no moment about 
the lesser real axis of the hyperboloid. 

Let FG, of length 2c, be the shortest distance between AB 
and CD, F lying on AB. Take the origin at its middle point, and let 
OF be the axis of z. K 2a be the angle between AB and CD, their 
equations may be written 

y = **^""iforM 2^=-^^Mfor(7i). 

z=e ) z=-c ) 

I^ a^ y, be the co-ordinates of P, and let FB = h, GC= k. 

Then the co-ordinates of B axe k cosa, hmx a, c ; and those of C are 
k C08 a, k sin a, - c. 

Then because the angles FBP, GCP, BPC are right angles, we have 
(a; - A 008 a) cos o -f- (y - A sin a) sin a = 0, 
( - A COS a) cos a - (y + A; sin o) sin a = 0, 
(x-Aco8o)(x-Aco8a)+(y-Asina)(y + i-sina)-h(a-c)(5;-t-c) = 0. 
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The two former equations give 

h = x cos a+y sin a, 
k = X cos a y sin a, 
as is evident also by projection. 

Substituting these values in the third equation, we obtain 
(x sin*a - 2/ sin a cos a) (a; sin^ a + 2/ sin a cos a) 

+ (y cos^a - 03 sin a cos a) (y cos*a + a; sin o cos a) + * - c'= 0, 
or (sin^ a cos^ a) (x' sin' a y^ cos* a) + z' -c' = 0, 

o 2 3^ o 2 2/* * , 

or - cos 2a sin a . -^ + cos 2a cos a . ^ + -, = 1, 

c c c 

which shews that P and therefore Q lie on an hyperboloid of one sheet, 
of which FG is the lesser real axis, the other real axis lying in Ox or 
Oy according as 2a > or < tt. 

Let ajj, 2/,, z^ be the co-ordinates of P, x^, y^, z^ those of Q. Then the 
components along the axes of the forces passing throiigh P are 

iCj (cCj cos a + 2/j sin a) cos a, y^ {x^ cos a + y^ sin a) sin o, z^ c\ 
and 

{x^ cos a - 2/j sin a) cos a cc^, - (a;^ cos o. y^ sin a) sin o. y^f c z^\ 
the sum of which may be written 

1y^ sin a cos a, 1x^ sin a cos a, 2c. 
Similarly the sum of the components of the forces passing through Q 
is 2 2/2 sin a cos a, 1x^ sin a cos a, 2c. 

Hence the moment of the forces round FG is 

x^ ( 2a;j sin a cos a) 2/1 ( '^y^ sin a cos a) 
ijl + aSg (2j32 sin a cos a) - 2/^ (^y^ sin a cos a) 

H| = 2 sin a cos a (- 0;^^ + y^ + a;/ - 2//) 

^ = 2 sin a cos a {(2// + ^/) - (2// + O " ^< + '^.O + (/ + O^' 
and therefore vanishes if 

2/,* + .>2// + <, 
>^,'' + < = < + =/ 
i. e. if P, Q are equidistant from the greater real and imaginary axes of 
the hyperboloid. 

6. A rough rod AB, of length 26, whose centre of gi-avity is at 
its middle point G, rests upon the ends of a diameter LM of a fixed 
horizontal circular hoop of radius a, G lying between J/ and the 
centre of the hoop. The rod is pulled by a horizontal force at B 
perpendicular to it, which is gradually increased till the rod begins 
to move. If k be the radius of gyration of the rod about 6, and 



I 



efficient of friction between the rod and hoop. If then G < -^r /xTT, 
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OC = c\ then if (ji^ c^< he, the rod will turn about M; and if 
o _ c' = hcy the rod will turn about a point P between L and C, 

where PC =j. 

If a* c'> he, what will be the initial motion of the rod ? 

Let W be the weight of the rod. Then the pressures at L, M 

foe ^~^ W and ^ W. Let F be the horizontal force at B, and G 

2a 2a 

and H the consequent horizontal forces at L and If. Let /x be the co- 

a i 
'2a 

the rod will not move at Z ; and it H < ^ /xTT, the rod will not move 

at M. If then the rod be about to move, one at least of these inequali- 
ties must be on the point of becoming an equality. 

So long as the rod is at rest, G and H are found by taking moments 
about M and L respectively. Thus 

(,^ h + c-a ^ ^^ 6 + c + a ^ 
2a ' 2a ' 

(1) Let a* c^< he. Now the rod must be on the point of motion 
at L, as soon as 

h + c-a^ a-c .^ _, a c ._, 
2a 2a b + c-a 

and, when F has this value, then 

h + C:a a-c _,. 
b + c-a 2a '^ ' 

and this is < ~ . /aTT, if 
aa 

(& + c + a) (rt - c) < (6 + c - a) (a + c), 

or a* < (6 + c) c, 

or a^ c'< he, which is the case. 

In this case, then, the rod will not move nor be on the point of 
motion at M ; but is on the point of motion at L. Hence we infer 

that, in this case, if ^ be just > ^"~*^ . uTF, the rod will turn about M. 

b+c-a ^ 

(2) If o* - c* = be, the values of G and H in terms of F become 

G^^'-^F, H="^F 
2c 2c 

Hence if ^= - . /ilT, the rod is on the point of moving both at L 

and at M. The actual motion must therefore be investigated in this 
oaae, as a kinetic question, and we shall find about what point the rod 
will begin to turn. 
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Let u' be the initial acceleration of C, w' the initial angular accelera- 
tion of the rod about C ; and let m be the mass of the rod. 



Since the rod will move at L and Jf, '^F>- .uW then 

a * 

and the equations of motion will be 

mu' = F+G-R=F--.u.W 
a ^ ' 

mo>=Fh-G{a + c)-H{a-c) 

= Fb-"L^.^W 

a '^ 



= b(F-^-.lj.w\, for a' -c'=bc', 



therefore u' - w' = 0, 

k^ 
therefore the point F in LC, such that CF = ^, will be initially at rest; 

i. e. the rod will begin to turn about F. 

(3) If (^ (?> he, a similar argument to that in (1) would shew that 
the rod will begin to turn about L. 

(4) In (1) the assiimption is made that as soon as G= -^ fiW the 

rod will begin to move at L : this assumption would be correct were the 
portion of the rod at L to be an independent particle. As, however, 
this portion is part of a rigid rod, the objection might be raised that it is 

not necessary for it to move as soon as G becomes = -x fiW. A similar 

remark will apply to the argument spoken of in (3). In each of these 
cases, therefore, the result may not be correct ; for each case, being a 
case of motion, is a kinetic question ; we shall however find, on investi- 
gating them kinetically, that these results are correct. 

In both cases, if the rod initially turn about a point Q in LM, we 
have the same equations as in (2) : 



I 



mu' = F--aW, 
a 



mk',o' = Fb-- -fxW, 
a 



and the cases to be considered are those in which i^< = or > -/xTT. 
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(a) If F<-fiW, u' i3 negative, i.e. Q lies in CM. If CQ = 2/, 



c 
a 
u' +J/W = ; hence 



2 2 

k' + y 

or F=-fiW n T 

Since F is always < - fxW, and !<?>>})]) is positive, we mnst have 

o^ (?<hc, which shews that we are now consideiing case (1). 

Now the position of ^ is given by that value of y which makes F a 
mimimum. 

Putting F in the form -v-WX = + ^ =^ ^ j- , we see that 

a*^ \ he he k^^hy y 

F diminishes as y increases ; i. e. jP is a minimum when y = a c its 

greatest possible value : ie. ^ is at Jf ; the same result as in (1). 

()8) li F=- {xW, w'^0, i.e. C is at rest: the rod will then turn 

about C if 0)' be positive, i.e. if Fh>^^-^^u.W, or -aTr>^-^ u.W, 

a a a 

or hc>a*- c". But if this be the case, the rod will already have turned 

about M, as has been proved in (a). 

(y) If ^>-/LiTr, w' is positive, i.e. Q lies in LC. If CQ = y, 
u'-yui=0; hence 

^{F-l,w}-y{Fh-^^',w] = 0, 

k^-^^y 
a*^ k'-hy 

Smce Fia always > - fiTT, ^ 7 > 1 ; and we have again to 

(I K by 

distinguish between three cases : 

9 S 

(i) k*-hy>{i; then k' ~ ^^^ y > k' - by, or a'-c'<bc, and the 
rod, as proved in (o), will already have turned about M. 

(n) k*-by = 0, in which case the value found just above for F is 
inapplicable, and we must return to the preceding equation, from which 
we learn that a*-c' = bc; i.e. we are now considering case (2), the result 
of which 18 thus confirmed. 
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3 8 

(iii) k^-hy<0; then -y-k^>hy-k*, or a*-c*>6c: i.e. we 

are now considering case (3). 

The position of Q is given by that value of y which makes F a 
minimum. Putting F in the form 

c ^ (a^ - c* a^ -c^ - he 



c , (a' - r a" -c^ - hc\ 
a^ XT^^hc hy-k' J' 



we see that F diminishes as y increases : i. e. jP is a minimum when. 
y = a + c, its greatest possible value : i. e. ^ is at Z ; the same result as 
in (3). 

[The results of (ii) and (iii) have been obtained on the hypothesis 
that 6 (a + c) > li?. This, though presupposed in the <;[uestiou, is not 
necessarily the case. If h {a + c) = h\ there need be no change in the 
results. If 6 (a + c) < /c^, we must take into account the portion of the 
rod outside the hoop beyond L, as Q, the point round which the rod will 
tiirn, might be in that portion. If so, the equations of motion become 

mu'=^F-G-H=F-it.W, 
mk'w=Fb + G{a + c)-H{a-c) = Fb. 
Now u' yoi' = 0, therefore 

k'{F-tiW)-Fby = 0,, 

^=k'^' 
which shews that y must be < -r , and i^ is a minimum when y is least, 

i. e. when y = a + c; which confirms the result of (iii), but shews that the 
result of (ii) or of (2) is only true when b{a + c)> k\ Accordingly if 
b (a + c)<F, and if also a'-c'' = bc, the rod will turn about L and not 
about F; or, in other words, the rod will not turn about P unless P be a 
point in ZC] 

7. Water is revolving with angular velocity &) in a smooth 
fine circular tube of radius a which it completely fills, and which 
rests on a horizontal plane. If the tube be made to revolve with 
uniform angular velocity w' about a pivot in its plane, shew that 
the absolute angular velocity of the water round the centre C of 
the tube is not altered. Also if r be the average pressure of the 
water throughout the tube, shew that the mean pressure in the 
water for a section through any point F of the tube is 

tjr + fiaco)'^ cos 0, 
and that the resultant pressure on the tube at F per unit length is 
^^ + maco' + 2mcoy" cos 6, where is the angle between CF and 
Oa produced, c = 6X7, ^ is the mass of water which would fill an 
unit length of the tube, and /^ that of an unit volume of water. 

S.-H. P. 
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At any time t the velocity of every element of the water rela- 
tively to the tube is the same; i.e. the ring of water is moving as a 
rigid ring. 

Now all the pressures of the tube upon this ring are normal, and 
therefore pass through its centre C. Hence there is no force to change 
the absolute angular velocity of the ring round G, which therefore 
remains unaltered- 

The accelerations of the element at P are compounded of those of C 
and those of P relatively to G. 

The acceleration of C is cm" along GO ; that of P relatively to C is 
oo* along PG. 

Let p be the pressure of the water at P, R that on the tube there. 

Resolving along the tangent to the tube at P we obtain 

dp 
Afiacdi'^ sin ^ = - ^ jj., 

A being the area of a cross-section of the tube ; 

therefore p = G + fiacw"^ cos 6, 

G being a constant. 

But the avei-age value of cos 9 throughout the tube is zero, therefore 
C Bfy therefore j9 = nr + fiaco}^ cos 6. 

Resolving along the normal to the tube at P, we obtain 

Ap 



m {awi^ + oto'* cos 6) = P 



a 



= E (or + uoco)'^ cos 0), 

for m = ii.A ; 

therefore JR = + maoi" + 2?cw" cos 6, 

8, A cylinder of small radius a, wliich will submit to flexure 
but not to torsion, has one end fixed in a horizontal plane, so that 
that end of its axis is vertical. The axis is now slightly bent and 
made to describe a surface of revolution, so that the cross section 
through any point P on the cylinder always makes a small angle a 
with the horizon. If Q be the point at which this cross section 
meets the bent axis, shew that the path of F relatively to Q is 
given by the equations 

{x + a cos* ^a)' ^-y* = a!' sin* ^a 

s* = 2a cos* ^a (a; -fa) J 

, y, c being the co-ordinates of P referred to axes fixed in direc- 
tion. 
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Hence shew that, if tbe motion of the axis be so slow as to be 
imperceptible to the eye, the cylinder will present the appearance 
of rotation. 

Let the axes of x, y be hoi-izontal, that of z vertical ; and in 
any position of the axis, let be the angle between the plane xz and 
that through the axis and the vertical. When ^ = 0, let P be in the 
plane xz, its co-ordinates relative to Q being then - a cos a, 0, and a sin a. 

In the position B 0^ the projections of QP on the line in the ver- 
tical plane through the axis which makes an angle - <* "^ith QZ and 

on a perpendicular to this line in the cross section, which latter line is 
the intersection of the cross section and the horizontal plane through Q, 
are a cos and a sin Q. This is seen most easily by supposing the axis 
first straightened from the position ^ = and then bent into the position 

Hence the new co-ordinates of P are 
a; = - a COS0 cos a cos^ - a sin ^ sin ^, y=-a cos 6 cos a sind + a sin 6 cosd, 

= a cos sin a. 
Therefore 

x = - a cos a cos^^ - a &\a?9 = - |a cos a (1 + cos 2^) - ^ a (1 - cos 26) 
= - I a (1 + cos a) -- 1- a (1 - cos a) cos 26 
= a cos^ I a + a sin^ ^ a cos 2^, 
y = a{\ cos a) sin 6 cos 6 = a sin^ ^ a sin 26., 
z = a sin a cos 6 ; 
therefore 

{x + a cos'' 1 a)' +y'^o!' sin* i o cos' 26 -t- a' sin* | a sin' 26 = a' sin* \ a, 

and ' = a" sinV cos^^ - a' sin'a ,f "*"^ r = 2a cos' \a.{x + a). 

a (1 cos a) 

If the motion of the axis be very slow, the eye will follow the lines 
in which a vertical plane through the axis cuts the cylinder and will 
suppose any point on either of these lines to be a fixed point on the 
cylinder. As these lines revolve, the point will seem to travel round 
the axis and the cylinder will seem to be twisting. 

9. A roll of cloth of the small thickness e, lying at rest upon 
a perfectly rough horizontal table, is propelled with initial angular 
velocity a so that the cloth unrolls. Apply the principle ot 
Energy to shew that the radius of the roll will diminish from a 
to r (so long as r is not small in comparison with a) in the time 

?^ ^J 1(0' -O'-C"' -)*!. 

where 4 (c' -a^)g = 311V. 

92 



or 
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Is the application of the principle of Energy to this problem 
correct ? 

At the time t let the length of cloth unrolled he x, and let its 
radius he r, and its angular velocity w. Then 

= 27rrSr ; 

therefore -7- = r-r', and it also = ru. 

cU f at 

The equation of Energy gives 
|7rrl(JY+ ^ o,j = |7ra|a*fi*+|" . n'^^ + irga\ a -^gr'.r. 

Therefore r* ^ . | r^ (^Y = | a^ O' + 2^ {a' - r'), 

= l2g{c^-r% 

~[Jc'-r'j^ = j3g.t, 

If the cloth be the ideal mathematical cloth, all the forces except 
that of gravity pass through the instantaneous axis, and, since the 
motion is one of roUing, no work is done by or against them ; hence the 
principle of Energy is applicable. If, however, the cloth be supposed 
cohesive, so that each fold coheres to the rest ; or again, if the cloth be 
not perfectly flexible and elastic forces are called into play ; the prin- 
ciple is not api)licable. 

10. The umbilical geodesies at the extremities of the mean 
axes of a system of confocal ellipsoids all touch one or other of two 
planes. 

ic* v* 2* 
In the ellipsoid -^+Ti+-i = l, we know that along any geo- 



Hence 



or 



deno pd = const. 



ac 



But at an umbilicus pb* = abc, therefore P= -j-, and d=b; therefore, 
for umbilical geodesies, pd = ac. Hence d at the extremity of the mean 
axis for an umbilical geodesic is given hy bd=ac; therefore d=-r . 
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If then 6 be tlie angle between this geodesic at the extremity of the 
mean axis and the plane through the two greater axes, we have 
_6^ _ cos*^ sin*^ 

or 6' = c''cos'^+a'sin''^; 



whence tan^^ = 



a'-' 



in which equation the right-hand side remains the same for all confocals 
to the above ellipsoid. 

Therefore the planes which pass through the mean axis and ari 
inclined at an angle to the plane through the two greater axes ar>^ 
touched by the umbilical geodesies at the extremities of the mean axes (jf 
all the confocals. 

11. The polar equation of a nearly spherical surface is 
r = a + &P, where P is a zonal harmonic of the wth degree, 
and h is a small quantity whose powers above the second may 
be neglected. Shew that the area of the surface exceeds the area 

of a sphere of radius a by lirh^ ^ r . 

The area of an elementary annulus of the surface enclosed be- 
tween two conical surfaces, whose common axis is the axis of the system 
of harmonics, and whose semi- vertical angles are 6 and Q + S^, is 

= - 2^ (a + IP,) \a? + 2abP, + 1' {p,' + (!-/.') (^)'}* 8^ 

(/A =: cos 9) 

= -w{.4..}{:4p.,^:,-..)(f)'}v 

(neglecting powers of h above 6*) 

= -w(i.4p.4.;H|(i-.-)(f)'}.- 

Now the integration is to extend all over the sphere, i.e. from ^=0 
to ^ = TT, i. e. from /x,= l to/u, = 1. 

Also we have 

J \ J -I 

f,'(i-'''>(f)'*-/*'('-'^')f''^- 
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2n (714-1) 
~ 2+l * 
Therefore the area of the given surfece 



. . , r 2 n(n+l)) 



_ -jW* + n + 2 
= area of a sphere of radius a + 2irb ^ ^ . 

12. A uniform circular tube containing masses m^, m^ of two 
gases, which are separated by two adiathermanous pistons, is 
placed in a hot fluid. Assuming the flow of heat across the 
substance of the tube into the gases to be, at each instant, the 
same for every point, find the temperatures of the gases when they 
fill given portions of the tube. 

Prove that the absolute temperatures t^ , t^ of the two gases are 
constantly connected by the relation 






where T^, T^ are their initial temperatures, ^\, c^ and h^, c^ their 
specific heats under constant pressure and volume. 

Let 6^, 6^ be the angles subtended at the centre of the tube by 
the gafies when at temperatiu-es t^, t^; and let 2TrA be the volume of the 
tube. Also let 2TrBq be the mechanical equivalent of the amoimt of heat 
that flows into the tube in any unit of time, and let p be the pressure 
of the gases at that time, being the same for each. Then, smce the flow 
of heat across the substance of the tube is assumetl to be at each instant 
the same for every point, we have by Carnot's Theorem or by Joule's 
result that in a gas no internal work is done except in raising its tempe- 
rature, 

e^Bq=m^c^8t^+JpSe^, 

6^Bq = ni^c^8t^ + Ap8e^. 

Dividing these equations by 6^ 6^ and subtnicting one from the 
other, we obtain 



^ 6, 



-K^t) 



But by Gay Luaaac'a law, combined with Claiisius' and Rankine's 
Thoormi, 
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Substituting these values for 6^, 9^, we have 

Also, by taking the logarithmic differentials of Gay Lussac's equa- 
tions and subtracting one from the other, we obtain 

U^ U^ Se 86^^ 

and, multiplying this equation by^^ and subtracting it from the 
last, we have 

and, since 61+$^ = 2ir, and consequently W^ + W^ = 0, this reduces to 

Hence, integi-ating and writing a^, o^ for the initial values of ^,, 6^, 
we have 

whence 

k,-<h. 






Similarly 

These equations give the temperatures of the gases when they fill 
given portions of the tube. They also prove that 

13. In the case of steady rolling motion of two perfectly rough 
spheres of which one of radius a and mass A moves on a perfectly 
rough horizontal plane and supports the other of radms h and 
mass 5, so that the line joining their centres makes an angle a 
with the vertical; shew that the radius of the circle descnbed by 
the centre of the lower sphere will be 

55 sin a {c (1 + cos a) V \-g\ 

{7^ + 55(l + cosa)|V~' 
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where c = a + h, and \ is the angular velocity in this circle, being 
given by the equation 

\'c cos a {49 J. + 105 (1 + cos df] 
- 2\ {vb + na cos a) { 7A+ oB (1 + cos a)} 

+ 5^{7^+ i? (5 + 2 cos' a)} = 0, 

n, V being the angular velocities of the lower and upper spheres 
about a vertical and the line joining their centres respectively. 

Let be the centre of the circle described by the centre of the 
lower sphere, and let r be its radius. Let OZ be the vertical through 
0. Let P, Q be the centres of the lower and upper spheres at any time. 
Since the motion Ls steady, Q also describes a circle round OZ, and the 
vertical plane through P and Q makes a constant angle with the plane 
POZ. Let this angle be y. Now let the axes at any time be OP, a 
line through parallel to the direction of motion of P at the time, and 
OZ. Then the angular velocities of these axes about each other are 
0, 0, X. Also let the forces exerted on this sphere by the plane at the 
)K)int of contact be ^, Y, Z ia, the direction of these axes. 

Let R be the point of contact of the two spheres, and let the forces 
exerted on the iipper sphere by the lower be F, G, H in the dii-ection of 
the axes. 

The co-ordinates of P at any time are r,. 0, ; therefore its veloci- 
ties are 0, r\, ; and its accelerations r\^, 0, 0. 

Similarly the co-ordinates of Q are 

r-c sin a cos y, c sin a siu y, c cos a ; 

therefore its velocities are 

-csinasiny .A, (r - c sin a cos y) A,^ 0> 

and its accelerations 

- (r - c sin a cos y) A", - c sin a sin y . X*, 0. 

Then for the motion of P and Q we have, omitting unnecessary equa- 
tions, 

A{-r\'}=J[-F, ^{-(r-csinacosy)A'}=i^, 
= Y-G, = (?, 

<^d = E-g; 

which give 

-T = - A* {ir + ^ (r-c sin a cosy)}, Y = ; 
F=-\*.B(r-camacosy), G = 0, H = Bg. 

a a^^d ***' "*' "^ ^ ^^ angular velocities of the lower sphere ; 
Pi. P.. P, those of the upper sphere about axes parallel to Ox, Oy, Oz 
through P and Q resj^ectively. Then, since the point of contact between 
the plane and the lower sphere is momentarily at rest, and its co-ordi- 
nates referred to the axes of this sphere are 0, 0, - a, we have 

- aa^ = 0, rX + aa, = ; while a, = n. 
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Also, since the motion of the two points of contact on the lower and 
upper spheres is momentarily the same, and its co-ordinates referre<l 
to the axes of the lower sphere are - a sin a cos y, a sin a sin y, a cos a 
and referred to the axes of the upper sphere are isinacosy, -68inoBiny* 
b cos a, we have 

-asinasiny . ag + acosa. a^ = -csinasmy.X + 6sina8iny. j8 

- 6 cos a . /S,, 
r\-acosa. a^ -rtsinacGSy . a3 = (r- c sina cos y) X + Jcos a . /8 

+ 6 sin a cos y . ^ , 
a sin a cos y . a^ + a sin a siny . 04 = - 6 sin a cos y . )8^ - 6 sina siny . B ; 
also sin a cos y . ^i + sin a sin y . ^^i + cos a . ^. =v. 

If we write in these aa^ = -r\, a^ = 0, a^ = n, the three first equa- 
tions transposed become 

b sin a sin y . P^ b cos a . p^ = c sin a sin y . \ a sin a sin y . n, 

b cos a. (3^ + b sina cosy . ^^ = (rcosa + c sino cos y)X - a sina cosy . n, 

b sin a cos y.jS^ + b sin a sin y . ^^ = r sin a sin y . X ; 

the fourth equation remaining unchanged, 

"We might solve these equations for fi^, /J^, ^^ in terms of v ; but the 
woi'k will be simplified if we first take into account the dynamical 
equations of angular momentum. 

Accordingly, taking moments about the axes through F, we have 
firstly, since the motion is steady, 

^Aa^ { a^X}, = aF asinasiny ZT+acos a G; 

which, combined with previous results, shew that siny 0; Le, y=0, 
for if y = TT the upper sphere would fall ofi" the lower. 

Secondly, using this result, we have 

^ Aa^ {a^\] = - aX a cos a i^ - a sin aff, 
which, combined with previous results, becomes 

- 1 4 ar\^ = ay [Ar + B {r - csma)} + acos a. X' B ^ -c sina) 

- a sin a Bg ; 

hence r {| ^ + ^ (1 + cos a)} X^ - Be sina (1 + cos a) X* + Bg sin a, 

5B sin a {:c (1 + cos a) X^ 4- g} 
^ * " {7 A + 5JBll + cos a)} X^ ' 

the first result given. 

The third equation for the lowei- sphere is not needed, but if formed 
will be found to be consistent with previous results. 

Again, taking moments about the axes through Q, and using previous 
results, we have firstly 

I 56" {- ^, X} = 6 cos aG^ = ; hence p, - 0. 
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Secondly, we have 

I Bb* {P \] = -h coso F- 6 sin a //= 6 cos a . X^B (r-c sina) - b siaaBg; 

hence 2bfi^X = 6\* cos a (r-c sin a) - 5g sin o. 

We must now substitute these values in the geometrical equations 
already found for /8,, fi^, ^^. Since yS^ = 0, the first and third equations 
give no result, because y = 0. The second and fourth become 

cos a{5A*coso (r- c sin a) - 5^^ sin a} + 2 sin a . JySgA 

= 2 (r cos a + c sin a) A* 2 sin a . anX, 

and - sin a {5A* cos a (r - c sin a) - 5^/ sin a} + 2 cos a . 6/3^ A = 2bvX. 

Multiplying the first of these by cos a and the second by sin a and 
subtracting, we obtain 

5A* cos a (r c sin a) 5g sin a = 2A' cos a (?' cos a + c sin a) 

- 2A sin a (yb + na cos a) ; 

{7A*c cos a 2A (v6 + ?ia cos a) + 5(/} sin a 
hence r= r^ j^ ^ ^ 

A cos a (5 - 2 cos a) 

Now equating this value of r to that already obtained, we have 

bB {X*c (1 + cos a) + g\ 7A* c cos a 2A {yb + twb cos a) + 5^ 
7^ + 6^(1+ cos a) " cos a (5 - 2 COS a) ' 

therefore 

A'c cos a {49^ + 55 (1 + cos a) (7 - 5 + 2 cos a)} 

- 2A (yb + na cos a) {7^ + 55 (1 + cos a)} 

+ 5^ {7ii + 5-ff (1 + cos a) - 5 cos a (5 - 2 cos a)} = 0, 
or 

X*Q cos a {49^ + 105 (1 + cos a)'} - 2A (vb + na cos a) {7^ + 55 (1 + cos a)} 

+ 5^ {7^1 + 5 (5 + 2 cos- a)} =0; 
the second result given. 

14. A string of natural length 11, and of equal elasticity for 
compression and extension, hanging in equilibrium under gravity 
over a small smooth pulley, is cut through at a point whose un- 
stretched distance from the nearer end is \ I. Shew that during 

the time - (where a is the wave- velocity) the velocity of separation 

f the two new ends thus severed is ^ , and at the end of that time 

a 
wddenly doubles. Shew also that the pressure on the pulley 
during the second half of this time is half its initial value. 

(1) Let us first consider the portion of string that falls freclv. 
l4jt ito higher end be A and its lower end B. 
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Take the origin at the equilibrium position of A, and the axis of z 
vertically downwards. Let F be any cross section of the string, whose 
unstretched distance from A is x, and let $ be its abscissa at time t. 

Then the equation of motion for the element of strin" at /* is 

and its solution may be written 

i^lg^ +/(x - at) + F{x + at). 
Hence the velocity of the element at P is 

'>} = j^=gt + a[-f'{x-at)+F'{x-^at)] (I), 

and the stress at P is 

^=^($,-') = E[f{<c-at) + F'{x^at)-\] (2), 

where E is the coefficient of Elasticity or Restitution. 

The terminal conditions are : when cc = and when x = ^l, X = 
always : therefore 

f{-at)+r{at)^l (3), 

f{^l-af)+F'{^l+at)=l (4). 

The initial conditions are : 

(1) when ^ = 0, v = for all values of x from to ^ ^ ; therefore 

-f{x) + F'(x) = Oy x=Oto^l (5); 

(2) when ^ = 0, X='mg{\lx) for all values of x from to ^/, 
where E = imi? ; therefore 

f {x) + F'{x)-\= ^3(1- l-x\ a; = to J I (6). 



a 



These equations and conditions enable us to find the values of f{z) 
and F (z) for all values of z^ a typical variable. 

Thus, from z = to\l, we learn from (5) and (6) that 
Then (3) shews that, from 2; = to ^ ^, 
and then (4) shews that, fi*om z = \lio I, 
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and, from z = l U> ^l, 

Then (3), used once more with these two last results, shews that, 
from z==-^l to -I, 

and, from z = - Ito-^l, 

31 
These results suffice to give the motion of A from ^ = to ^ . 



Thus, from < = to - , 



r, = ^< + a[-||l-|(|;-aO} + i{l+|(i;-a^)} 



9l_, 

9n.' 



and, from t = - to ^r- , 

L e. at the end of the time - the velocity of -4 is suddenly trebled. 

(2) Let lis next consider the portion of string that passes over the 
pulley. Let its end that was attached to J. be C and its other end D, 
and let the cross-section that is passing over the pulley at time t be 
denoted by E. 

Take the equilibrium position of (7 as origin, and the axis of x along 
the string CE, and suppose ED to be a continuation of CE so far as 
measuring distances from C is concerned. Let the xinstretched length of 
CE be y. Then the equations similar to (1) and (2) are in this case as 
follows, xmaccente<l letters referring to CE and accented lettei-s to ED. 

For values of x between and y, we have at time t 

v = -fft + a[-<t>' {x-at) + ^ {x + <)] 

X=E [<{>' (x - at) + ^' {x + at) - 1], 

and for values of x' between y and 1 1, we have at time t 

v' = gt + a[- f (x' -at) + <if' {x' + at)], 

^T = E[il,'{x'-at)+^{x' + at)-l]. 

The terminal condition at C is that when x=0, X=0 always; 
toerafore 

f (-a/)+*'(a<) = l (7). 
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That at E is, that when x=y, x =y,v = v', X=X' always ; therefore 
-gt + a[-^'{y-at) + ^'{y+at)\=^gt + a[-^'{y-at)-^(y^at)\ 
<l> (y - at) + $' (2/ + at) = \}/'{y- at) + *' (y + at) ; 
from which we obtain 

^'(;y + at) = ^'{y + at)+^-^ (8), 

<j,'(y-at)=^'{y-at)-?^ (9). 

The terminal condition at D need not be introduced, as it would be 
found not to interfere with the motion during the limited time in ques- 
tion. 

The initial conditions are : 

(1) "When t=0, V =^0 for all values of x from to | ^, therefore 

- <^' (x) + $' (a;) = 0, a;=0 to 1^ -(lO); 

(2) When ^ = 0, v' = for all values of x' from | Z to | ^, therefore 

-i],'{x') + <if'{x')=^0, x'^llto^l (11); 

(3) When = 0, X = mg{^l+x) for all values of x from Oto^l, 
therefore 

<l>'{x) + ^'{x)-l=^{^l + x), a; = Otoi?.... (12); 

(4) When t = 0, X'=- mg (| I - x') for all values of x' from | Ho f ?, 
therefore 

f (x') + *'(a!')-l=4(l^-a=') a;' = |aof;. (13). 

From (10) and (12) we learn that, from z^O io\l, 

<^' (.)=$' (e) = |{l+|(|^+)} (H). 

and from (11) and (13) we learn that, from z=^lio^l, 

^'(e) = V(^) = ||l+J(|^-^)} (15). 

Then (7) shews that, from = to - ^ ?, 

Equations (14) and (16) suffice to give the motion of C from i = to 
r- ; for duriQg this time 



v^~ gt -h a 



_j{l_|(i;+^ + j{l + |:(n + ')}] = 2^; 
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therefore during this time the velocity of separation of the two new ends 

gl 

A and C = r . + r^ = . 

Now, initially y = ^l, and, by the principle of unique solution, y 
will continue to be ^ /, so long as this value will make tlie equation 

v = = -gt + a[-<it' {\l-at) + ^'{ll + at)] 

consistent with (8), (14) and (15). 

Equations (8) and (15) give, till ^= - , 

*'(^;+a^) = ^|i+|(|;-|;-ao} + |' 

= l{l+|>(^+<)| (17); 

and (14) gives, till < = , 

-^'(^;-aO = -|{l+|(i/-J^-aO}=-|{l+^(^-a/)}; 
therefore - <i> ^l- at) + ^' {hi + at) = ^ , 

Oj 

which is consistent with the above, making r ^ = till t= ~ . 

2a 

Now equations (7) and (17) will give the motion of C homt = J- 

2a 
31 
to ^ ; for we have 

Vc = -9t + a [- ffi' (at) + ^' (at)] 
= -gt + a[-l + 2^' {at)] from (7) 

= - gt + a \- 1 + 1 + ^^ (^l + at)\ for this period, from (17) 
_9l 

Now,from.4^ to^, .^4^ andfrom. = i to |...M. 

Therefore from < = - to ^ the velocity of separation = ^I , the same 
a during the first period < ^ to 2^, and from < = 1 to ^^ , the velocity 

of wpMatioa =2^ + ^=^-^; i.e. at the end of the time - the velocity 
of leiwration is suddenly doubled. 



i 
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The initial value of X at the pulley is clearly 'mgl = E^^', as appears 
also from (14), which equation shews further that this continues to bo 
tlie value of X there tilU = . When < = -we have at the pulley 

X=E[<i>'{Q)+^'{l)-\-] 

= ^[i{l-|(JO}+i{l+|(^ + 0}-l]from(lC)and(17) 

and so also ttU ^ = - we have 
a 

X = E[^' (i l-at) + ^' (I I + at) - 1] 



-{1=}^ 



from (16) and (17) 



i. e. the stress at the pulley, and therefore the pressure on it during the 

II..... 
time ^r- to - is half its initial value. 
2a a 

A more concise proof from general reasoning would run thus : 
Equations (1), (2), (3), (6) and (6) shew at once that the initial velo- 
city of A and of each successive cross-section of the string is ^ , i.e. 
that a wave travels down the string with velocity a, giving to each cross- 

7 

section the velocity ^, and so leaving the parts over which it has passed 
Za 

at rest relatively to each other. Then equation (4) shews how this wave 
is reflected at B at time 2a, being the only wave generated in the string, 
and travels back with the same velocity, but doubling the downward 
velocity of each cross-section it passes over. Being reflected again at A 

1 nl 

at the time - , it impai-ts an additional velocity ^ to each cross-section 

as it passes over it. Thus at time - , A begins to move with velocity 

0j 

-^-~ , having previously been moving with velocity ^ . 

Now the string at C is clearly in the same state of extension as that 

gl 

at A ; hence the cross-section there begins to move with velocity x- , 

and so does each cross-section of CD over which the wave passes. Till 
the wave passes over a cross-section it is at rest; i.e. D remains at rest 
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I 



07 

till the time , and during this time C is moving with an upward velo- 
'2a 



ritv ^ Hence at time - the velocity of separation of A and C is 

"^ 2a 

doubled. 

Again, duiing the time which precedes the anival of the upward 
wave at the pulley, the state of strain there is unaltered, i. e. the pulley 
has to support the whole string. Dii-ectly the wave passes the pulley, 

the string begins and continues for a time exceeding - to move over the 

pulley with velocity jr- : hence the pressure on the pulley is the same 
as if it were supporting a length \l of the sta-ing on each side of it ; i. e. 
at the time ^ , the pressure on the pulley is suddenly diminished by one 

half, and continues thus for at least the second half of the time - . 
' a 

[For a different discussion of this question see Mr Niven's paper 
" On a case of Wave Motion," Messenger of Mathematics, Vol. viii. 
pp. 7580 (September, 1878).] 

15. In the midst of an infinite mass of homogeneous incom- 
pressible liquid at rest is a spherical surface of radius a, which is 
suddenly strained into an equal spheroid of small ellipticity. Find 
the kinetic energy due to the motion of the liquid contained 
between the given surface and an imaginary concentric spherical 
surface of radius c ; and shew that if this imaginary surface were a 
real bounding surface which could not be deformed, the kinetic 
energy in this case would be to that in the former case in the ratio 

Ijet r = a(l + cPj) be the equation of the spheroid of small 
ellipticity c ; P^ being a zonal harmonic of the second degree. Then the 
displacement of any point is given by a (1 + cP^) - a = ae-Pg. 

Let <^ be the velocity-potential in the liquid when its outer boundary 
is a fixed spherical surface of radius c. 

Then, since only harmonics of the second degree appear in the dis- 
placements, we may assume 

And when r = a, = XatP^, \ being a constant; when r = c,z- = ; 

q n 

therefore Aac = 1A ,a , 

a* 

= 2V-^'; 
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therefore ^' = ^^y 



3{c'-a'y 
Now the kinetic energ, . J /// {(g)' . Q- . (g)"! <^,,<fe 

the integrations extending over the spherical sui-faces. 

But over the outer surface -^ = : and over the inner surface 

an 

dn dr "' 

Therefore the kinetic energy 

TrX'aV 3a'' + 2c 



k 



15 



If now the bounding spherical surface of radius c be removed and 
the fluid extend to infinity, we have 











where, since 


Xa = 


3^; s'- 

a' ' ' 


3 



Hence, over the spherical stirface of radius a, -y- = - Xc^g, and over 
that of radius c, ^ = j-^ P. 

Therefore the kinetic energy in this case 

_27r 
~ 5 



/Va'e*_XVV^ 
(3 3cM 



15 c' 
S.-H. P. 



10 
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Hence the ratio of the kinetic energy in the first case to that in the 
second case is 

7rX*a** 3ft' 4- 2c' _ 27r\''a'c' c'-a' 
\5~' c'-a" ' 15 c' ' 
or c(3a' + 2c') : 2(c'*-ay. 



Wednesday, January IG, 1878. 1^ to 4. 

Mr Greenhilij, Arabic numbers. 
Mr NivEN, Boman ntunbers. 

1. Define the terms invariant, covariant, and discriminant. 

Prove that, if 7 be any invariant of the binary quantic (a^, a^, 
a,,.., a^x, yY of the order p in the coefficients, the weight 
of each term of I will be \np ; and that I will satisfy the 
equations 

dl ^ dl ^ dl 
^+2^^d^+^^^5a3 + - = ^' 

J dl . _. dl , _v dl - 

and a.jj- + {-l)a.3^_ + (-2),^^+... = 0. 

Calculate the invariants of the quartic (a, 6, c, d, e^x, y)* for 
which 2> is 2 and 3 respectively ; and denoting them by S and 
r, prove that the discriminant is >Si^ 27TI 

(Salmon, Higher Algebra, 52, 56, 5S, 137, 139, 203.) 



2. Prove that 



a-\-h2h cos w , ab h 

r-5 and . .. 

csin (I) c sm &> 

are invariants of the conic ax^ + 2hxy +bf + c = 0, the angle 
between the axes being w. 

Prove that, if m = be the rational equation of a conic in rect- 
angular co-ordinates, the foci are given by 

/duV _ /du\' du du 
\dx) \dy) _ dx dy _ _ 

d*u d'u ~ (Pu ~ 

dx* dy* dxdy 

Let ^-^_^-.y^^ 

I m 

be the equation of a straight line through a focus (xy). 
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At the intersection with the conic w = 0, 

Now since the ta,ngents to a conic through a focus pass through the 
circular points at infinity, we must have, putting ^ = 1, m = J^^ the 
equation 

a perfect square is r ; and therefore 

/du fduy /d'u (Pu ,-d'u\ 

equivalent to 

/duy /duv' dudu 

\dxj \dy ) dxdy _^ 

d^u <Fu ~ "WvT ~ * 

d^ d-if dxdy 

the required equations of the foci. 



3. Define the integral curvature, the horograph, and the 
average curvature of any portion of a surface, and the specific 
curvature at any point of a surface ; and prove that the reciprocal 
of the product of the principal radii of curvature at any point 
of a surface measures the specific curvature. 

Prove that the area of the surface, of which the specific 
curvature at any point is constant and equal to a"*, is -iTra*. 

P (Frost, Solid Geometry, 604, 605.) 

If dS denote an element of the surface, dfs the corresponding element 
of the horograph ; then 

dS^ , a 

therefore S=a-a^. 

And a = 4:ir; therefore S= iira^. 

4. Find the velocity of the liquid at any point in an elliptic 
cylinder filled with liquid and rotating about the axis. 

Prove that the stream lines of the liquid relative to the 
cylinder are similar ellipses for all axes of rotation parallel to 
the axis of the cylinder, and find the kinetic energy of the 

i liquid. 

^ 102 
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A pendulum with an elliptic cylindrical cavity filled with 
liquid, the generating lines of the cylinder being parallel to the 
axis of suspension, performs finite oscillations under gravity. 
If I be the length of the equivalent pendulum, and l' the length 
of the equivalent pendulum when the liquid is solidified, find I 
and r, and prove that 

J, J _ w tt''^^ 1 

where M is the mass of the pendulum, m of the liquid, h the 
distance of the centre of gravity of the whole mass from the 
axis of suspension, and a, b the semi-axes of the elliptic cylinder. 

First suppose the cylinder to be revolving about its axis with 
angular velocity to, and let (fig. 61) represent the centre of a plane 
transvei"se section of the cylinder; 0$, Orj fixed rectangular axes in the 
plane, and Ox, Oy axes coinciding with the axes of the elliptic section. 

Then 

a' &' 
<^ = w -g rg (^ cos ^ 4- 77 sin B) (- f sin + 1; cos Q) 

a'-b' 
-^^Tb'""^^ 

where ^ and i/r are the velocity- and the current-functions of the liquid. 
If X denote the ciurent-function of the liquid relative to the cylinder, 

a' 6* 

and therefore the relative stream lines are similar ellipses. (The motion 
of the liquid will therefore be the same if the cylinder be bounded 
internally by a similar, similarly situated, and co-axal elliptic cylinder.) 

If the axis of revolution be parallel to the axis of the cylinder, then 
the motion of translation of the axis of the cylinder due to this motion 
will not produce any relative motion of the liquid, and the motion of 
rotation about the axis due to this motion will produce the same rela- 
tive motion a^ before. Therefore the stream lines of the liquid relative 
to the cylinder are the same, that is, similar ellipses, for all axes of 
rotation parallel to the axis of the cylinder. 
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The kinetic energy of tlie liquid relative to the centre of mass of the 

liquid is 

where k = i (a^ + 6^ (^l)* ; 

K is therefore the effective radius of gyration of the liquid in the 
cylinder about the axis of the cyUnder. 

If K denote the radius of gyration of the mass M of the pendulum 
about the axis of Suspension; if c denote the distance between the axis 
of suspension and the axis of the cylinder; and if 6 denote the angle the 
plane through these axes makes with the vertical; then the kinetic 
energy of the pendulum and the liquid 

= H+ {M+ m) gh cos 6, 
by the principle of energy ; and therefore 

^= {M+m)h 

If the liquid were solidified, the kinetic energy would be 

= I MKW + 1 m {c' + i (a^ + h')] $'; 
and therefore ,, 

^~ {M + m)h 



Therefore 

m 



^'-'-M 



T^ Ah \ W + W) 



a'b' 1 



M+m a' + b'h' 



i 



5. Prove that, if the space between two infinite coaxal 
circular conducting cylinders be occupied by a dielectric of specihc 
inductive capacity K, the capacity of the inner cyhnder per unit 
of length is i-^ , where a is the radius of the outer cylinder 



and 6 of the inner. 
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If a conducting circular cylinder of radius b be surrounded 
by an uninsulated coaxal cylindrical grating of radius a, formed 
of n thin wires, prove that the electrification at any point of 
the cylinder, of which the radius makes an angle 6 with the 
vector of a wire, is 

Q g'" - 6'" 

27rb ' a'" - 2a"6" cos n0 + 6'^" ' 

where Q is the quantity of electricity per unit length of the 
cylinder. 

Suppose the potential of a single wire at a distance p to be 
X log p ; then if we take the n negative images of the wires in the 
cylinder (Maxwell, Electricity, 189), the potential of the wires and 
their images at a point whose co-ordinates are r, 6 will be 



r=\iog 



PiPr-'Pn 



ft t 

Pip2---Pn 



= |\log 



r'" - loTr" cos nO + '" 
a" a'" 



by De Moivre's property of the circle. 
If we put r = h, then 

F=w\log|, 

a constant; and therefore if the cylinder r= 6 be electrified with super- 
ficial density 

47r dr ' 

the potential of the external wires and this electrification will be con- 
stant in the interior of the cylinder; and therefore this will be the 
electrification of the cylmder when insulated and surrounded by the 
grating of n thin wii-es. 

Now ^ ^^/ JL\ 

__n\ &-'--a"6"-cosng n\ b'"" - -^cosnO 

4t b" - 2a"6" cos nd + a'" "*" i-n- F IF 

a a 

^ w\ a*- _ js" 

4w* a- - 2a"6" cos n6 + b" ' 

Also O^*^ f""' a- -6*" ^^^ 



^T^io a*" - 2a"6" cos nO + b" 
-inX; 
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therefore the electrification 

~ 2Trb a"'" - 2a"b'' cos nd + 6" * 

[This rider and the result were obtained as a generalization of S 189 
of Maxwell's Electricity, but objections have been urged against the 
accuracy of the result.] 

vi. Find the expressions for the stresses at any point of an 
isotropic elastic solid in terms of the strains at that point, and 
deduce the value of Young's modulus in terms of the coefficients 
of rigidity and the elasticity of volume. 

A spherical shell of isotropic material and finite thickness 
expands under the influence of a gas of given pressure contained 
inside it ; prove that, if a thin shell whose unstrained radii are 
r, r + 8r be strained into a shell whose inner radius is r + w 
the work required to produce the strain in this part is 

per unit volume, where n is the rigidity and k is the elasticity 
of volume, and deduce from this result the strains and stresses 
inside the shell. 

How can the principal stresses at right angles to the radius 
be found ? 

One of the easiest methods of discussing the general problem 
of elasticity of solid bodies is the comprehensive method of Green. 

The geometrical elements of the strain in the neighbourhood of any 
point are completely expressed by means of the six strains. If uvtv be 
the displacements of a point whose co-ordinates are xi/z, and if the strain 
be small, its components may be denoted by 

du . dv _dw 

^"^' ^"^' ^^~d^ 

dv dw J dw du _du dv 

~ dz dy"" ~ dx dz* dy dx ' 

Of which the three former are called normal, and the three latter the 
tangential, strains. The energy, W per unit volume, required to pro- 
duce the state of strain of the element dxdydz is, for an isotropic 
substance, a function of the invariants of the above system of magni- 
tudes which is of the second degree in e,/...c, and is therefore of the 
form 

(see Thomson and Tait's Natural Philosophy, Appendix C). 
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n is the rigidity of the substance, and m is connected with the 
elasticity of volume by means of the equation 

m ^n = k. 

The value of W may be put into a somewhat more convenient form 
thus, # 

2W={k-^ n) {e +/+ g)' + n {1e' +2f + 2/ + a^ + 6' + c'). 

To obtain the components of the stresses and the general equations 
of equilibrium, we observe that if XYZ be the components of the stress 
on an element dS of the surface of any portion of the body, 

Uxhx + Yhv + Z^w) dS- hw.dx dy dz = 0, 

no impressed forces being supposed to act on the particles of the body, 
and A', Y, Z being expressed iu the usual manner in terms of the elastic 
stresses. When we substitute for IF in terms of e,f... and integrate 
by parts, we may equate to zero the coefficients of &t, Zv, Bw in the 
different parts of the surface integrals and volume integi'al, we obtain 
the genei'al fonnulse for the stresses and the equations of equilibrium. 

In the case of a spherical shell symmetrically expanded by a gas 
inside it, these fomiulse are greatly simplified, for there are no tangen- 
tial stresses, and the normal stresses are reduced to a stress B in the 
direction of the i*adius, and another *S' at right angles to it. 

Let a be the outer and b the inner radius, and let P be the pressure 
of the gas inside, Pg that of the medium siu-rounding it ; in ordinaiy 
cases Pg will be the atmospheric pressure, and may be neglected : we 
shall however, for the sake of generality, include it. 

When the shell is strained, let the radius r become r + u; the work 
done by the elastic forces in producing a small arbitrary strain of a shell, 
whose outer and inner radii are r and r^, is 

^TT {Rr'8u - B^r^'SuJ, 

R being reckoned as a traction, in the usual manner. 

Let us now consider any rectangular element of an indefinitely thin 
shell whose edges are dr, ra, r^, a and /8 being two indefinitely small 
angles. 

It strains into a rectangular element whose edges are 

and the three tangential strains are now zero ; that is to say, 
a - 0, 6 = 0, c = 0, 

and e=~ f-^ -^. 

dr' '^' r' ^~r' 



Jan. 16, 1^ to 4] problems and riders. 158 

the work done in straining the shell is therefore 

^=i(*-i)(|4)'-{(^)^^} TO 

per unit volume. 

The work done in straining the shell (r, r^) is 
4ir f r'Wdr; 
the general equation of equilibrium is, therefore, 
r^E8u - B^r^'^^ = j Vs W. dr. 

= 'r^68u I "* y Sm . dr, 

, ^ du 2u 

where u = -j- + , 

dr r 



and 



jir^B (|*y+ 28. u^]dr = 2r^^^^-2Jr- f. Su . dr. 
"We see from these results that the condition of equUibrium is 

and that 

Ii={k-^n)d + 2n^^. 

The solution of the former equation is 
6 = 2A, 

and hence JC= (a -f n)A- -^ . 

To find A and B we observe that, when r = a,B = P, and when 
r = h, R = P^] thus, 



P^=:^k-^n)A--^. 



I 
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To find the otber stress aS', consider the equilibrium of a hemisphere 
of shell whose outer and inner radii are r, r + dr ; it is acted on by a 
traction perpendicular to the edge equal to 

2Trrdr . S, 
while the resultant of the stresses perpendicular to its curved surface is 

hence rS=-^{r'R); 

inB 
and thus, S= 2{k - ^n)Ar+ 3 . 

vii- Describe and explain the appearances presented, with 
divergent light, by a plate of a uniaxal crystal cut perpeadicular 
to the axis, placed between a polarizer and an analyzer. 

Describe the appearances presented when the plate is cut 
parallel to the axis. 

If n equal and similar plates of a crystal be laid upon each 
other with their principal directions arranged like the steps of 
a uniform spiral staircase, and a polarised ray pass normally 
through them; prove that the component vibrations of the 
emergent ordinary and extraordinary rays have each the form 

Xcos-^+Fsin-^, 

where X and Y are each of the form 

A cos nj+ B sin ny, where cos 7 = cos S cos a ; 

a being the angle between the principal directions of two con- 
secutive plates, and 2S the difference of phase between the 
ordinary and extraordinary ray in passing through one plate. 
Determine also the condition that a ray originally plane polaiised 
may emerge plane polarised. 

For the form of the lines seen with a plate of uniaxal crystal 
cut parallel to its axes, see Verdet's Optique Physique, Art. 219, Vol. 11. 

To solve the second problem, let us first consider the relation between 
the components of the ordinary and extraordinary ray for the first two 
plates. 

If the component vibrations along the two principal sections of the 
first plate be 

a; = a cos ^+ 6sin^, 
y = c cos ^ + rfsin ^, 
^ being the phase of the ray. 
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After transmission through the plate, these become 

a' = a cos {<f>' -B) + bsm {<}>' - 8), 

y' = c cos (^' + 8) + c?sia (</>' + 8), 

28 being the difference of phase established between the two rays by 
their passage through the plate. 

Resolving along the axes of the second plate, we find the components 
to be 

x' cos a + y sia o, 

y' cos a x' sin a. 

If these be written a' cos <ji + V sin ^', c' cos ^' + cV sin <^', 

a' = a cos 8 cos ah sin 8 cos a + c cos 8 sin a + (/ sin 8 sin a 

V a sin 8 cos a + 5 cos 8 cos a c sin 8 sin a + c? cos 8 sin a 

c' = a cos 8 sin a + 6 sin 8 sia a + c cos 8 cos a + d sin 8 cos a 

d! - a sia 8 sin a 6 cos 8 sia a c sin 8 cos a + cZ cos 8 cos a. 

It follows from this that, if we put 

I cos 8 cos a, TO = sia 8 cos a, jo = cos 8 sin a, g =? sia 8 sia a, 

the relations between the components of two consecutive systems of rays 
which are given by 

a; cos 4* + 1/ sin <j>, * cos ^ + w^ sia ^, 



.(a). 



To solve these, let 

x^^XB", y^Te% u^^m\ v^=r6'. 
On substitutiag, we find 

{-e + l)X -mY +pU +qV=0 (1), 

mX + {-d + l)Y -qU +;)F=0 (2), 

-pX +q7+{-6 + l)U +mr = (3), 

-qX ~p7 -mU+ {-6 + 1)7=0 (4). 

If a; = - e + ;, we find from (1) and (2) 

(/ + q")U + x {pX- qY) - m (j>7 + qX) = (5), 

{f + q')V + m{pX-q7)+x{p7+qX) = (6). 

If we substitute these values in (3) or (4), we find that they are both 

satisfied by 

x' + m'+p' + q' = 0. 



M. 
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From vrliich it results that 

$ = l-x=cosy^ J- 1 sin y. 
X will therefore be of the form 



^gnyV^l^j g 



-nyj-l 



and we may put 

J^^gny Vri ^ ^^g -ny^/-l^Q ^^g ^y ^. J) sin Uy, 

and, at the same time, 

/nr (.ije"T' ^^1 - ^,e - "^ ^~i) = - (7 sin ny + 2) cos ny. 

In a similar manner we may take 

y^ = B^e'"'^^^^ + B^e "*'>' "^^^E cos wy + i^'sin ny. 

On substituting ia (5) and (6), we shall obtain for U and V two 
complex imaginary expressions of the fonn 

U^=E+Kj^, U^ = E-Kj~l. 

The corresponding value of u^ is therefore presented in the form 

w^ = iff cos wy + Xsin wy. 

This value may also be deduced from the equations (a), the first two 
of which may be solved for u^ and v^. 

"We may also employ these equations to find the values of the con- 
stants C, D... 



For, put 



w = 0, C = a, E = b, n = c... 



and 



, = C cos y + 2) sin y = to m6 +pc + qd^ 
y^ = E co%y + Fh\xi.y = ma-\-lb-qc- pd, 
Wj = S'cos y + A" sin y = etc. 
V, = etc. 
The final expressions for the components are, therefore, 



a, = a cos ny + (- mb +pc + qd) -r 



sin wy 



siny 



T / ^ sinny 

V = 6 cos ny + (+ wa - qc+pd) . - 

^ smy 

w, = c cos ny + {-pa + qh + md) - ^ 

, = d cos ny + (- qa-ph- vie) ___!L^ 

sin y 



(/8). 
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The general conditions that a ray may be plane polarised can be 
easily found, for the two components are of the form 

Pcos (cf) - A), Q cos {<I>-A); 

the condition, therefore, plainly is 

''"a-2/A = ^ (7). 

In the present case, if we suppose a ray to enter plane polarised, we 
may take a = cos ^, 6 = 0, c = sin /?, d=0. 

Upon substituting the values of cc^, y^ ... so found in (7), we shall 
find on reduction that 

tan (25 + a^ sin 7 

tan ny = ^ r r-= '- . 

' cos 6 sin a 

This is the condition that, after passing through n plates, the ray 
may be again plane polarised. 

viii. Prove that the complete solution of a partial differential 
equation of the first order containing two independent variables 
is afforded by the system consisting of a single complete primitive 
with its accompanying general integrals and singular solution. 

Find a complete primitive of the eqiiation 

Present the complete integral of the equation 

1 d\ _ d^u 2du n{n + l)u 
a^ df ~ dr'^ r dr~ r^ 

. ., /l d\^ il>{r + at) + ^{r-at) 

m the form u = r [- ^-\ '-^ '-^ . 

\r dry r 

To find a complete primitive of the equation 

<dz\' fdz^ 



{j^{)'"''^^^^- 



Consider x and y as the co-ordinates of a point, and turn the axes 
roimd through half a right angle ; that is to say, take 

By this transformation the equation will become 
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to find a complete primitive of which, put 

where o is an arbitrary constant ; 

therefore J2z - f V(3^ - ') dt + I J {a' + yf) d-q + h, 

h being another arbitrary constant. 

These integrals belong to known forms, and may be readily found. 
To present the complete integral of the equation 

1 cPu d?u 2c?M w(w4-l) ... 

a^'de^lJi^^Td'r '? ^ ^' 

in the form 

y,^T>^(^ dY <i>{r + at) + xf;{r-at) 

\r drJ ' r ^ '' 

Since the form given contains two arbitrary functions, it must be 
the complete integral if it satisfy the equation at all. This is analogous 
to the general principle that any solution of an ordinary equation which 
contains the proper number of independent arbitrary constants is the 
complete solution. We have therefore only to shew that u satisfies the 
equation. 

_ du dv 

Put u=>r'v. -J- = 1^ -~ + nr''~v , 
" dr dr 

d?u .d'v n .-,dv , ,. _a 
dr dr dr ^ ' " 

On substituting, and throwing away the factor r", 

1 d'v^_d\ 2{n^\) do^ 

a' dt^ ~ dr' r dr ^ '' 

Operate with - -j- , and let - ^ ' = to : 
r dr' r dr ' 

I (^_1 d' 2(n+l) dw 

a* de~r dr^ ^"^"'^ r dr 

_ dSv^ 2 (n -f- 2) dw 
dt^ r dr ' 

If therefore v^ satisfy (3), - -^ will satisfy the same equation when 
n - 1 is jmt for n. 
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But, when n = 0, equation (3) becomes 

a' df dr^ r dr ' 
the solution of which is 

_ <f)(r + at)+ij/{r- at) 

The solution of (3) is therefore 

_/l^Y <f> (r + at) + ij/ {r - at) 
^" ~ V- dr) ' r ' 

and, therefore, that of (1) is given by the expression (2). 

See also Mr Glaisher's paper " On a differential equation allied to 
Kiccati's," Quarterly Journal, Vol. xii. pp. 129 137 (1872). 

ix. Determine the general conditions to be satisfied in any 
problem of magnetic induction. 

Find the magnetisation of an infinite elliptic cylinder of soft 
iron placed in a uniform field of force. 

This problem may be solved in a manner analogous to that 
given in Maxwell's Treatise on Electricity and Magnetism, Vol. ii., Art. 
437, for an ellipsoid. 

Let the equation of the cylinder be 

a'^b''^' 

and let the components of the external magnetic force be X, Y, Z, and 
K the coefficient of induction for soft iron. 

It may be shewn that all the conditions of the problem will be 
satisfied by supposing the cylinder magnetised uniformly. 

Let us assume that this is so, and that the components of the ma^e- 
tisation are L, M, N ; then, since the potential of a uniform elliptic 
cylinder of vmit density is 

^-. - hx' + ay' . 

F= - 27r i^- + const. 

a + b 

the potential, due to uniform magnetisation LMN, will be 

O = ^ (bLx + aMy). 
a+ b^ 

The total magnetising force will therefore Jiave for components 

4:TrbL ^ 4:iraM 
a+b a+b 
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and Z, My N are given by the equations 

whence we obtain 

L= ;^X, M= fTvy, N=KZ. 

1 + r- 1 + ,- 

a+b a+o 

These expressions, as well as the potential of the cylinder, may also 
be derived from the results given in the article referred to above, by 
patting 

^ c=oo, K^=K^^K^=K 



Thursday, January 17, 1878. 9 to 12. 

Mjr GiiAisHEB, Arabic numbers. 
Mr Febbebs, Roman numbers. 

1. Define Bernoulli's numbers, and calculate tlie values of 
the first two. 

Shew that, when n is very great, the w*^ Bemoullian number is 
very nearly equal to 

Obtain the development of -. ; r in ascending powers of 

sin X sin 2x ^ 

, the coefficients being expressed in Bernoullian numbers. 

(i) B^ denoting the n}^ Bemoullian number, 

2{2n)\/ 1 1 , \ 

and n being large, (2n) ! = J{2ir . 2n) . {2n)'"e~"' 

whence -S, = 2 . 2*""^'7rJe~*" . n"+* , 2~*"7r~*" = 4;r"*''**e~*"?i*''^* 

when n is large. 
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,..v sin 3x 

(11) -: -. H- = cot a; + cot 2x 

sin X sin 2x 

and coix=-- ^^^x--^^--^^x*-kc. 

2. Write down the formulae giving 

sn {u + v), en (m + v), dn ( m + v) 
in terms of sn u, en m, dn u, sn y, en v, dn v. 

Prove that 

sn w _ en 1 1* dn ^ M . en J It dn ^ w . en ^ M dn ^ M. . . 

"mT ~ (1 - A;' sn* I w) (1 - F sn* 4 m) (1 - A;" sn* ^ m) . . . * 
and that 

1-snM ^ 1 en4(tt+Z)dnH(^+7ir) 
l + snw~^-'^ sn'^l^w + iT) 

Assuming the ^-series for f j and H ( j , prove the 

relation 

1 aiu 

(i) The equation is obtained by repeated use of the formula 
2 sn I w en I w dn I M 



1 -k^sn*^u 



observing that, when n = co , 



2 sn - , en 2", , <hi - = u, 1, 1 
in the same manner as Euler's formula = cos A a; cos Jar... ia ob- 

X 

tained in Trigonometry. 

(ii) Writing x for smc, we have (Cayley's Elliptic Functions, 
N. 100, p. 72) 

l-2a;^ + Fa;* ^ l-2k'x ' + k'x* 

dn2M + cn2w 1 - a;' - A; V + A; V 1 cn'wdn't* 

whence -:; p.- = 7755 tt* , 

dn 2w - en 2w A; V sn w 

and the result in the question follows at once on substituting ^u + K) 

k' 
dnw' 



for w, since dn {ti + K) = ^ , en (m + A) = - ^^ 



S.-H.P. " 
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^iii) Put =x, then 

0a; = 1 - 2(7 cos 2m + 2q* cos 4m - 2q^ cos 6m + (fcc. 

= 1 - <7 (e- + e-*") + q* (e^- + e"^") - ?' (e"" + e'"'') + &c. 

iirK' . "EJ^ 

Chanffe x into a; + iK', then m becomes u + -t-tf and e'" becomes e'"" , 

viz. y*e*". "We thus have 

S(x + iK') = \-q {qe"" + q-'e-'") + q* (q'e*^ + q-'e-*") - fec., 

viz. qh" &{x + iK') = q^ {e" - e'") - q^ (e*" - e-^'") + &c. = iHx, 
which is the theorem in the question. 

3. Assuming the law of facility to be -; e-^"-^', determine how 

\/7r 

n direct, and presumably equally good, observations of the same 
thing are to be combined so as to afford the most probable result. 

A, B, C, D are four places in order in the same straight line, 
AB is measured a times, BG ^ times, CD y times, AC 8 times, 
BD times, and AD ^ times ; and the respective means of the 
measures are, for AB, a; iov BC,b; for CD, c; for AC, d; for 
BD, e\ for AD,f. Find the most probable value of 5(7; and, in 
the case of a = /3 = ... = ^, find its probable error. 

It will be useful to give here a brief statement of the process 
of the solution of equations by the method of least squares, and then to 
work out the above question as an example. 

Suppose that we are given m equations connecting the /* unknown 
quantities x, y, z,... t, viz. 



a^x + h^y + Cj . . . + ^,< = w, 
a^ + h^y + c^z...'^ kj. = n. 



(1), 



wherein the coefficients a,, 6,,... k^, a^, h^,... k^ are supposed to be 
known accurately by theoretical considerations or otherwise, and 
j, n^,...n^ are m quantities which are obtained by obsei'vation (either 
directly or indirectly) and are therefore liable to error. If m, the 
number of equations, were equal to fx the number of unknowns, these 
equations would determine uniquely the values of the unknowns x,y,s,...t; 
but the caae contemplated in the method of least squares is when m is 
greater than /n, and in general much gi'eater. The object is to obtain 
from the given system of equations (1), called the equations of conditioyi, 
the values of x,y, z,...t that are to be adopted as the 'most probable* 
values of these quantities. The process is a.s follows. Form the system 
of fi equations called the normal equatiom, 
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[aa] X + [ah] y + [ac] . . . + [ak] t = [an] 
[ba] x + [hb]y + [he] z... + [hk] t = [bn] 



[ka] X + [kh] y + [kc]z...-\- [kk] t = [kti] 



(2), 



where [aa] denotes a' + a/. . . + a J, [ah] denotes a,6, + a,6, . . . + a h , tc. 
so that [pg*] = [57^]. The solution of these equations* gives the "most 
probable values of a;, ?/, z...t. 

The normal equations are derived from the equations of condition by 
multiplying each equation by the coefficient of x in it, and addiii" all 
the equations so formed ; we thus have the first normal equation (the 
as-equation) : similarly multiplying each equation by the coefficient of y, 
in it and adding we form the y-eqiiation, and so on. Practically how- 
ever when m does not much exceed /u. and both are small, it is often con- 
venient to obtain the normal equations by differentiating the expression 

{a,x + h^y...^\t-ny+{a^x+h^y...+k^t-n^)\..^ajc + bj/...-^kj-nJ 

with respect to x for the aj-equation, with respect to y for the y-equation, 
&c. The method derives its name from the fact that the most probable 
values of x, y, z,...t are the values that reader this expression a 
minimum. 

The next step is to form [w], the sum of the squares of the residuals. 
Substitute x^, y^, z^,...t^ the most probable values of the unknowns 
found by solving the normal equations, in the equations of condition, 
and let 

"la^o + ^i2/o + c.^o + Kh - *. = ^. 

^a^'o + ^^Vo + "A + Kh - *2 = '^2. 



aa'o+ 6y+ cj;^ . . . +Kh-^^ = ^m. 

then [vv] = v* + vj' ... + vj. 

Now let c be the mean error of an observation (i.e. of n,, n^,... 
or n^), ^y ,,- the mean errors of the values of x, y,... foimd from the 
normal equations {i.e. ot x^, ya,---), and X, Y,... the weights of a;^, y^,... 

then . = v/(^) ^d '- = ;jX'''=JY' ^'- 

The weight X is the reciprocal of the value of x obtained by solving 
the system of equations 

[aa] X + [ah] y + [ac] z ... + [ak] t=l, 

[ha] X + [bb] y + [6c] 2 ... + \bk] t = 0, 



[ka] X + [kh] y + [kc] 2; . . . + [kk] t = 0, 
viz. these are the normal equations except that in the a;-equation the 
right-hand member is unity, and in the other equations zero. Similarly 
Y is the reciprocal of the value of y obtained from a similar system of 
equations, the right-hand member in the y-equation being unity and in the 
other equations zero ; and so on. 

112 



I 
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Tlie probable error of any quantity is derived from the mean en-or by 
multiplying it by the constant -674489,.., this being the value of /J 2, 

where/ is given by the equation / e-'V = ^ Jw. 

It has been hitherto assumed that all the equations of condition are 
of the same weight (unity). If the weight of the first equation be p^, 
of the second, p , &c., then the process is exactly as above, except that 
the equations of condition ai-e to be taken to be 

pia^x +p,ib^i/ ... +p,ik^t= p^in^^ 

p.^a^x +p,^b^ ... +p^^k^t= p^^n^ 



(3). 



Pj ^m^ "" PJ ^..-.y PJ ^nf "= PJ ^^ 

The square roots disappear from the nonnal equations, as for example 
the coefficient of y in the ic-equation is \_p^a .p^h'\ = \j)ah\ We may also 
obtain the normal equations by diffei'entiating with respect to a;, y, . . . 
the expression 

/), (a,a; + 6,?/ . . . + \t - nf + j}^ (a^x + h^...+h^t- n^Y 

and the sum of the squares of the residuals by substituting the most 
probable values of x, y, z, ... t in this expression. It may be observed 
that, although in finding the values of x, y, z, ... t we may replace an 
equation w = n of weight p, by p identical equations' each of which is 
M = n, the probable error will not be the same in the two cases, as in the 
former case the denominator of the value of is ^(i ft), and in the 
latter J{p^ +p^ ... + jt?^ _ ^). 

If X, y, z, ... t are known to be connected by one or more relations 
which must be exactly satisfied (e.g. if x, y, z are the angles of a 
triangle so that a; + .?/ + z- 360), then the most probable values of 
a, y, , ... are the values that render (4) a minimum subject to these 
conditions, and the rest of the process is as above. 

It is also to be observed that if pp stand either for the mean error of 
p or the probable error oi p, then 

M^^, .., .. .,.) = y{(g-)' K). . (gj (^.). . (gj w ^*^}. 

As an example, 
P^ ii = ^[^^^-,...^^)px, = -j-^,.ipx^=px^...=px^. 

An observation has a weight p if its mean (or probable) error is 
equal to the mean (or probable) error of a result derived from the combi- 
nation of p standai-d observations, i.e. of the arithmetic mean of the 
p observations. Thus the weight of an obsei-vation varies inversely as 
the square of the mean (or probable) error. 

* We can assume p,, p,,...p, to be integers, as we may multiply the system of 
qoations of condition by any the same arbitrary quantity throughout. 
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Applying the method to the example in the question, let 

then the equations of condition multiplied by the square roots of their 

weights are 

y^Z = y^C, 

From these, or by diffei-entiating the expression 
a{x-aY + p{y- h'f + y {z-cf 

+ 8 {x + y -dy + (y + z- ey + ^{x + y + z -/y, 
we deduce the normal equations 

(a + 8 + ^) x+ (8 + ^) y + t z = aa + 8d+ W 
{8 + t)x + {ft + 8 + + C)y + { + C)z = fib + 8d-i-ee + if 
^x + {^ + e)y + {y + + C)z=^yc + e+^/, 

p 

whence, working out the two determinants, we have = tj , where 

+ cy (8c - /3C) + d8 {Py + I3e + /8C+ yc) 
-ee(;8C+y8 + yC+80+/C(i8y + ySc + y + 8), 
Q = a^y + a^e + a^t, + ay8 + aye + ay^ + aSc + a8^ 
+ Py8 + ^yt + ^86 + P8t, + /?C + y8e + y^t + 8^1 

"When a = /3 = y = S = =^, the factor a* which is common to all the 
equations of condition, may be thrown out, and the normal equations 
are 

3x + 2y+ z = a + d+/, 

2x + iy + 2z = h + d + e +/, 
a; + 2^/ + 32! = c + e +/, 
whence x = \{2a-h + d-e+f), 

y = \{-a + 2h-c + d-e), 
= 1 (-6 + 2c-(? + e+/). 
Therefore x- a^l{-2a-h + d-e+f), 

y-h=^l{-a-2b-c + d+e), 
z-c=l(-b-2c-d + e +/), 
x + y-d=l{a + b-c-2d +/), 
y + z-6 = l:{-a + b + c~2e +/), 
x + y + z -/= l(a + c-rd + 6- 2/), 
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and adding the squares of these six expressions we find 

[tw] = ^{a* + b' + c' + il' + e* +/* -^ab-ad + ae- a/+ he - hd 
-be + cd-ce-cf-df-ef) 
= IQ say. 
The equations giving x', the reciprocal of A'' the weight of x, are 
3x+2ij+ z=l\ 
2x' + iy + 2z = o\ (5), 

from which X =2, and therefore the mean eiror of x 

and the probable error is found by multiplying this quantity by 
674489... viz. it = -674489.. 4 ^/(^0. 

Whenever we have, as in the above example, the most probable 
values of a;, y, . . . given in terms of letters representing the results of 
the observations, it is unnecessary to write down and solve the systems of 
equations such as (5) in order to obtain the weights of x, t/, ... for we can 
write down at once the probable error of x in terms of the probable 
errors of the observed quantities by means of the formula for 

p/{x^,x^,x^, ...ajg, ...). 
Thus in the present case we have, from the value of x, 

px = VItV (i + 1 + 1 + 1 + 1)} pa = Jih) pa, 
and therefore probable error of x 



674489..V(.y(2^)) 



as before. 

The method of least squares (including under this tenn all the pro- 
cesses described above) is due to Gauss, and has retained the form and in 
all essential respects the notation in which it was enunciated by him. 
Gauss's description of the method is given in the Theoria Motus, 
^ 182186 {Wei-ke, Vol. vii. pp. 2^7241), the Theoria Combinationis 
Obsenationum and the Supjdevientujn to it {Werke, Vol. iv.), and the 
DisquisUio de W.ementis Ellipticis Palladis (Comm. Soc. Gott., Vol. I. 
1801 1811) in which his characteiistic notation and algorithm first 
ap|ieared. The most complete and systematic account of the mode of 
solution of equations by means of the method was published by Encke 
in iho Berliner Astronomisches Jahrbuch for 1835. An abridgement of 
Encke's pai)er is given in Chauvenet's Astronomy, Vol. li. pp. 409 558, 
and to this work the reader is referred for further information upon the 
Hubjoct. In the lu-esent account the notation employed in these works 
has been very closely adhered to, the chief difference being that the 
signs of n ,,... i_ ai-e changed so that the equations are written 
a,x ... + k^t = n ic, instead of a^x... + k^t + w, = 0, tc. For pi-actical 
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applications of the method the reader is referred to Merriman's mements 
of tlie Method of Least Squares. It may be observed that it is usualto 
employ probable erroi-s and not mean errors in the statement of resulbL 
The probable error conveys a definite idea to the mind, viz it is the 
quantity sach that it is an even chance that the error falls sJiort of or 
exceeds it; also, there is a risk of confusion between the mean error and 
the mean of the errors (see Chauvenet, pp. 490, 491). 

The method of least squares presupposes that the law of facility of 
error is j~ e-^'^\ viz. that the probability of an error lying between x 

a.n6.x + dx\s~ e-^-^"dx. Thus the law of error is assumed to be always 

of this form, but h is a disposable constant which is larger the better 
the observations. The parameter h is called the measure of precision, 
and might be used in place of the mean or probable error to express 
the degree of excellence of the observations, results, <fec. : the con- 
nexion between these quantities is mean error = - - , probable error 

= 7 > (/t>eing as above). If we suppose a standard observation to be 

one for which the law of facility is j- e -*'*', then an observation of 

weight p is one for which the law is -^e~f'^^'^. Gauss does not prove 

that the law of facility is of the form e-A^-j^" his reasoning seems to 

have been of the following kind. We know that if we have n direct 
and presumably equally good observations of any quantity, we obtain a 
very good result and one that has been generally adopted, by taking the 
arithmetic mean of these quantities as the most probable value of the 
quantity observed, and it is required to extend this principle so as to 
obtain corresponding values of x, y, . . . when given by a system of linear 
equations such as (1). To eifect this extension, assume that the arith- 
metic mean is really the most probable value of the quantity observed 
in the case of one unknown, and determine the law of facility which 

this implies; this law is found to be , - e-^'-^^. Assuming now this to 

be the law of facility, determine the most probable values of x, y... from 
the system (1): this gives the method of least squares, which may thus 
be considered the generalisation of the method of the arithmetic mean. 
The analysis by which the extension is made is very simple. Let 
a?,, x,^, ... x^ be n observed values of a certain quantity; we assume that 
the most probable value of the quantity is {x^ + 0;^...+ a;,) -r . Let a be 
the true value of the quantity, then x^ -a, x^- a,...x^ - a are the errors, 
and if ^ {x) be the law of facility the d, priori probability of these errors 
is proportional to </> (a;, - a) <^ (ic^,- a)...^ (,-); whence it follows 
that, after the observations have been made, the probability that a was 
the true value is proportional to this same expression; which, therefore, 
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in order to find the most probable value of a, must be made a maxi- 
mum. Differentiating with regard to a we have 

f>'(.r -g) ^ 4,'{x^-a) ^ < ^' K - ^) ^ q^ 

</>(,-) />(8-)'" /(-^"-") 

or, say, ^ (x- a) + i}/ (x^-a)...+ \l/ (x^ - a) = 0, which by hypothesis is to 
be satisfied by a = (, + x^...+ xj ^ n for all integer values of n. Put- 
ting X =x = . . . = x^ = , a we have a = x^ {n-\) a, and therefore 
i/r {(n - 1) a] + {n-\)ip{ - o) = 0, viz. 

AK^^-^)"^ = tiz^) for all values of a ; 
{n-\)a - a 

therefore il;{x)~n is constant and <^ (ic) = Je*'"^. Clearly ?ri must be 
negative, = - 2/t* say, and since the integral of </> (x) dx between the 
limits 00 and oo is unity (for the error must lie between oo aud go ), 
we find A = h-i- Jir, and thus obtain Gauss's function. 

Assuming this to be the law of facility of the observed quantities 
71 , n ,... in the system of equations (1), we see that the most probable 
values of , y,... are those which render 

Q-h'KaiX...+kit-ni)*-hHfl^...+k.J.-ru^...-h-(a^...+k,t-nJr 

a maximum, that is which render 

{a^x ... +kj,- j)^+ {a^x.. . + kj, - n^y. . . + (a,x. . . + k^t - 7t^y 
a minimum. 

Various ineffectual attempts have been made to prove the 'principle 
of the arithmetic mean' without refei*ence to how the errors are sup- 
posed to arise, and the principle has even been regarded as an axiom. 
If the principle of the arithmetic mean could be proved, it would be 
proved at the same time that the values oi x, y ... given by the method 
of least squares are really the most probable values. 

It follows from Laplace's analysis in the Theorie cles Probabilites, 
that if an actual error be supposed to be made up by the addition of a 
great number n of small errors c,, c^, ... e , then whatever be the laws of 
facility of e,, t^... (viz. if the law of , be ^, (x), of e^ be <f)^ (x), Szc.) the 
law of facility of c, = c, + c^^ ... + e^, will be of Gauss's form if n be very 
great. The analytical statement of this is that the value of the integral 
/// ^i (*i) ^j(<g) '/*, (O ^^i de^-de^ subject to the condition that 
/*!* "^ /**"'" M-f, ^^ between c and + (/e is of the form ^e~'^^f/e, 
when n is very gi-eat, viz. this is the limiting form towards which the 
integral approaches as w is increased, whatever be the functions 
^i *t*t> y^n- Con.sidering now the manner in which an actual error is 
iu reality formed, it api>ears that it is probably due to the combined 
action of a great many small causes, which may be regarded as indepen- 
dent and eaich of which protluces separately a small error of varying 
amount ; so that we thus have an d, priori reason why the law of facility 
should be represented by Gauss's function. 
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AlthoTigli Laplace's analysis admits of the application that haa been 
just mentioned, this is not the use that he makes of it himself. In 
order to solve the system of equations (1), Laplace multiplies them by 
/*!' /^2 /*, ^^d a^^ds them; his object being to find the values of 
/*!' /*2--- /*m which give the most advantageous values for a:, y, ... the laws 
of facilities of -,, n^,... being unknown functions <^, (x), ^ (x), .... 
When m the number of the equations is very great, we obtain "the 
method of least squares; but it is to be observed that it is assumed that 
the equations are to be combined linearly. It is readily seen that the 
analytical investigation is almost identical whether we combine linearly 
a number of observations ?^ n^, ... subject to arbitrary laws of facility, 
or regard the error in each observation as having arisen from the ad- 
dition of a number of smaller erroi-s. Laplace's investigation is very 
condensed and difficult ; and the reader who wishes to study it will 
derive great assistance from Leslie Ellis's paper 0)i the method of least 
squares in Vol. viii, of the Transactions of the Cambridge Philosophical 
/Society (reprinted in his Writings, pp. 12 37) and Todhunter's History 
of the Tlieory of Probability (18G5), Chapter xx. pp. 560 588. The 
article on Probabilities in the Encyclojmdia Metropolitana contains a close 
reproduction of Laplace's work with comments by De Morgan; and the 
different investigations of the law of facility are discussed in the Memoirs 
of the Royal Astronoinical Society, Vol. xxxix. pp. 75 124. A very 
valuable and complete bibliography of the subject is contained in Mr 
Mansfield Merriman's paper, "A list of writings relating to the method 
of Least Squares, with historical and cr'itical notes" (Transactions of the 
Connecticut Academy, Vol. iv. 1877). 

iv. Prove that, along a geodesic line on an ellipsoid, pd is 
constant, p being the perpendicular on the tangent plane, and d 
the semi-diameter, parallel to the tangent line to the geodesic. 

Prove that, if X, (m be the elliptic co-ordinates of any point on 

/V.2 ^2 i 

the surface of the ellipsoid , + 72 + "2 = 1 the geodesic line for 
^ a o c 

which pd = ^ is represented by the equation 

X {d\Y ^ /^ idji f 

(a''+ X) (6'^+ X) {(?^ X) Cf-h X) (a^+ /x) (6^-f- /x) (c^+ /x) (/+/*) ' 

If X, y, z, be the co-ordinates of a point on the geodesic line, 
X, Y, Z those of an extremity of a parallel diameter, whose length is 
2^, we have 

dx dy _dz _<h 
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And, since ^^Tl'^ d' 

^ -I- 2/l- + -^ = l 



a + A 6VA c^ + A 



a' + Z^t 6^ + /i. c* + /t 

<^'( a' + X)(a''+/ i) 
we obtain ^ = "^^^ _ ft*) (,,* _ c'') ' 

whence "^ = H^N:^ "^ 6^^ 

Uierefore Jx' ^ \ (a, -^]i^ce - c^) ^''^ "^ ^^ ^^^-^ ^^ (^ *" a^) ^ 

therefore (^J "^ (f T "^ ( 7 T 



=i 



(6^-c')(c'-a')(a'-6') 



Ko. (.._,.)^;_^.(._..)^-;i^.(.--o.)$^ 



/c^_63 a^-c'' 6^-c% 
"^/^"^ (^ + A)(6^ + A)(c^ + X) ' 



Hence 



_.f _^^f____^ ^/ > 

- t W* '^^ ^^,,. + ^) ^ft* ^ ;^) ^g + ;^) ^^s. + ^) (ft2 ^ ^) ^^2 ^ ^) J 

Also dx* + dy' + d^ 

iL,(0'-^'') ('+M) ) ^^' 

*\ a* + A "7(6*-c^)(c*-a^)(a*-6*) ** 

*\ a* + A "*" 6 + A "^ c' + A j^'^~^(6*-c)(c"-a)(a-6*) 
1 a'(c*-6 ') + 6'(a*-c*) + c ( 6* -a*) ( /x - \)d\ * 

" * (6* - c*) (c* - <i*) (a* - 6') (a + A) (6* + A) (c* + A) 

(X-j*)(A.dA'-/*.rf;*) 

"* (a* + A)(5* + A)'(?"+A) * 
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Hence since 



in 






we obtain 



\d\* 



fidfx.' 



Also p'- 



^A- T?-^ - 



XfJL 



abc 



And, along a geodesic, ^^ = i- , hence 



a^bc' 



IK + , 



X.rf\* 



fi.d/i* 



' + /*)} 



or 



A/x ((a^ + A)(6^ + A)(c=' + A) (' + /t) (6* + /i) (c 

Wr^ e Zju' ) 

/" \{a'+X){b'+k){c' + \) ia' + fi.){b' + ,jL){c' + fi)j-^' 

dk' (\,}\ dfi' /I 1\ 

(a'4-A)(6^ + A)(c^ + A)V y"/ (^ + /-)(^'^ + /x)(c' + /.)VX "?/"' 
therefore 

5. Integrate : 

|and explain why, in the lunar theory, Clairaut substituted c9 for 0. 

If QQ' be a small arc of an orbit described under a central 
force P tending to and a perpendicular force T, and if Q'N be 
drawn parallel to OQ and intersecting the tangent at Q, at iV^, and 
NE be the perpendicular on OQ produced, then in the limiting 
position 

Q'N _ P+T tanx 



MN' 



2u' 



i^+'IM 



X being the angle between Q and the normal at Q. 
If 5 = 7 sin {v - 6) satisfies the differential equation 



dv 



+ s = 7 sin (t; - 6), 



do c 

in which 7 and ^ are functions of v, and ^ = 1 - -5 , c being a con- 



stant, obtain the most general value of 7. 
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(i) Let QQ' (fig. 62) be described in time t, and let S be the 
I>osition which the body would have occupied at the end of the time f, 
if the velocity and direction of motion had remained the same as at Q 
during the time . Draw aST parallel to ^^. Then iQi)^Ji = x^^^ 

Q'M^Q'V+SVt&Jix, 
also P=^p~) ^=2-^; 



therefore 



|^ = i(-P+^tanx)^ .(1). 



Also ^^,- ='^^- where H' = h' + 2 j-^,de (2) 

and the result follows at once from (1) and (2). 

- := -j^sm(v-6) + -^ COS (v-6) .-^ s -7^cos(v-C')--sin(t;-6'). -^ = 0: 
dif dv' ^ ' dv ^ ' -f y^ dv ^ ' y ^ ' y' 

79 2 

therefore -~ 3 = 0, whence v~aj{y^- a-c'')+b, a and b being arbitrary 
uv y 

constants ; and therefore y* = a*c* + ( j . 

[On the conditions in order that s = y sin (v 6) should be a solution 
of the differential equation 

d's 

P and y being functions of v, see Plana, Theorie du mouvement de la 
Itme, t. I. pp. 230 et seq.] 

6. Prove the equation 

da _ 2na^ dR 
dt fju d ' 

If i be the mean anomaly, v the true anomaly, (j the angular 
distance of the perihelion from the ascending node, h the longitude 
of the ascending node in the fixed plane of reference, 

L==(jjui)K G = {iJLa{l-e')]K H = {fia {1 - e')]^ cos t, 
the other letters having their usual meanings, and if R denote the 
ordinary disturbing function +the term ^, prove that a;,y,^,the 
co-ordinates of the planet, referred to the fixed plane as the plane 
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of ory and to the line from which the longitudes are meagured as 

the axis of x, are given hy the equations 

Gx = Gr cos {v + g) cos h-Hr sin (u + g) sin A, 
% = Gr cos (y + ^r) sin h->rHr sin (y + g) cos /t, 
G2=(6^^-ir'')irsin(y+^). 
and, taking I, g, h, L, G, H, as the six elements, prove that 
dL^dR dG^dR dHdR 
dt dl ' dt~ dg ' dt ~dk' 

We have ^ = ^-^ f, whence |4 ^ = ^^ ^ 
^< /A fife ' ^ a* </< ^i dc 

Now n'a^ = fi, and since never occui's except through I, in the 
Equation ? = ?i< + e, ^f- = -tt , and we thus obtain the first equation. 

The projection of the radius vector upon the line of nodes is 
r cos (v + g), and on a line perpendicular to it in the plane of the orbit, 
is r sin {v + g); and projecting these on the axes of x, y, z, 

x = r cos [v + g) cos hr sin [v + g) cos i sin hy 

y= r cos (v + gr) sin 7i + r siu (v + g') cos i cos /*, 

z = r sin ( + g^ sin ^, 

and substituting for % its value in terms of G, H these become the 
equations in the question. 

The quantity H is double the areal velocity projected upon the plane 
of xy., therefoi'e 

dH _ dR dRdRdx dRdy^ dRdz^_dR_^ 
dt ~ dy ^ dx~ dx dh dy dh dz dh dh ' 
for, from the equations in the question for x, y, z, we have 
dx dy _ dz -0 

dfi^~y' di'"^' 111 

, , . w,^ /. dG dR 

The quantity G is double the areal velocity, and therefore -^ = ^ 

where R is supposed to be expressed in terms of r, v, G, H, g, h. Now 
g does not occiir except in combination with v in the form v + g, so that 

^ = ^ , and this equation is not affected when for r and t; in i? their 

dv dg 

values in terms of L, G, I are substituted. We thus obtain the third 

equation. 

[The results in the question are three of Delaunay's equations, the 



other three being 












dl 


dR 


dg 


dR 


dh 


dR 


dt" 


dL' 


dt 


~dG' 


dt 


dU 
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the term ~ is added to J? in order that the first of these may hold 

good. The above proof is that given by Mr G. "W. Hill in the Analyst, 
Vol. III. pp. 65 70 (1876), where the other three equations are also 
obtained in an elementary manner.] 

vii. Prove that any fuuction of a single independent variable 
may be expressed by a series of zonal harmonics. 

Prove that the series 

2P. + 2.':r (- 1)< (U + 1) \^ZS^) ^- 

is equal to /x. for all values of /i. from 1 to 0, and to fi for all 
values of /x, from to 1. 

Apply this formula to calculate the potential of a hemisphere, 
whose density varies as the distance from a diametral plane, at an 
external or internal point. 

Let the required series be 

C, + (7,P,+ ...+(7P+... 
Multiply by P, and integrate from /* = -! to/i = + l, then 
2(7 /* f" 

Now, if 71 be odd, I fiP^dix= j fxP^dfi; and therefore C, = 0. 

J-l Jo 

But if w be even, / fiP^dfx=- i fxP^dfj.; hence writing 2i for n 
C^ = {U+l)f^P^d,ji 

Jo 

. = (2 + 1) r p,.,, d/jL + 2i fp^_, dfi. 

Jo Jo 

therefore (2i + 1) j'/'^rf^ = _ _1_(1 _^=)i!^. 

the^foro (2i.l)jfV.<;;. = ^^"^.0. 

8uaiUrly2(/>^.i^=^^..^.0. 
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And when /a = 

c^A.^t^. ,w 3.5...(2i +l) 
<//* ^ ^ 2.4... 2i ' 

dP^>^ = /_ 1 v-i 3.5...(2i-l) 
c//t ^ ^ 2.4...(2i-2)' 

therefore C, = (- 1)^ (pj - /.^jt ^\ - ili::i__(2t-l)_^ 

" ^ ^ \2.4...2i(2i + 2) 2.4...(2i-2)(2i-l)/ 



_. ,., 3.5...(2i-3) f(2i-l)(2t-H) \ 
^ ^2.4... (2i- 2)1 2i(27T2)~~^/ 

^ '^ 2.4... (2i- 2) 2i(2i + 2) 



And, if i = 0, we have 

Jo 

Ui = l,C^ = 3fp^dfi+2fp^dii = l. 

Jo Jo 

Hence the required series is 

Hence the potential of such a hemispherical shell (radius a) will be 

for an internal point, and 

-{-.->C(-ir|ifcf-^.,(r} 

for an external point. 

viii. Prove that the potential of an elliptic ring, cut out of a 
lamina of uniform thickness and density by two consecutive, similar, 
similarly situated and concentric ellipses, at a point whose co-ordi- 
nates, referred to the axes of the ring, are x, y, z is 



1 r 



d-^ 



M being the mass of the ring, a, h its semiaxes, and /* the positive, 
/ij, /ij* the two negative, roots of the equation 



^ y , ^ 



+ T/r- + r=l. 



a* + /A 6* + /t /A 
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If the point be situated on the hyperbola 



[Thursday, 



2/ = 0, 



a'-b' 



1, 



prove that the potential varies inversely as the mean axis of the 
ellipsoid, passing through the point, of which the elliptic ring is a 
focal conic. 

dO 
The mass of an element of the ring being M ^ , the potential 

will be expressed by 






dO 



{{x - a cos bY ^{y-h sin Qf + s'}i 



"We shall now change the co-ordinates, by taking the attracted point 
as origin, and the axes of the cone, of which the attracted point is the 
vertex, and the ring a section, as co-ordinate axes. 

If I, f], t, be the current co-ordinates of the new system, and if 
j9, jo,, jPg, be the perpendiculars from the centre of the ring on the 
respective principal planes of the cone, the cosines of the angles between 
the old and new axes respectively will be expressed by the following 
scheme. 





X 


y 


a 


h 


px 

of + fJL 


PV 

b' + fX 


PI 


V 


2},x 


p,y 




r, 


P2^ 




/*8 



where 



^ ^ y 



z' 



p: K+i-r (&''+/^r >'" 






1 






p: {<^'+f-.y (b'+H-.y h-,' 
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Hence, the co-ordinates of the element, referred to the new iniem 
of axes, are j >" 

. ;jacos^ pb sine 

P.a cos ph sin 6 

^~P2~ . .. ^ la- y. 



i' ' f 

We shall next shew that + + = 0, 






For, we have in the first place 

a + /x a' +11^ + /^g 
P' p' p' 

Hence, ^ being any line whatever, 

P' , y,^ , p/ _ , {h'-a'W-b^)J^ . 

* + /* F + /Z, ^A;=^ + /*^ (A;V/x)(F + fi,) (A* + /!,)' 

therefore 

f , ;>.' , p: {1^-a'){-b') . 

whence, differentiating with respect to F, and then putting k^ = a*, we get 

f , ^,' , p: ^'-ft' 



Now, from the equations. 






a' +fjL + fj. fj. 

+ T5T +- = 1, 



+ 7^-^^ + - = ! 



it follows that, ^ being any quantity whatever, 

{b'+e)eaf+e{a'+e)y'+{a'+e){+e)z'^(a'+e){b'+e)e-{0-ii){e-fi,){e-^^i 

S.-H. P. ^-' 
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whence, putting 6 = -a^, 

(a' - b') aV = (a' + fj.) (a' + fi;) {a' + /tj ; 

p p ' p>^ 1 

therefore 7-0 r, -^ 7-V r^ + r^ ^ =" 5-^ 

Similai-ly 

P ^ Pi ^ Ps, _ 1 



2..2 ' 



,x{+fxY ft,(6^+At,r i-Ab'-^f^^y f>y 
i" 'j^ r . 

Hence, when the expression H 1 is formed, it follows that the 

coefficients of cos^ 9 and sin* $ are each equal to 1, and that the term 
independent of 6 is unity. Hence, the sum of these three terms is 0. 

Again the coefficient of cos 6 sin 6 will be 0, as may be seen by 
multiplying the equations (A) in order, by b^^ a' and a* b^, and 
adding. 

And the coefficients of cos 6 and sin are separately 0. 

T)' ^* 

Hence 1+1+^=0. 

ia pi 

We may thei*efore write rf = -fx^ cos* T, ^ = - yut^ sin* T. 

fX fX 

Hence the potential becomes 



27r ./ Kft - /x, cos^ T-tx^ sin-" TY ' 



, . va cos ^ 6 sin $ 

where i ^p --^, x-^ y. 

^ a- + fx b^ + fx '^ 

Now, since 

/, acos^ 6sin0 \ , / mX^ / a cos ^ isin^ \ 

I 1 - -i X - -fT, 2/ ) cos r = - ) p.(\ 3 X - rr, y ) 

^\ a' + fx b' + ix-'J \ fJ.J ^'\ a- + ix^ b-+/x/J 

and 

/, rtcos^ Jsin^ \ . ^ / fx\- /, acos^ Jsin^ \ 
^\ a' + ix b' + ix^J \ [xj '^V a' + fx^ b- + ix/J 

we obtain, differentiating these equations, and squaring and adding, 
cos^ 6sin^ \* 



, /, cos6' 6sin0 \* 

5 /a sin 6 b cos 6 \* , , 

+ J3 ( -^ X - ^ y ) d(^ 

^ \a' + fx b- +fx'^J 
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+ 

1^2 



jp' f a sin _bcos6 y 
\fi \a' + IX afT~fi^ ) 

p' fa sin bcoaO V 

pj' fa sin bcos6 V) , 
H-.W + fx, b' + fi/Jj 



On the right-hand side of this equation, it will be seen aa before, 
that the coefficient of (sin Oy is 



-h 



.\ 



aV=l. 



Similarly, that of (cos ^)* is 1, and that of cos 6 sin is 0. 
Hence, 

fji \ a + fx b + fj. / 

dd dT 



therefore 



pa cos d jjb sin Jfi ' 

M r2.r dT 



. , . M r'' dT 
therefore the potential is ^r- \ i 



_2^p 

T Ja (u - 



(/i-/A, cos*r-/oi^sin*r)5 
dT 



h {fx. - fx^ cos'T - fx^ sia*^)2 * 
Now, putting tanr=(^ ^~M > 

the limits of i// will be fx and oo ; also 

cos^T^pf^, sin^r = ^; 
therefore 

,x-fx^cos'T-ix^sux'T^- ^^;3-^^^^ 

12 2 
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and sinTcosTdT^-h ,(^~^' #j 

therefore 

therefore cZ^^ = i 77^^. 7^ ; 

therefore 

cTT^ ^^ ^^^ 

Hence the potential is reduced to the form 
3 r dil^ 



M r 



Now, for any point on the hyperbola 

we hare /Aj = /a^ = 5^ 

And the potential is 

J/ r # 



fi [ 



/m {(^-^)(^+6y}r 

or, putting i/r = fi + v^, the potential becomes 
2Af r dv 
tr Jo v' + fi+b' 
_ 2i/ 1 ,r 

M 

i. e. varies inversely as the mean axis of the ellipsoid 



a^ + fi b' + fi fj. 
If in the result of question viii, we put i/^ - /a = x, it becomes 

-Ml ^ r. 

'' '0 {x(x + /*-/*i)(x + /^-/*s,)r 

Now, the potential of an ellipsoidal shell, whose mass is M, whose 
least semiaxis is 0, and whose other two semiaxes are J ^ifi^, ^'{jl fx,^, 
at any point on its surface, is 

^ r dx 
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Hence, the potential of the ring mentioned in the question is to tho 
potential of such an ellipsoidal shell in the ratio of 2 to t'. 

Ill connexion with the subject of this question, Gauss' Determinatio 
attractionis (Gauss, Werke, Band iii. p. 351) should be refer led to. 

[Putting ^ = ^iZiS|i^, 

'- ^ ^ cos> ' 

we shall find the potential to be 

2MK 



.r*ir 

where 






t^-f^. 



^ At a point on the focal hyperbola, H'i = f^a'=~^^) ^^^ therefore 



^ 



^-* = 0, K^^TT, and the potential is 

8 J 



Jfi+b' 



ix. If a cylindrical surface filled with water revolve with angu- 
lar velocity (o about a fixed line parallel to its generating lines, 
prove that the component velocities parallel to the axes of x and y 

respectively of any particle of the water will be -^ , -y , where 

'\/r is a function of x and y, satisfying the equation -y^ + ^ = 0, 
and whose value at every point of the cylindrical surface is 

the fixed line being taken as axis of z. 

If the cylindrical surface be the sector bounded by the right 
circular cylinder r = a, and the planes 6 = a, 0=(x, prove that 

,cos2^ 
^ = ^""c^s^ 

+ 32a)aVS^:; (- 1)^+1 {(2;+l),r-4a][(2i + l)7r]{(2i + l)7r + 4a) * 

Adopting polar co-ordinates, we have to find a function i/^ which 
satisfies the equation 

1 For another solution of this question, see Quarterly Journal of Mathematie$, 
Vol. XIV. p. 21 (December, 1875). 



182 SOLUTIONS OF SENATE-HOUSE [THURSDAY, 

^nd which is equal to i wr^, when 6 = a and r is less than a, and also 
when r = a, and 6 lies between a and a. It also must not become in- 
finite for any value of r less than a. 

Now, putting \p icor^ = X' "^^ ^ ^^^^ X rf^^^st be = 0, at every point 
of the boundary of the sector. Also we shall have 

^+^^ = -20, 

Hence if we conceive a sector of uniform density , surrounded by 

a film of repelling matter which will make the potential at the boundary 
everywhere zero, the potential of this sector* will be the required value 
of x- 

Now, the density of such a sector is expressed by 
4 o) r ttO , d-n-e , ,,, 1 (21+1)77$ ) 

-. ^r--^C0S^--iC0S-^ -+ ... + (-1) 77^ r^COS^ ~ ...}, 

Tr27r(2a-^ 2a ^'2i+l 2 a )' 

2o>^. .,, 1 (2i+l)Tre 

Now, the potential of such a sector as this is 

1 (2i + l)Tr e 



For this satisfies the equation 

and is also = when ^ = a. 

We have now to add a series of terms which shall makethis equal 
to when r = a, and shall themselves satisfy the condition 



(4:) 



dV d' - 
^de^-^' 



These will be 



,,._,,. 1 (2i + \)7rd 
(21+1)5-^ cos ^ ^- 

2a 2l + 1 2 



Hence, the required value of x iiiay be expressed as 



1 (2i+ 1)77 

cos 



s(-,)L'('r\^---,..]2ii^__l_ 
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or 32a)aVS (- 1)*'+^ 
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2i + l ttO 



2i+l w 



^{W ' ""w]{(2i+l)7r-4aK2i+l)7r{(2i+l)7r4-4a}' 
or 32a)aV2 (- l)^-*-^ 



2i + l 7r0 



^ 2i+l IT , \2\ 



'^-Y 



^a/ va;/{(2i + l)7r-4a}(2i+l)7r{(2i+l)7r + 4a}- 

The coefficient of Q may be summed. For, putting 



.(1). 



cos- 



2i_+l ttO 
2 a 



^ (~ ^^' {(2i + 1) TT - 4a} (2i + 1) TT {(2i + i) TT + 4a} '*' 



we get 
d'u 



+ 4w 



/ 2t+l ttV 
~\~T~ aj 



= - ^ {(2i + 1) TT - 4a} (2t + 1) TT {(2t + i) TT + 4a} 



(-l)*cos-H- 



COS (2t+ 1) o ~ 
1 ^ ' 2 a 

= ~4?"^ ^ (2i + l)7r 

_ __J_ !!! for values of 6 between - a and a, 
~ 4aV4' 

1 

therefore .- ^1^ + ^ cos25+ ^sin 2^, . 

^ and B being arbitrary constants. _ ^ 

Now ^ = 0, since the value of w is unchanged by a cliange in the sign 

of ^. 

Also w = when ^ = a ; 

1 
therefore 



= - ^2 + ^ cos 2a ; 
64a 



COS 2^\ 



therefore 
or 



1 / COS 2g \ . 
^""~ 64^' V cos 2a/' 



2i + l T^ 



2 + l T 



COS 



= 32c.aVS (- 1)^+1 Q ' Y(^i+l).-4a}(2t+I)-K^^+i)-^^ 



-h<^ 



. _c_os|^ 
\ cos 2a 



J 
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Hence, since i^ = t^ + |a>r', 

we obtain 

, cos 26 



^ ^ COS 2a 



2i + 1 7r0 
cos-^^^ 



, . (2*+] 



[In a quadrantal sector a = ;i^7r, and the first two terms in tlie value 
of ij/ assume the indetei-minate form oo oo , and must be evaluated, by 
putting a = ^Tr <f>, expanding on the supposition that <^ is so small 
that its square may be neglected, and finally putting (^ = 0. Or, we 
may take the first term of the expression (1) for ;^ which assumes the 

form - , and evaluate it as an indeterminate fraction. 

It will be found that the i-emaining teims of the series for xf/ can be 
summed, and we shall find fijially that for a quadrantal sector 

./. = -?^r" cos 2^ log - + r* sin 26 . 6 

'(oa'/r' a\ . ^ . _, r^sin4^ um^ , _,2rtVcos2^-, 
- h ( - + -i 1 sin 2^ tan -r r -r-^ + tan ' r j .1 

X. If Wj, v^ be the velocities of propagation through a biaxal 
crystal, of the two waves corresponding to a plane front whose 
direction-cosines are I, m, n, prove that 

,. _ (a'-0(a--<) _ (J>^-v:) (-v,') 

If a plane be drawn, parallel to the axis of y, intersecting the 
planes of xy and yz in straight lines, each of which joins two 
imaginary conical points of the wave-surface, prove that this plane 
Yy^ill touch the wave-surface along a circle. 

Any one of the four planes, mentioned in the question, meets 
the wave-surface in a ciu"ve of the fourth degree with four double points, 
which must therefore break up into two cui-ves of the second degree. It 
remains to consider the nature of the intersection of these curves with 
the line at infinity in their own plane. 

Now any one of these four planes is represented by the equation 

(a' - c')^ b=^{b'- c')^ c (a' - b')i ar - 0, 
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and therefore the four planes together- are irepresented by 

(a' - cy V + {h' - cy z' + {a' - by X* 

The planes parallel to them through the axis of y ai'e tlierefore repre- 
sented by 

(J2 _ cy z* + {a'- byx* -2{b'- c") ( - b') z'x* - 0, 

or {ib'-c')z'-{a''-b')xy = (2), 

and tht;.e, of course, intersect the plane at infinity in the same lines as 
those above mentioned. But since the left-hand member of (2) is a 
square, these four lines become two double lines, and therefore each of 
the planes (1) meets the wave-surface in a curve which has two double 
points at infinity. 

Therefore the curve of the fourth degree has six double points, and 
must therefore degenerate into a double curve of the second degree, Le. 
each of the four planes touches the surface,, along a curve of the second 
degree. But this curve meets the wave-surface, at infinity, in the points 
determined by the equations 

aV+6y + cV = 0, x' + i/ + z':=0, 

from the latter of which it appears that the curve is a cii-cle. 



Thursday, January 17, 1878. 1| to 4. 

Mr Feekers, Arabic numbers. 
Mr Niven, Roman numbers. 

1. If a curve of the fourth degree have three double points, 
prove that it will have four double tangents, whose points of con- 
tact lie on a conic section. 

If the curve be represented by the equation 

{A, B, G, A', B:, G'J_yz, zx, xy^^O, 
prove that the equation of the conic will be 

B Cx' + GAf + ABi" - {A'x + By^ Cz^ = 0. 
Hence deduce the equation of the four double tangents. 

Write, for shortness, 
2 = (^1, B, C, A', B', C','^yz, zx, xy)\ 
S - BCx' + CAf + ABz' - {A'x + B'y + C'z)', 
Jb7Jx=$, JCAy--=v, J^^ = ^, A'x + B'y + C'z-^io. 



18G SOLUTIONS OF SENATE-HOUSE [THURSDAY, 

Then S'-iABC% 

Now this vanishes if w = ^ + yj + t,, for it then becomes 

(2^c + m + nvT - 4 {vT + ve + e-rf) -8^m+v+ 

Hence i + rj+^-w is h factor of S^ - iABO% 

And the expression S' AABOS, involves i, rj, '(,, w, symmetrically. 

And the coeflS^cient of |" is unity. 

Hence 

identically. 

Therefore, where any one of the four straight lines 

-^ + ')7 + C + w=0, |-'>; + C + = 0, ^ + 77-^ + 0=0, ^ + 77 + ^-0 = 0, 

meets the quartic 2 = 0, it also meets the conic S=Q. That is, it 
meets the quartic in two points only, and therefore is a double 
tangent. 

2. Integrate the following differential equations : 

(i) z=px + qy-sxy, 

.... pqs 

(11) z = - 5 , 

(iii) c^ {z px qy) + {qs pt) zx = 0. 
(i) =2^aj + 5y sxy. 

Differentiating with respect to x, we get 

ds 
p=p + rx+sy-stj--^xi/, 

ds 
or o = rx J- . xy ; 

ds dv 

therefore y-y--r=0, Le. y-j--r = 0; 

therefore -=f\^\ or --^ = yf"{x)) 

therefore p = yif'{x) + ^ {y). 

Similarly, q Xf^'iy) +f{x) \ 

whence s =f'{oc) + ^'{y) ; 
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therefore z=px + qy sxy 

= ^ {uf'i^) + </> (?/)} + y {^^'(v) +f{x)} 

- ^y \f\^) + A'(2/)} 



(ii) 



pqs 



rt-s" 

Putting P = ^, q=Y, px + qy-z = Zy 

we obtain (see Boole's Differential Eqvxttiotis), 

d'Z 



~ (PZcV-Z _ / d'Z Y 
dx? dY' \dXdY) 

whence the equation is reduced to 



^=x^+r^-AT "^^ 



dx dy dXdY' 

which is of the same form as (i). 

(iii) q' (z-px qy) + {qs ft) zx = 0. 

Adding and subtracting yzqt, this becomes 

9* {z-px- qy) + z{q{xs + yt)-t (px + qy)} = 0, 
or qz (xs + yt + q)- (px + qy) (q' + zt) = 0; 

therefore qz -^ {px + qy) - {px + qy) ^ {qz) = ; 

therefore - a function of x, (}>{x) suppose ; 

qx 

therefore ^ J^ "^ ^^ " '^'^ ('^^^ ^ " ^' 

or, changing the dependent variable from z to y, 

x~--y + z<i>{x) = 0, 
ax 

d {y\ z<l>{x) _ 

therefore l = -zj^^dx+/{z); 

tlierefore writing - a; I ^ dx = \l/ {x), 

y = zi)/{x)+x/{z). 
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iii. State and prove Lagrange's Equations for the motion of a 
dynamical system. 

Shew that the kinetic energy of a system of mutually attracting 
masses m^, m^,... is 

iM{u +V +10 ) + ^. -j^ , 

where u, v, w are the velocities of the centre of inertia of the 
system, M its total mass, and F is the relative velocity of the ^ 
particles m^, m^. 

Thence obtain the general equations for the relative motions of 
the system. 

Let the masses of a system of particles be m^, m^, m^ ..., and 
their co-ordinates x^, y^, z^..., the kinetic enei-gy of their motions is 

But, on expansion, it will be seen that 
(ij + mg + wig + . . . ) {m^x^ + m^x^ + , . . ) 

= (in^x^ 4- mjK,^ + . . . )^ + 'ni^in^ (x^ x^' + ni^m^ [x^ x.^ + . . . 
If therefoi"e u, v, w, V^g have the values stated in question, 
M=m^ + m^ + m.^+ ... , 
Mu = m^x^ + vijx,^ + . . . , 

and the kinetic energy 

1 ir/ 2 2 \ 1 '^'>l^r'"^s^J 

= IM {u' + v' + to') + I . '^jj^-^ . 

If there be n masses, the 3n co-ordinates of the system may be 
represented by the three co-ordinates of the centre of gi-avity and Sn - 3 
other generalized co-ordinates 6, (f>, if/ ... expressing the relative motion ; 
the kinetic energy due to the relative motion is that given in the 
second member of the equation ; let us call it T. 

The equation^ of relative motion are then of the form 

d_ dl\ _dT^_ dV 

di ' ~d^ ^ ^ ' 

iv. Prove that the vibrations of any dynamical system moving 
under conservative forces about a configuration of stable equilibrium 
may be resolved into a system of normal types, whose periods are 
real. 

Investigate the effect on the normal vibrations of introducing 
(1) small variations in the constants which determine the constitu- 
tion of the system, and (2) small frictional forces on the particles 
of the system proportional to their velocities. 
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If a system primitively free be restricted by constraints to r 
degrees of freedom, prove that the periods of the constrained system 
are all intermediate between the greatest and least periods of the 
free system, and that the sums of the products s together of the 
squares of the new periods lie between the greatest and least values 
of similar functions of the original periods, s being any number 
less than r. 

The effect of a small alteration in the constitution of a con- 
servative system has been analysed by Lord E-ayleigh {Theory of Sound, 
190). To trace the effect of introducing small frictional forces. 

Let the generalized co-ordinates of the system be x^, x^..., and let 
the kinetic and potential energies be reduced to the normal forms; 
that is to say, 

When the frictional forces which act on the particles of the system 
are proportional to their velocities, there exists a dissipative function, 

The general equations of motion are of the type 

dt ' dx dx dx dx 
For the case of small motions under contemplation, the equations 

a,*. + <^i^2 + (^n *i + ^.2 ^2 +) = 

When the frictional forces are altogether neglected, the motion 
consists of a series of normal types of which the periods are given by 

<^,Px=<^i^ 2^2' = ^2' . 
Let us consider the effect of friction on the type p^, and put 
therefore _ 

Where friction is neglected, A^, A^, ... vanish, and therefore ^, .../are 
of the order of the small coefficients (6). 

Neglecting, therefore, squares and products of small quantities, we 
obtain 

Aa^{{pJ^\^fS^P:]^pJ^(^K^^'^^'^"-'>^^ 

am-p"+p:) +pJz1-^^'' ^^ 

AM-P:-^Ps) +/'.V-1-A, =0; 



are 
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from these we obtain 

The real system of vibrations which these indicate is 

x,=A.e a, cospJ,x^ = A. 5* ,-^e oi sin7, <tc. 

P2 Pi s ^1 

Each normal Aabration, therefore, gradually dies away, and is ac- 
companied with other normal vibi-ations which are each a quarter of a 
phase in advance or rear of it, according as ^^^^ o*^" <i^i- 

To investigate the motions of a constrained conservative system, 

let y^, y^j 2/m ^ ^^ ^^^ typ^s in which the system can vit>rate ; 

then we must jout 

where A^, B^ ai-e new constants. 
The kinetic enei'gy 

and the potential energy 
where 

A.=M,'' + M3-' +M/-, ^,.=-MA + MA+-- 

The equations of motion are 

"u^i + s.2/ + + ^i^y. + /^^^y. + = 0, 

&c. = 0. 

To solve these, piit 

2/, = F," cos pt, y^ = Y^ cos ;^<, . . . 

On substituting, and eliminating T, ... , we obtain for p the fol- 
lowing determinant, wherein a^^, ^,,... are replaced by their proper 
values, 

(-ay+c.)^.A+(-2P'+<-)^2A+--' (-ay+c,)5,'+(-ay+cJ^/+..., &a 
<fec. , ttc. , fec. 

= (I)J' 
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This determinant may be split up by columns, and it will be ob- 
served that any one of the new determinants found by taking two cor- 
responding parts out of any two of the columns must vanish. To see 
the law of decomposition let us take the 1st part of the 1st column the 
2nd pai-t of the 2nd, and so on; and let us introduce the original 
periods for (c) by means of the equations c^ = aJi^,.... The partial 
determinant required is 

A3 'KiPx-p') {pi-f) kPr-f) I ^., ^, ^, I Aji^ ... a;. 

But each constituent of the determinant A consists of n terms, and 
the determinant itself has r rows ; and it is evident that the result of 
the decomposition is the following equation : 

2Ka, ... aXf-V^) if-V:) - X (^., ^... Ky = (II). 

In this result (A^, B^, ... K^ represents the determinant on Sylves- 
ter's umbral notation, and the summation denoted by 2 is extended 
over combinations r together of the n symbols 1, 2, 3 ... ?i. 

From this form of the equation in p, it is obvious that no value of ^ 
can be greater than the greatest of the original periods p^p^ ... or less 
than the least of them, it being remembered that a^, (i^ are essentially 

positive. 

Let the roots of the above equation be m^', w^*..., and let (>*), 
denote the sum of the products s together of these quantities, (p'),i the 
sum of the products s together of the squares of any i of the original 
periods 

Cp e^ . . . being the coefficients of the equation for ^ in its form (II). As 
gj, e^ ... are all positive, it follows from a known theoi'em in Algebra 
that (tzr^), is intermediate between the greatest and least of the series 

(pXApX.- 

5. Assuming the following equations for the determination of 
the motion of the Earth about its centre of gravity, as affected by 
the action of the Sun, 

A ^ f-t sin e]-Cn^ = -Sn'\C- A) cos n't sin n't sin d, 
dt\dt J at 

A^^ + Gn'^sme = -Sn"(G-A) sin'' n't sin d cos 0, 
at at 

prove that the pole of the earth, in consequence of solar nutation, 
describes an ellipse with an acceleration tending to its centre, the 
absolute acceleration being 4?^'^ and the semi-axes being 

1^' ^sin 0, and ^ ^ cos 0, respectively. 
4?i G ' 4<n G 
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vi. Investigate the conditions necessary that 

may be a maximum or minimum, discussing the conditions which 
may be imposed at the limits. 

Uniform elastic wire is held bent by proper forces between two 
points A and B so that, the area between the wire and AB being 
given, the work expended in bending the wire may be the least 
possible. Shew that the curvature at any point varies as r* a^, 
where ^5 = 2a, and r is the distance of the point from the middle 
point of AB. Shew also that, if the wire be bent completely round 
to satisfy the same conditions, the form of the wire will be given 
by r^= c^cosS^. 

The work W done in bending the wire will be 

1 la'' -, ds, 

where p is the radius of curvature and 

1 _ /(FxV fcPyV 

p' ~ \dsy "^ \dsy 

The area A enclosed between the curve and AB 



= fi/dx = fj^ds. 



We have, therefore, according to Ohm's rule, to put 

8W-\BA = (I). 

Now 

-^ , f/d^x d'Sx d^y d^Sy\ . 

therefore dxd^ dycUy 

as ds as ds 

The second tenii of the value of STT may therefore be put iu the 
form 

dy^ 

.a^((p^y^<^;^y^ds 

J \ds^ dx ds^J ds 
ds 
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dy dy 

ds da 

fdx , 



19.7 



8. = /f8^../.S** 
dy 



= /Jv^-2/.|82/ + /| 



ds 



r ^1 

ds 
dx 
ds. 



ds . By. 



Substituting in equation (I), and equating to zero the parts under 
the sign of integration, 



2d 
a ^ 



~dx d?y dy d?x~ 
s ' ds^ ds ' d, 



dx 



.dx d 
ds ds 


- dy 

ds 
^Tx 




L ds\ 



T =0. 



Integrating and multiplying up by -j- , 



dx d^y dy d?x 
ds d^ 



dy d^x / dx dy\ 
JsIs^'^Vda'^^ds) 



dK 
ds 



Integrating again, 

dx d^y dy d^x , , ,, , 



.(II). 



ds^ ds ds^ 

or 9 (*^^ + y^) = cx+ c'. 

Let us retui'n now to equation I; the terms outside the sign of inte- 
gration are of the form 

where Q is the coefficient of Sy, and the integration is taken between A 
and B. 



This may also be written 



a-.ase\-(Q&,)l, 



where 6 is the angle which the tangent at any point makes with the 
axis of X. 

Now Sy= at both limits, and SO is perfectly arbitrary; therefore, 



at both limits, - = 0. 
P 
S.-H. P. 



13 
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Let us introduce these conditions in equation II, and suppose 
AB = 2a, the origin beiag at ^ ; 

0=c' 

-x 4a* = 2ca ; therefore c = Xa. 
2i 

Hence - = |X {{x - a)' +y'- a'} = |\ (r' - a'), 

H 

as in the problem. 

When a = 0, the wire is bent completely round, and we may put 

for - its value -y- , 
p rdr 



therefore : = |Xr^ 



dp 

dr 



we thus find 



W 



hence V = ^Ar*, 

no constant being necessary because, when r = 0, p = 0. 

Put I^X = 1 , and remember that 
c 

\dQ) ~ t' ^' 

f Sr^dr . _, /r^ 

= / 77-fi fi^ = sm I -. ) + const. 

and this may be put into the form 

'" = c'cos3^. 

vii. Determine the permanent temperature in a uniform plane 
plate which extends to infinity in one. direction and is bounded by 
three straight edges two of which are parallel and at right angles 
to the third, the parallel edges being kept at temperature and 
the remaining edge at temperature 1. 

A plate extends to infinity in two directions and is bounded by 
two straight edges which meet at right angles in A. Both edges 
are at temperature except a portion AB of one edge which is 
kept at temperature 1, prove that the temperature at any point P 
of the plate is given by 

- tan"^ ^4% and by i ( z APB - i APC), 

where a,, 6, are the axes of the ellipse, and a^, h^ those of the 
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liyperbola which can be drawn through the point having A as 
centre and B as focus, and where G lies in BA produced so that 

AC^AB. 

Fourier, in his Theorie de la C/uiieur (p. 208), has given an 
expression for the permanent temperature at any point of a rectangular 
table infinite in length in one direction (that of x), of which the two 
parallel edges are kept at temperatm-e 0, and the third edge at tempera- 
tiure 1. 

If 2a be the distance between the two parallel edges, and one of the 
angles be taken as the oi-igin, the temperatxxre is 

2 sm ^ 
^ . _, a 

V = ~ tan 



2irX iitJC ' 

e 0- -e ~a 



Let the edges of the plate be AX and A Y, and let the confocal system 
be drawn of which B is one focus and A the centre (fig. 63). Let 
a, ^ be the thermometric parameters of any point in the plane. 

Then the semi-axes of the ellipse and hyperbola which pass through 
any point are, respectively, 

c cosh a, c sinh a ; and c cos j3, c sin /8. 

The temperature satisfies the equation 

and also the following conditions, 

along AB a = 0, T =^ 1 ; at the infinite boundary a = 00 , V=0; 
along ^Z, )8 = 0and V=0; along 47, )3 = ^and 7 = 0. 

The problem is therefore, analytically, the same as that of Fourier. 

Therefore F = ^tan- i^^^^^\ = -tan"' ('^). 
TT \eosh a smh a/ ir \<^i^i/ 

The second fonn of the result may be thus derived. 

Let XA be produced indefinitely to X', and take AC = AB, and sup- 
pose AG kept at temperature 1. 



Then the expression, 



r= - {i APB - L APC), 

expresses the temperature in the infinite plate bounded by the edge 
XX' ; for (1), the angle APB, being = i PBX - ^ PAX, satisfies the 

equation ^-^^^=0; (2) within AB, i APB = n&nd iAPC=0, 

^ 13-2 
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and therefore V^l, (3) the temperature in AC is similarly =-1, and 
(4) in ^X and 6'X', F=0. 

The above expression for V therefore expresses the temperature in 
the plate, and since V for all points hi AY, the expression represents 
the temperature at any point of the plate bounded by ^X and A Y. 

It is easy to prove, geometrically, that the two expressions are 
equivalent. 

8. If V, a, /S be three functions of x and y which satisfy the 
equations 






and if 



ax ax dy dy \dxj \dyj \dxj \dy J 

prove that T^^+W^^' 

A plane area is bounded by a semi-ellipse and its axis major. 
The elliptic boundary is maintained at the uniform temperature 
unity, and the axis major at the uniform temperature 0. Prove 
that the temperature at any point within the area is 

4 /sinh <fi . ^ 1 sinh 3;^ . ^^ \ 

TT \sinh X, 3 sinh 3A *^ -J > 

where c cosh 0, csinh^; ccos^, c sin ^, are respectively the semi- 
axes of the ellipse and hyperbola passing through the given point, 
and confocal with the elliptic boundary, and X is the value of (f) at' 
that boundary. 

We have .first to shew that <fi and 6 satisfy the equations 

^ ^-0 -a 
dx''^dif~ ' doc'^df~ 

Now, x-c cosh ^ cos 9, y = c sinh <^ sin 6, 

therefore x + J^ 2/ = s (* ^"^^ + "* -^~i<'), 

= c cosh (^ -I- J"^ 6). 
Similarly x - J^^ y = c cosh (<^ - J- 1 6) ', 

therefore </> = ^ /(cosh)- ^"^^~^^ + (cosh)- ^^^-^X 
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and therefore satisfies the condition + _?=0' 

daf dy* ' 

similarly 6 = -^ |(cosh)- ^J^Llll _ (cosh)- 'E^uEllX , 
and therefore also satisfies this condition 

dx^'^ dy'~ ' 
Now, if V be the temperature at any point, we require that 
d'V (fV ^ 

^^'^=0 0). 

also V must be equal to 1 throughout the elliptic boundary and =0 
throughout the axis major. 

Now, consider the series 

4 /sinh 4> . ^ , sinh 3<i , . \ 

- ^-r-T sm ^ + 1 . ,^ sin 3^ + . . . ) . 
ir \sinh A "^ smh 3A, / 

This evidently satisfies the condition (1) for every term separately 
does so. 

Also, thi'oughout the elliptic boundary, ^ = X, and the above ex- 
pression therefore becomes 

4 

- (sin ^ + ^ sin 3^ + i sin 5^ + ...), 

which is equal to unity. 

With regard to the axis major, we must consider separately the 
poi-tion included between the foci, and the two portions between the 
i-espective foci and vertices. 

For the former of these, ^ = 0, and therefore every term of the 
above expression vanishes separately. 

For the latter, = 0, or d = ir, and therefore also every term vanishes 
separately. 

Hence, all the boundary conditions^ are satisfied. 

[The series for the temperature expressed by elliptic functions is 

I tan-' ik sn (^ 0, k\ tn (^ <^ A;')| , 

where ^, = ^. 

It can be readily verified that this expression satisfies all the 
required conditions. 

The expression for the temperature is also the expression for the 
current function of electricity flowing in the semi-elliptic area, the elec- 
trodes being at the vertices of the major axis of the ellipse, and the 
strength of the current being unity.] 
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ix, A mass of fluid of variable density revolves uniformly 
round an axis under the influence of its own attractive forces ; 
assuming the layers of equal density to be surfaces of revolution, 
investigate the equation which determines their form. 

What external phenomena, due to the earth's attraction, are 
independent of its internal constitution? 

If the earth consisted of a nearly spherical mass of fluid of 
density o-, and mean radius b, surrounded by a mass of fluid of 
density p, and mean thickness a b, shew that, on the equilibrium 
theory, the tides of the two fluids, due to a distant body situated 
in the equator, would have constantly the same ratio at two places 
in the same radius, and that that ratio is 

r 

c(5s + 2 + 3c) : 55 + 5c^ where s = ^- , and c = - . 

cr p a 

Let the axis of z coincide with the axis of rotation, and the axis 
of X pass through the moon, whose distance suppose to be J), and mass M. 

Let a;^ + V* + !S^ = r", and A. = - , w, = - ; and let 

r r 

These are the two spherical harmonics upon which the forms of the outer 
surface of the earth and its fluid core will depend. 

For the potential at any point due to rotation 

and the potential due to the moon is 

M _Mf X Sr" \ 

The first two terms of the latter expression will not affect the form 
of the eax'th, but merely the position of its centre of gravity ; we shall, 

therefore, neglect them, and consider only the third term ^ S.^. 

Let the form of the outer surface be given by r = a (1 + Tj),") ,, v 
and that of the fluid by r = 6 (1 + ^jj'"^ '' 

Y^ and Z^ being two surface harmonics of the second degree. 

If we put 8 = cr p, we may consider the attraction of the earth as 
due to two solid masses of densities p, 8. 

The potential at any point of the outer surface consists of two parts 
F,. Fg, due to the outer and inner spheroids 

,. 47raV 47r* ,^ -,. 47r6^8 iirh^ _ 
V - -1 } V ^ Z . 
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Putting, in the first terms, 

r-=a-(l-.r,), 
we find for the potential at the outer s\irface, 

V=^(a'p + b^B) (1 - rj + ^3 (a>F. + J*8Z.) 
= const. + iva' {AZ^ - BY,), 

where ^ = ^, ^= \^ - (2). 

The equation of equilibrium of the outer surface is 

AX,-J1T, + ^J.-^S.'=0 (3). 

The potential at the inner surface will also consist of two parts 
F, and V^, where 

r, = const. - |7rpr* + ^vpra F,, 

Putting now r = b(l +Z,), we obtain for the complete potential at 
the inner surface 

F= const. + 4:ir {B'T^ - A'Z^), 
where ^' = ^V (2S + 5p), J5' = ip, 

' and the equation of equilibrium of the inner surface is 

^Y,-A'Z^4j,-^.S'.^0 (4). 

If we solve (3) and (4), we see that J, and Z, are each the sum of 
multiples of S^ and S'^. The former of these tei-ms express the forms of 
the surfaces when the moon's action is altogether neglected : the latter 
give the tidal effect of that action. 

Considering only these, we find the parts of F, and Z, due to 

them to be given by 

(AB-A'B)7: = ^(B*B% 

(Aff-A'B)z:=^Ai*n 
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It is clear, from these results, that the two tides have constantly the 
same ratio at points in the same radius, and that that ratio is 

b{A + A'):a{B + '). 
Now A + A"= Jg. |5p + 8 (2 + 3 ^,) j , 

and B + B' = ^(5p + 5B.^^. 

If, therefore, c = - , and s = ^ = , 

' ' a cr-p 

the ratio becomes e{5s + 2 + 3c*) : 5s + 5c^.. 



Friday, January 18, 1878. 9 to 12. 

Mr Feekees, Arabic nnmbers. 
Mr Greenhill, Roman numbers.. 
Mr NivEN, Greek numbers. 

1. Enunciate Sturm's Theorem. 

Prove that, if a, yS, 7--. be the roots of the given equation, the 
successive functions are of the form 

each with a constant multiplier. 

(See Salmon's Modern Higher Algebra, Arts. 47 and 48, p. 45.) 

ii. Define the elliptic functions sn x, en x, and dn x, and solve 
completely the differential equations 

(i) -7^ f n^w + aw'* = ; (ii) -tt + w^^^ + /5w' = 0. 

Prove that, if a uniform chain fixed at two points rotate in 
relative equilibrium with constant angular velocity about an axis 
in the same plane with the line joining the two points, the form 
of the curve assumed by the chain will be given by 

y = 6 sn J^ - , 
^ a 

the axis of rotation being the axis of x. 



I 
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i If ^=l'-r~^^ 

Jo V(l-Fsiii</>)' 

then <^ is called the amplitude of x, the modulus being k, and is denot<Hl 
by am (a;, k), and sin <^ is the sine of the amplitude of x and is denoted 
by sna? ; cos (f> is denoted by en a;, and ^(1 - k'sin'tf)) by dn x. 
Consequently if 2/ = sn x, then 
p. ^ p dy 

if y = en X, then 

^ fi dy 

id if t/ = dn X, then 



Jl/ K 



k'dy 



(i) If 77^ *" '^^^ *" "^^ "^ ^' 

multiplying by -^ and integrating, 

2 



n/{(1-2/^)(2/^-1 + *^)} 
-^ an'^ 

I. If (7 is negative or greater than^ g, the right-hand side has 

only one real linear factor, and we must put 

(du\^ 

where a is greater than if C is greater than ^ , and is less than 

3^2 , 
- -^ if C is negative. 

We must now put 

, 1 - cos ^ 

1 + cos ^ 
and therefore 

/ \2 if T 1 - cos <^\' g 

^ ' \ 1 + cos </)/ 

, 1 -cos<i /I -cos^Y 

, 1 - F sin*<^ 



= 46 



(1 + cos <^)* 
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. , du 21) sin 4> 

Also 



d<i> (1 + cos <I>Y ' 
therefore (-^) =fa6(l- ^*sin^<^), 

and therefore ^ :=> am < ^ (< -r), A; > , where ^ = |a^ : 



and therefore u = a-b . 

l + cn-{t-T) 

a 

II. If (7 lies between and ^-^, the right-hand side of the equation 

oa 

will break up into three real linear factors, and we must put 

^ \It) = ^'"(^ + ^) (^ + ^) (<' - w) 
and the limits of u are therefore either - co and a, or b and c. 

First suppose m to lie between - oo and a; we must put 

u + a = (a h) tan'(f>, 

and then m + 6 = - (a - 6) sec* <f}, 

, ,l-Fsui*A _ J + c 
c - w = (a + c) g , A;^ 



cos^ a-^ c 

du _ , ^ . sin <i 
d<l> ^ ' COB <l> 



Also =_2(a-6)---^, 



therefore f;;^) =o(a + c)(l-^^ sin* ^), 

and therefore <;^ = am -I ^ (< - t), ^ > , where y7^ = |a(a + c); 

therefore u- - a - {a -h)tn^ ^ {t - t). 

Secondly, suppose u to lie between - h and c; we must put 
w = c cos*^ - h sm^(f), and then w + a = (a + c) (1 - k^sin-<f)) ; 
w + 6 = (6 + c) cos'c^, c-w=(6 + c)sin*</; 

where k' = , 

a + c 
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and then (^^^ = ^a{a + c)(l -^sin,^), 

and therefore </, = am |^ (< - t), ^| , where ^*= a(a + c) : 

and therefore w = c en* ^ (< - t) - 6 sn" ^ ( _ t). 



(ii) I^ -T^ + n'u-hl3u'=0, 



dt 



multiplying by -j- and integrating, 



\dtj 

rduV 



C must therefore be positive, and the right-hand side of the equation 
will split up into two factors, so that we may put 



K 



and therefore w = a en ^ (^ - t), 

[The approximate solution of these differential equations when u is 
small is considered in Lord Kayleigh's Sound, 67.] 

Suppose the chain to be revolving with angular velocity w, and let 
m be the mass per unit of length of the chain, t the tension at any 
point. 

Then the equations of relative equilibrium are 

Therefore t^^= T, a constant, and 
ds 

d /dy\ nidi' d^s m<a' dy 

Therefore, integrating, 
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Therefore (|)' = '^ (V - ,) { 1 . |^ (6' - ,/)] , 



and therefore y = 1 so. K - , 



moi^b' , K^ mix? /, mnol?^ 

ai 



...^^ , ,. ...^ (. mu?}f\ 



'IT 



Kk. 



iii. State and prove Green's theorem, and deduce with the 
usual notation that 

Hence prove by putting U= - , that if an equipotential surface 
be coated with matter so that at each point the surface-density is 

-J , where R is the resultant force due to the original matter 

47r 

acting outwards from that point of the surface ; then the potential 
of the coated surface at any point of the outside of the surface 
will be equal to the potential at the same point due to that part 
of the original matter which was on the inside of the surface ; and 
the potential due to the coated surface at any point of the inside 
added to that due to the part of the original matter on the outside 
will be equal to G, the potential at the surface. 

Putting U= , where r is the distance of any point xyz from 

a fixed point 0, and first supposing outside the equipotential surface; 
then V"(7= inside the surface, and over the surface 



//4>=-//f^-o. 



dV 
Also V- V= ivp, and -^ = - ^ i 

an 

therefore Green's theorem becomes 

or jjidxdydz=jj^^dS, 

which proves the first part. 

Secondly, supposing inside the surface, then VJ/'^O inside the 
surface except at the point 0, and /// VVUdxdi/dz= - 47rF, where F 



I 
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is the value of V at the point 0; also 

Therefore Green's theorem becomes 

- 47r F + jjj^dxdydz = -inC + jj^ dS, 

jj&r'^^^^o-jjj'.dxdl^dz^C, 
which proves the second part. 
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4. A material system in stable equilibrium, under the action 
of a conservative system of forces, is subjected to a given displace- 
ment. The kinetic energy of the actual motion will be less than 
that of any other geometrically possible motion by the energy 
of the motion whicb must be compounded with the actual motion 
to produce the other motion. 

(See Thomson and Tait's Fatural Philosophy, Art. 317, p. 225.) 

V. Prove that the velocity U of propagation of waves of small 
displacement of length \ in water of depth h is given by 

tr^^l^tanh?^. 

ZTT A. 

If liquids of densities p and p and depths h and h' be con- 
tained between two fixed horizontal planes at a distance h + h', 
prove that the velocity U of propagation of waves of small dis- 
placement of length A, at the common surface is given by 

{U-VcoBof p coth 

A 

+ ( C7 - F' COS a') V coth ?^ -'1^ (p - p) = 0, 

where V and V are the mean velocities of the currents in the 
liquids, and a and a the angles the currents make with the 
direction of propagation of the waves, the currents slippmg over 
each other. 

Reducing the motion to plane steady motion by applying at 
every point of the liquids the reversed velocity of the cross currents 
and the reversed velocity of the wave propagation, and supposing the 
equation of the surface of separation to be y^hsmnix; then if i/', i/' 
denote the current functions of the liquids, 

I , sinh m(/i + ?/) . ) 
^ = iU- Fcos a)[j-h -~^^:^ - --} > 

f - (6^-rcosa'){y- h--^^r- Bin nuc^ 
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For \f/ and i/r' satisfy the equation of continuity and the conditions 
that V = Y- = when y=. h, and v = - = when ?/= h; also when y = 
in the coefficient of 6, that \^ and i//' both denote the same stream line 

' y h sin mx. 

The dynamical equations are 

r 

r 

where g', q' denote the velocities in the liquid, and ff, H' are constants. 
Neglecting h^. 

At the common surface of the liquids p =p', 
or l{pT-P2')-9{p-p)y=^pH-p'U\ 

or, putting y = in the coefficients of h, 

y (u-r cos ay ~y{u- vcosay 

+ m{( U- V' cos a^p'coth mh' + {U'^Vcoii a)*p coth m/t}6 sin mx 
- gip -p)h sin mx^pH-p'H'; 
and equating to zero the coefficient of b sin mx, 

m{{U- V cos a')p coth wi/i' + {U- Tcos a)p coth mA} -g{p-p') = 0, 

and m = , 

A 

giving the required result 

(CT- Fcos afp coth ?^ + (CT- r cos a')V^ coth ?^ - g^ (p _ p') = 0. 
If we put p'=0, F=0, r-0, we obtain 

the result of the book- work. 

Suppose however the motion not to be reduced to plane steady 
motion; but denote by 0, <^' the velocity functions of the actual motion 
of the liquids; then if 

<^ = Fcos a.a; + Fsina.a+^ cosh m{h + y) cos {mx - nt), 
(f>'= F'cos a', a? + F' sin a'. + A' cosh m(h'- y) cos (mx - nt) ; 
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then <f> and <j>' satisfy the equation of continuity and the conditions that 

-^ = when y = -h, and -j- = when y = h'. 
dy " dy '' 

At the surface of separation the direction of motion of the liquid 
relative to the moving surface of separation y = 6 sin (waj nt) muat bo 
a tangent to the surface, and therefore 

di^ dffi 

dy dy dy 

^ _TT ^ Tj dx ' 

dx dx 

or, neglecting A' and A'", 

mA sinh mh cos (thx nt)_ mA'smh mh' cos (mx - nt) 
Fcos aU F'cos a! U 

= mh cos {mx nf), 

A sinh trih _ -^ sinh mh! _ , 

'' Fcosa-^~F'cosa'-tr~^' 

and therefore 

^ TT ' ,TT J-., .cosh m(h + y) , . 

^ = Fcos a . cc + Fsm a. + ( F cos a - (7) 6 . , ^ . cos (mx - nt), 

<f>'= F'cos a', a; + F'sin a', z - (F'cos a'-^U)b ^"^^^^^^^ cos (mx-ni). 
The dynamical equations are 

and at the surface of separation p =p', 

Also at the surface of separation, neglecting 6', 

q'= F*-2Fcosa(Fcosa- U)mbcoih.mhsm (mx-nt), 
q" =r" + 2 V cos a ( F' cos a - U) mh coth mil sux{mx-rU); 
and therefore 

+{ F'cos a'( F'cos a- U)p'cothmh'+ Fcos a( Fcosa- U)p coth mh}mABm(mx-nt) 
-{(F'cosa- Cr)p'cothm/i'+(Fcosa- U) p coth mh} nb sin (mx - nt) 
-g{p p')b sin {mx -nt) = p'H' pTI\ 
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and equatiug to zero the coefficient of sin {mx nt), 

{T'cos a'(F'cosa'- t^)p'coth Wi'+ Fcosa(Fcosa- U)pcot'hmh\7n 
{(V cos a - U) p coth mil + ( F cos a - V')p coth rah } n 
-9(p-p')=0, 

and m = ^ , n -r : leading to the same result as before. 
A A 

6. If a uniform horizontal bar, both of whose ends are fixed, 
be so displaced longitudinally that, initially, one-half is uniformly 
extended, the other uniformly compressed, prove that the dis- 
placement (t/) of any particle (a;) at the time t will be 
8nZ.^ 1 , . . 7r a ,_. -.Tree 

11 being the length of the bar, the middle point being origin, and 
nl the initial displacement of the middle point. 

The value of y must be such as to satisfy the equation 

-'g 0)- 

It must also, for all values of t, be equal to zero when x ^l. 

l x 
And we require that, initially, y shall be equal to nl ^, for all 

1/ \- X 
values of x between and l, and to nl r for all values of x between 

- 1 and 0. 

Kow it is known that the expression 

is equal to j from a; = io x = l, and to - j from a; = -Zto a;=0. 



Hence, integrating with respect to x, we see that 
2Z ( TT a; 1 Stt a; 1 



-lcos^^+^.cos^,4-... + ^-2^^^,cosi 2-^^ + ...j 



is equal to j (?- a;) from a: = to a; = ^, and to -7 (/ + x) from x = -l to 

X = 0, the arbitrary constant being determined by the fact that the 
series vanishes when x = ^l. 

4 nl 
Hence, multiplying by - we obtain, for the initial value of y 

IT C 

1 ;V=- 1 (2i+l)7ra; 
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and therefore, for the general vahie 



ft 



8 i=oo 1 {2i+l)Tr at (2i+l)7raj 



since this satisfies the diiferential equation (1). 

^. Describe and explain the phenomenon of external conical 
refraction. 

If one of the directions of vibration in a plane wave inside a 
crystal make angles a, ^ witli the optie axes, and the other make 
angles 7, S, prove that 

cos a cos S + cos ^8 cos 7 = 0. 

Prove also that, if a ray be incident on the face of a crystal in 
a plane passing through one of the optic axes, the directions of 
vibration inside the crystal will be either perpendicular to this 
axis, or will lie on the surface of a cone of the second degree. 

Imagine a unit sphere drawn with centre at the origin 0, 
and let the mean axis of the ellipsoid of elasticity be chosen as the axis 
of z, and let its two circular sections be denoted by 

y=-xi-AXi.A, y = + xi2LVLA. 

Suppose, also, that any third central section DCD' (fig. 64) meets the 
first circle in D, B' and the second in . Let F,, F, be the middle 
points of CD, CD' then Fj, and OY^ are the two directions of vibration 
in the wave. 

Let ZC = Q,, ZD^d^, ZD' = TT-e^, CD = yl>. 

The co-ordinates of C are sin 6^ cos A, sin 0^ sin A, cos 6^ , 



.D ... sin^jCOS^, -sin ^2 sin J, cos^,, 
.D' ...-sin6 coaA, sin ^^ sin J, -cosi 



Those of F, {l^, wij, Wj) by 

2?, cos ^i}/ = (sin 0^ + sin 6^) cos A, j 

2m^cos^i[/ = {sin6^-aia6^)sinA,[ (1). 

2w,cos|i/'= cos^j + cos^g ) 

Those of F, (l^, m wj by 

2;^ sin |i/^ = (sin ^, - sin ^J cos il, 
2m^ sin |i^ - (sin ^, + sin 6,) sin A, 
2n^ sin ^iff = cos 0^ - cos 6^. 



optic axisO,, perpendicular to^C is given by sin J, -coaA, OU^^ 
Q ^J) ainA, cobA,0) 



S.-H. P. 
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It is obvious from these equations that 

cos Vp^ cos r^O^ + cos i\0^ cos F^Oj = (a). 

Let \, fi, V be the direction-cosines of the normal to the wave ; then, 
since it is at right angles to OG and OD, 

X cos A sin. 6^ + iJL sin A sin 0^+v cos 6^ = 0, 
X cos A sin 0^- fj. sin A sin O^ + v cos ^^ = 0. 

From these equations we obtain 

2X cos A sin 6^ sin ^^ + v sin (6^ + 6^) = 0') 

2fi sin A sin 6^ sin ^^ + v sin (^^ - 6 J = J 

But, turning to equation (1), we see that 
I 



.(3). 



n cos A ' 



,, /a /i\ 2In cos A .. .. ?i'cosM-Z^ 

therefore sin (^^-f^J^ ..^^^.^^,^ , cos (^, + e,) = 



^^ + ?l^ cos^ 



n^ cos^ J. + Z* ' 



tani(^,-^,) = --4^-; 

i-i, //I /I 2mwsin^ .. .. 

therefore sin (^,-^,= ^,2^,,,,-^.^ , cos (^, - 6) = 



>{i). 



n sm' 



'A-'. 



i^ sinM + ?>i^ ' 



m + 71 sin 

From these we also derive 
2 sin 6^ sin 6^ {n' cos' A + P) {n' sin" A+m')= 2n\l' shx'A - m' cos' ^1). . .(5). 

Suppose now the noi-mal to a wave, incident upon a given face of a 
crystal, to lie in a given plane; the normal to the refracted wave will 
also lie in the same plane ; suppose, therefore, that we have 

a\ + /3/A + yv=0 (6), 

where a, ^, y are the direction-cosines of the plane of incidence ; the 
above equations (3), (4), (5) enable us to determine the conditions 
thereby imposed upon the directions of vihi'ation. 

We obtain, on substitution, 

aln (m* -f- w' sin* A) - fimn {P + n' sin* ^) 

--y?i*(Z*sin''^-m*cos*^) = (7). 

Rejecting the factor n from this equation, we see that, when the 
normal to the incident wave lies in a given plane, the directions of 
vibration lie on the surface of a cone of the third degree. 

Let the given plane contain the optic axis (?,, 

then asin^ -/3cos^ = 0; 

we may therefore take a = c. cos A, 

/8 - c . sin A, 
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The cone (7) now takes the form 
elm (m cos ^ - ^ sin A) - cv? sin A cos -4 (w cos -4 - Z sin il) 

+ ya (wi* cos" A-1^ sinM) = 0, 
which breaks up into the plane 

? sin -4 - m cos ^ = 0, 
and the cone 

c {Im - n^ sin J. cos ^) + yw (^ sin ^ + m cos A) = 0. 
The plane m evidently at right angles to the optic axis . 

7}. Obtain the general equations of equilibrium of an elastic 
plate of small thickness, under given forces. 

A thin uniform spherical shell of isotropic material, whose 
weight may be neglected, is made to perform vibrations in the 
direction of the radius, symmetrical about a diameter. Shew how 
they may be found. 

Prove that they are given by 

Sr = a sin ntPi (jjl), 
where w= (^-l) (^ + 2) {A (i-l) (i + 2) -^}, 

A and B being constants depending on the radius, thickness and 
substance of the shell, and i a positive integer, and the other 
symbols having their usual meanings. 

In the case of a strained plate, which was originally plane, the 
work done to produce the state of strain is (see Lord Rayleigh, Theory 
of Sound, Art. 214) of the form 

hA^ ( ^ + s) + hB, per unit of area; 

^ 'W P// ^ ' PiP 

or, as we might write it, 

\Pi Pa/ Pi Pi 

p, and pg being the principal radii of curvature of the surface. 

It is an obvious extension of this result that, if the plate were 
originally spherical and of radius a, the work necessary to strain it is of 
the form 

w=lliC-^'-)\B.MdS (1). 

, 111111 

where = , = . 

o-i Pi (^ (T^ P2 ^ 

Here - and - are the changes of curvature at any point of the plite. 

142 
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The kinetic energy of tlie plate for transversal vibrations will be 

hfpf'dS, 

p being the surface-density. 

The equation giving the transversal motions will be 

[pr^-dS+hW^O (2), 

and we may suppose p to be incorporated with A, B, and so to be 
put = 1. 

We have now to find cr^ and o-j in the case where the sphere is 
deformed into a surface of revolution. 

Let Pi be the radius of curvature of a meridional section, p^= the 
normal PG (fig. 65), and let the equation of the surface be 

r = a(l + w) (3), 

1 dr du 

treating m as a small quantity of the first order, and neglectiag its 
square. 

To the same order of approximation, 

Bva.SPG^^, co&SPG=\, and cZs = a(l +w)c?(9. 
do ^ ' 

li <f} = PGS, sin ^ = sin ^ - cos ^ -^ , cos ^ = cos ^ + sin -^ , 

Pa = a(l+ m) sin 0-rsin^ = a f 1 + w + cot -j^ j . 
K we put p. = cos $, 



a du .... 

^r^T^-"'- ^^^' 



Moreover, 



d\ ^ fdr' 
1 ' ''dQ 



therefore = (1 _ ') -, - u -- + w .(5). 

<Tx dfj. dfJL ^ 
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We have now to substitute these values in (1); and, before pro- 
oeedinc^ to take the variation of W, we shall integrate as far as poMible 
because any variation of the terms which appear outside the signof 
integration will not affect the equation upon which the vibratory motion 

depends. 

and the constant part of this expression will disappear from equation 
(2) ; so we may neglect it. 

If we put 

du <^^ _ <^ 



Hence 
But 






and j^dfi^^^-'^r^'m)^'' 

and j^..d. = 4-hj<^'d,. 

Hence -J ^V-^\J-^) "" d^. ^^ VXVl^^ ^ 
We observe! fUher, that the term under the integral contains a 
te^^ f du, 

which may be written 

,_e -.^/^/.K...i-i/{(i-Hiy-^^i''^' 

r'l\ (in a'^^'^-^u^ldfi+l-] 
hence -'8.J^r^^/^ = J\(l-^ ^d/* dii. > 

. ,r Idenotin. terns outside the symbol of integration. 

the expressions [ ... J denoting 

We have next to find the variation of 

2JV, V 
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1 1\ ^d^u ^ du 



(\ 1\ , j.rf% du 

d_ 

d\x. 



--(^'T>^^'-^-y 



Hence, 

On substituting these expressions for the variation of STF in equa- 
tion (2), we may evidently write the equation of vibrating motion 



^+(^A^+^A)Z.=:0, 



.(8). 



We may satisfy this equation by putting 
u = Pi [fx) sin nt, 
for AP^ = -(^' + ^-2)P. = -(^-l)(^ + 2)P^, 

and hence 

n^=^{i-l){i+1){A{i-\){i + 2)-B]. 

ix. Define the potential function ^ and the current function 
i/r of electricity moving in a uniform conducting plate ; and prove 
that, if the specific resistance of the plate be taken as unity, they 
are conjugate functions and satisfy the same difierential equation 
of the second order. 

Verify that, if the electrodes of a current G be placed at 
opposite corners of a uniform conducting rectangle, 

,^ = _log 

TT 



Fcn(ir^, kj^-h''cn^(K'\, h'^ 
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20^ , /H- ''')dn(g'f.y)on(g;.v) 

* ^ a 

where j^=r; a,h being the sides of the rectangle, iZ the specific 

resistance of the plate, and the axes of co-ordinates being two 
adjacent sides of the rectangle meeting in an electrode. 

To verify the theorem we must prove that 

d(fi _ -ndil/ d<ji_ j^cUf/ 

dx dy ' dy dx' 

and that the value of \^ along the edges x = and y = h must be constant 
and exceed the value of \}/ along the edges y = and x = a by c, the 
strength of the current. 

Now, since -r sn a? == en a; dn a;, 

' dx 

putting snZ- = a, snZ'| = ^, 



and therefore 






d4> RC K ( 2a-2a;8' 2^'a \ ,-, ,v ,., y,,. 

dy~ 7V h 7W;F5KiIi5 

2(7 Z- l-2r /3- + r^ ^aV(l-a')N/a-^*)j 
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, , dA ndih 

and therefore -^ =ii~ . 

ax ay 

Similarly it may be found that 

dy dx ' 

20 
Also when y Ooi'x = a, \p tan ' ; 

TT 

2(7 
and when x = Q ov y^b, \b = tan ' oo : 

TT 

and within the rectangle the numerator or denominator in the expression 
for \p do not vanish ; therefore, when ?/ = or = a, we may put ij/=0, 
and when x = or y = b, we may put if/ C, and therefore C is the 
strength of the ciu-rent crossing any line joining the sides y = or x = a 
with the sides x^O or y b; and, since on the boundary ij/ has a constant 
value, therefore ij/ satisfies all the required conditions. 

The values of (f> and if/ can be found synthetically by supposing the 
plate to be infinite, and positive electrodes placed at the points 27iia, 
2nib; and negative electrodes at the points (2m + 1) a, (2m' + 1) b; when 
m and m' are any integers, taken between the values oo and oo . 

Then at any point of the plate 

, ., 2R0 , m,m-=y^ (x - 2r)ia) + i (y - 2m'b) 

'T m.m'=-oo{^-{2ni+l)a} + i{y-{27n'+l)b} 

log. 



..(^|.a"|) 



K a 



where -^, =t (Cay ley, Elliptic Functions, 39); and therefore, omitting 
constant terms, 



^ + iK^ = log 

TT 



1) 



2RC , ^"^ 
lo 

TT 
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= log " t> 6 a 

aft 

= log U, where XJ = 

IT 

{kI,i)^{kI, l) cn(/rf,y) .isn (A-|,.')dn(^|,t-), (;,;, ,) 

and therefox'e 

^^ sn^^|dn'A:^cn^A:'| + sn^Z'|dnA:'|cn'A'? 

r ' O ^ 



\ a bj 



^(J , a h 

= log . , 

a 

^ snZ'|dnZ'|cnZ- 
i/f = tan ' . 

"" sn X- dn AT- en Z' I 

a a 

[If the sides of the rectangle / = and a? = a be maintained at the 
temperature zero, and if the other sides a; = and y = 6 be maintained 
at the temperature unity, then it is obvious that xj/ denotes the per- 
manent temperature at any point of the rectangle]. 

I. Obtain the general equations of electromotive force in the 
electromagnetic field. 

What modifications do they undergo when the axes of reference 
are moving in any manner ? 

If a circular plate oscillate normally in front of a magnetic 
pole A very near its centre C, prove that, if the mutual induction 
of the currents be neglected, these currents will be given by the 
equation 

1 fx 
^-^-3 = const., 

where a is the radius of the disc, /the projection of CA upon it x 
the abscissa of any point P of the disc measured along/ 
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If the pole of the magnet be in the centre of an induction coil, 
shew how to find the currents which will be induced in the coil, 
and shew that they are approximately of the same period as the 
vibrations of the plate. - 

The general equations of electromotive force are (see Maxwell, 
Electricity and Magnetism, Vol. ii., Art. 598), 

-p _ dy ^ dz dF difr 
dt dt dt dx ' 

^ dz dx dG d\li 
^ dt dt dt dy ' 

j^_^dx dy dH dif/ 
dt dt dt dz ' 

The first two terms on the right-hand side express the inductive 
effect due to the motion of the conductor across the lines of force, 
the third terms that are due to variation of the currents, and the last 
give the force due to the variation of electric potential. In our case, 
when we neglect the mutual induction of the currents, we may neglect 
the third terms and put for a, b, c the components 

^ _^ dil 
dx' dy' dz 

of force due to the external magnetism. 

Let us choose the axis of s in the direction of the normal to the disc, 
and the axes of a; and 2/ as indicated in the question, and let the normal 
velocity of the disc at any time be 

= V= Asmnt; 
dt 

also -t; = 0, and -^ = 0. 

dt dt 

It is manifest that the currents are entirely in the plane of the disc, 
and we may therefore put 

E = 0, ^ = 0. 

dz 

If ^ be the current function, 

dy 
dffi 
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and the equations of tlie cui-rents become 

"" dy dy dx dy^ ^ ' dx 
_ o- _r = _ Y 5^ or -^ (<r<f) - VU) = + -,- 



dx 



dx dy dx 



(1). 



We must also remember that, since there is no flow of electricity 
across the boundary, 

a,^_y^ = ^ = Owhenr = a (2), 

dy ^ dx dd 

where a; = rcos^, y = rmie. 

If we put X^*^*/*-^^' 

the conditions to be satisfied are 



daf df 

^ = _fS when r = a 



.(3). 



dQ ' dd 
But, if 1 be a pole of unit strength, at a distance h from the plate, 

for points not near the centre ; and when r = a, 

^^-/sin^ ^ery nearly. 
dd o,' ' 

The general value of x from equation (3) is 

The solution to be chosen is, therefore, 

X = Ar cos 9, 

where a 

The value of </> is, therefore, 



.(4). 
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If the magnetic pole be surrounded by a coil, the variation of sti*ength 
of the currents in the plate will induce currents in the coil ; but these 
currents, being of the first order of small quantities, will not induce 
sensible changes in the currents of the plate. 

Let a be the resistance of the coil, Z its coefficient of self-induction, 
31 the coefficient of mutual induction between the coil and unit current 
established in the plate according to the geometrical law (4). Let the 
ciirrent in the coil be 1/^, and that in the plate y^, the equation of in- 
duction will be 

But 31 may be treated as sensibly constant, and therefore this 
equation may be written 



(^i-^)^'*^t=- 



And yj is of the form A sin nt, 

hence i/i~ ~ . 3In A cos nt 

3InA , y . . 

= 7^3 rs^- (" cos nt + nL sm nt). 
Br + Un' ^ ' 

If we neglect Zj the currents in the coil are a quarter of a phase in 
advance of those in the disc. 



Friday, January 18, 1878, \\ to 4. 

Mr Prioe, Arabic Numbers. 
Mr NivEN, Roman Numbers, 

1. If the orbit in which a body moves revolves round the centre 
of force with an angular velocity which always bears a fixed ratio 
to that of the body; prove, by Newton's method, that the body 
may be made to move in the revolving orbit in the same manner 
as in the orbit at rest by the action of a force tending to the same 
centre. 

If the orbit at rest be an equiangular spiral, shew that the 
orbit in space of the body moving in the revolving orbit is also an 
equiangular spiral, such that if /it, /*' be the absolute forces of the 
centres, a, a' the angles of the spiral in the two cases, 

//,' cos*^ a = fi cos^ a. 

If in the case of the orbit at rest the particle be moving from 
rest at infinity in a smooth spiral tube, and if, when it is at dis- 
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tance a from the centre, the tube begin to revolve with a uniform 
velocity m, shew that the orbit in space of the particle will be 



^ I 



wrMV-u/wV* + 2a)cV + J **" 



where 2c^ = 2>//^ sin a wa' cos' a. 

(1) At any time let r be the distance of the particle from tho 
centre, v its velocity in the orbit at rest, \v the angular velocity of tlie 
orbit; also let v' be the actual velocity of the particle, and />' the angle 
between the radius vector and its actual direction of motion in its orbit 
in space. 

Then we have 

, , V sin a + Xw sin a + \ 

tan d) = = = const. : 

ucosa cos a 

hence we learn that the orbit in space is an equiangular spiral, and 

sin a + \ , , 

= tan a . 

cos a 

Now, since each orbit is an equiangular spiral, the forces tending to the 
centres vary inversely as the cubes of the distances; hence, if p, p' be tho 
radii of curvature in the two spirals, we have, 



while 

Therefore 

But the radial velocity = v cos a and also = v' cos a'; 
u cos a' 



If . 
= , sin a, 
p t' 


p r 


p = r cosec a. 


p =r cosec o'. 


if 





therefore 



V cos a 
cos* a' p. 



therefore i - , > 

cos a ft 

or . p'co&'a = pcos'a. 

(2) Since, as the particle moves from rest at infinity to the 
distance a from the centre, the pressure on the tube is zero, we have 

= ^ sin a, and p = r cosec a, 
p r 

If- 
therefore '^ "Z^' 

T 

2 /* 

therefore at distance a ^ ~T' 

tv 
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At any subsequent time, let u be the inward velocity of the particle 
relatively to the tube, and r its distance from the centre ; then the velo- 
cities of the particle in space are, along the tube outward 

tor sin a u = w, say, 

and perpendicular to the tube in the direction of revolution, 

wfr cos a. 

Also, to find the motion relative to the tube, we may reduce the tube 
to rest by giving to every particle an acceleration (ar along the radius, 
and a velocity a>r perpendicular to the radius in the direction opposite 
to that of revolution. 

Accordingly we have for the moving particle, 

du u 

w ^- = -4 cos a + w r cos a, 
els r^ 

du u. . 

therefore w*= ^ + w^r' + 2a)c^ where c is a constant, 

r* 

Therefore to = tor sin a J{(ii'r* + 2<)C V + /a). 

But when r = a, w = - ^^ , for the impulse upon the particle due to 

the starting of the tube is normal to the tube, and therefore makes no 
change in the velocity in space along the tangent to the tube ; 

therefore ^Jh- + *^ sin a = J{o>^a* + 2oicW + fi), 

or 2c* 2J1J, sin a wa'cos^ a. 

Now, if be the angular co-ordinate of the particle, we have 

dO w sin a + wr cos^ a u/r u sin a _ 

dr w cos a oiT cos a sin a u cos a ' 

therefore tan a r -7- = 



dr u cos a ' 

\ , dQ ta wfT cosec a 

- cot a^- = 



r dr ?*sina ^(()V+ 2a)cV+fi) ' 

Therefore integrating 



r ( (tfr' -r c' -I- V((oV* 4- 2a)cV + /x) ) 3 

^COta ~ 



_ \ uyr'' -r c' -h V((oV* 4- 2a)cV + /x) )- 
"1 toa' / 



the constants being inserted in this form for consistency of dimensions. 
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2. Explain the nature of the superficial tension between fluid 
surfaces in contact; and find the height to which liquid rises in 

a capillary tube. 

Shew that the potential energy of the liquid produced by the 
capillary action is (to a first approximation) independent of the 

size of the tube. 

A drop of oil is at rest in the midst of a liquid of the same 
density ; assuming the form of its surface to be a surface of revo- 
lution, prove that it will assume the form of a sphere if either end 
of the axis be free in the surrounding liquid ; but that, if both 
ends be held, it may assume a tubular form: and reduce to inte- 
gration the equation of the surface. 

(1) Let Z be the vertical capillary force, exerted on an unit 
length of the edge of the liquid in contact with the interior of the tube 
supposed vertical : let r be the radius of the tube, U the height to which 
the liquid rises in it, and p the density of the liquid. 

Then 'i-nrZ = irr^h . gp, 

, 2Z 1 
or A = . - . 

gp r 

The potential energy thus produced is measured by irr*A . gp . ^h, for 
the mass, as a whole, has been raised to the height of its centre of 
gravity ; hence the potential energy 



= 1 



iZ' 1 2irZ' 



i-^r gp-rj'-. 



9'P '>' 9P 
which is independent of r. 

(2) Let P be the pressure in the oil at a given level, P' that 
in the surrounding liquid at same level; then the pressures at a depth 
z below this level are respectively P + ^-pz and F'+gps, where p is the 
density of the oil and liquid. Hence the resultant pressure outwards on 
the surface, per unit area, -P-P' everywhere. Also if T be tlic surfiice 
tension of the oil in the liquid, the component of the surface tension 
inwards, per unit area, 



p, p' being the principal radii of curvature. The form of the surface is 
therefore given by 

1 + 2- = ^ -^ ^^ constant = K (say), 
p p T 

Now let the axis of revolution of the surface be that of z'Mx be the 
perpendicular distance from this axis of a pouit on the surface, </. the 
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angle between the normal at tlie point and the horizon, and s the length 
of the meridian-arc measured from the highest point of the surface : then 

p =x sec ({i, 

, ds ' ds dx 1 dx 

dcji dx ' d(fi sin ^ d<j> ' 

Hence the above equation of equilibrium becomes 

- + -J- = Z, where c = cos ^; 

therefore the equation of the surface is 

ex ^Kx^ + constant. 

Now, if it be possible to have x = 0, that is if the axis of revolution 
cut the surface, the constant = ; then 



c = ^Kx. 



TT dz 

Hence 



dx v(i-c') j(F-xy 

where ^4; 

therefore z-a = - J{F - x^), or {% - of >rx^=^; 

therefore the surface is a sphere. 

In general we may write the equation of the surface in the form 

x^ -\-h^ , , o 2 constant 
cx= - , where 6 = ^ , 

which may be really negative. 

dz x^ + 



Then 



ds xk ' 

dz a? + 1? 



dx {x'k' - (x' + bj}^ 



This may be written 

dz x^ + a,a 



where a^a^ =. b\ a/ + a/ = k' - 1h\ 

This shews that the generating curve lies between the lines 
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Further g = (A^):K^^^^ 

d^ {(x-a/)(a/-r)}l' 

which shews that there are points of inflexion on the line X'=JTa'=b. 
Hence the generating curve is undulatory, and the surface gonerato*! 
by it may be called tubular, since it may be described by a horizontal 
circle whose centre moves vertically, and whose radius alternately 
expands and contracts between the values a and a 

1 9 

The integi'al of the above equation is 



which reduces to 






z = a^F{c,^)+a^E{c,ff>), 



where F and JS are the elliptic integrals of the first and second kind, 

2 _ 2 

c^ = g !- , and C^ = ttj* sin" ^ + af cos^ <f>. 

"2 

[It is clear that the pressures at a given level in the oil and the sur- 
rounding liquid must be different, otherwise no curved surface of equili- 
brium could be possible except one belonging to the series of surfiujes 

p p 

which are essentially anticlastic everywhere. 

For a full discussion of this question, see Beer's JSlasticitat und 
Ca^pUlwritdt (1869), pp. 161 ff.] 

3. The potential due to any attracting masses cannot have a 
maximum or minimum value at any point of space unoccupied 
by matter. y 

\ If in the midst of any attracting masses a closed surface be 
drawn, in some parts cutting the masses, and in some parts free, 
and be covered with a surface density p: and if V be the potential 
due to the attracting masses and this surface density, and U a 
function having arbitrary values at all points of the surface : then 
in order that V- U may have a constant value for occupied parts 
of the surface and not have a less value at any other part of the 
surface, shew that if the whole quantity of matter on the surface 
be constant, its distribution must be such as to give 

jj{V-^U) pha a minimum value. 

S.-H. P. 
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Hence, or otherwise, shew that Green's imaginary distribution (p) 
may be defined as a solution of the equation 

(-p)B<T 



// 



= a maximum. 



subject to the condition that JJpBa- +1 = 0. 

(1) This is virtually a proposition due to Gauss, Wer^e, Band v. 
pp. 232 234. See also Thomson and Tait's Natural Philosophy, pp. 
410, 411. Gauss' method of proof may be thus applied to the ques- 
tion as stated. 

Let W V U, and let A be the constant value which W is to have 
at occupied parts of the sui'face, the value of W at unoccupied parts 
being not < A . Also let Q = //( V2U) pda, so that 

80 = //SFpcfo- + //( V- 2 U) Spda, 

where 8 refers to any arbitrary variation of p. Suppose the distribution 
such that O is a minimum, and if possible let there then be two points 
on the occupied parts of the surface at which W is not = A : viz. at one 
point P let W <A, and at the other point ^ let Tr> ^: then atP, W A 
is negative, and at Q, W A is positive. This supposition may be justi- 
fied by observing that, unless W = A at all points of the occupied 
parts of the surface, W must have a minimum value at some point 
which may be taken as P and a maximum value at some other point 
which maybe taken as Q; A being then some value between these maxi- 
mum and minimum values, or, it may be, coinciding with one or other of 
them. In this latter case WA may be at /* or at Q^ but the following 
proof will remain valid 

Now let the operation 8 mean, alter the distribution arbitrarily by 
taking a quantity of matter Sp from round Q and place it round P : 
then jj{W-A)Spd<r is negative, for 8p = at all points except P 
and Q. 

Also JfA SpdcT = A jjSp d<r^O; 

therefore adding wo learn that 

JfWSpda- is negative. 
Further, we have 

where r^ r^ denote the distances of P and Q from the element da. 
Also, remembering that 8/3 = except at P and Q, we have 

fJVSpda=jj[^Jp-^Sp]da. 
Therefore, jjB Vp da = fj V8p da. 
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Hence Sfl = 2//( V- U) Bpd(r = 2 jj WSpdcr = a negative quantity. 

By this arbitrary change therefore we can diminish O, i.e. the sup- 
posed distribution is not such that O is a minimum unless W^A at all 
occupied parts of the surface. 

A similar pi-oof will apply, if P be a point on the unoccupied parts. 

(2) Let us now take the particular ca.so in which U = , 

(r being measured from a point U not on the surface,) and V is due only 
to the mass distributed on the surface. 

Then W = V- U is the potential due to the mass on the surface and 
an unit mass at E. If then the distribution over the surface is to be 
such as to make it an equipotential surface for the potential W, IT is to 
be constant, and therefore by the proposition, 12 is to be a minimum, i.e. 



iK^4>^ 



a minimum. 



Now Green's (p) [Mathematiccd Pap&rs of the late George Green, 
p. 32) refers to the distribution over a surface joined to earth 
produced by an unit mass at E: therefore in his case W=Q over 

the surface, i. e. V= over the surface. This gives \\ ^-^ = a mini- 
_ 1 1 SEl = a maximum, (p) being a negative quantity restricted 



mum, or 



by //(p) 



(fa+l =0. 



iv. Investigate the expression for a tesseral surface harmonic ; 
also find the integral of the square of a tesseral haimonic over the 
surface of the unit sphere. 

If the genera] expression for a tesseral harmonic be of the form 

^(l-/l,')^^'""COSW0, 

where the coefficient of the highest power of /t in^""', is unity, prove 

that ^ 

>^ n+i - /*^ 4.n' _ 1 ^ -i 

In Todhtuiter's treatise on the functions of Laplace, Lam^ and 
Bessel, Art. 150, we find the following expression for the part of tlio 
tesseral harmonic depending on fi, 

^ ^ " . i2n)l Jo ^^__2 
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Let us write w = 1 (/i + ^(/u,* - 1) cos i/^)" cos mxl/dif/, 
Jo 

and put 2I = fjL + J{fJ.^ - 1) cos ij/, 

and let us find the relation between w^,, t^, **_, It is clear that this 
relation will lead to the coiTesponding one for (^), since m is the same 
for all three. 



*n+i~ I -^"^* cos m\f/dif/, 
Jo 



and, integrating by parts, 

71+ I 



I M'Jijx'- l)sin/^ sin mij/dif/, 
Jo 



m 
and, integrating again by parts, 

= '12 [cos 7# { V(/^^ - 1) cos ,/. J/" - ?i(^^ - 1) sinViW-""'} #. 

Now J(}i' - 1) cos \j/ = 3I- jji, 

(fx-'-l) sin" V = ^H-^ - ^^' - 1- 
Substituting these values, we obtain 

whence 

(w + 1 + m) (w + 1 - w) w+, + (2?i + 1) (w + 1) /iM - ?i (w + 1) u^_^ = 0. 

Replacing ?<^^j ... by the corresponding expressions in (.&), and 

rejecting the common factor (/x* 1)* tt and other common factors, we 
obtain the relation in the problem 

For the purj)Ose of obtaining the relations of this soi-t, the 
expressions in terms of definite integrals are extremely convenient. 

[The result may also be obtained by starting from the known 
equations 

(7i + l)P,,4-7iP_^ = (2ri+l)/xP, 



Jo 
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Differentiating both of these m times and eliminating ''"-^ 
the result follows at once by means of the general relation 
n ^\^. ^^'"^" 2.4.6...2n 

( i ,-)'" cos 7ndt J-ir = n To TT ; S'"' 1 

V. Obtain the equations of motion of a vibrating string, and 
explain the reflection of a wave at a fixed end. 

A string is stretched between two points, and, being displaced 
from equilibrium, is allowed to vibrate; prove that it will subse- 
quently consist of three straight parts, of which the middle part 
preserves a constant direction, and the two end parts are constantly 
parallel to one or other of the initial directions of the string. 

Find also how the points of intersection will run along the 
string. 

The method of determining the vibrations of a plucked string 
AB is explained in Lord Rayleigh's Treatise on Sound, Art. 146. Two 
infinite trains, of waves start to move along AB in opposite directions 
with velocities which are each equal to c, the velocity of transmission 
of sound along the string. The waves are initially coincident, and the 
displacement at right angles to AB in any point of either is initially 
half that in the string ; and the lengths of the waves are each double 
AB. The initial position of either ti-ain is shewn in fig. (66). At any 
subsequent time, the form of the string will be found by adding the 
displacements in AB due to these two waves. The one which moves in 
the du-ection AB may be called the positive wave, the other the negative 
wave. 

We shall consider the changes which take place in half a period, 
these being simply reflected in the other half; and shall divide this 
time into three intervals corresponding to the times when CD in the 
positive wave crosses B, and when CD in the negative wave crosses A. 

Let AD = a, BD = h,CD = h, and suppose a>b, 

(1) In the first interval, the string will consist of three pieces, of 
which the first is formed by the superposition of two lines pai-allel to ^C, 

and whose equation is therefore V=-^^) ^^ similarly the last piece 
will be given hj y=^ {a + h-x). Tlie middle piece will be the result 
of superposing a line parallel to ^C and a line parallel txi BC '. its 
equation wUl therefore be of the form y = A ^- - ^j a; + function of t. 

(2) In the second interval, that is from < = - to < = ^ , )oth the end 
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2/i 
pieces are evidently parallel to y x; and tlie middle piece, being 

still compounded of two waves one of wliicli is parallel to ^C and the 
other to BC , will still have an equation of the form 



y = h I r]sc+ function of t. 



(3) From t = - to t = , the part c^c^ of the positive wave is 

passing over A, and the part cc' of the negative wave is also passing 
over it ; hence through this interval the form of the string at J. is 

y = -^ X. The form of another portion through B, being derived from 
two waves parallel to AC, will have, for its equation, y = 2 - {x [a + h)]. 

CO 

The intermediate portion will be compounded of a line parallel to AC 
and a line parallel to BC, and its equation will therefore be still of the 



form y = h( 7)'^ + function of t. 



These results coincide with the statements in the first part of the 
question. 

To solve the latter part, let (fig. 67) AEB be the initial position of 
the string, and let the parallelogram AEBE' be completed. 

Consider any position of the stiing APQB in the first interval ; in 
this interval, the middle portion of the string is made up of the lines 

h , , 

y = j-{a + h-{x + ct)}. 

Its equation is, therefore, 

j, = /.|^-_* + a,(i-i)-.<(l + i)}, 

and the intersections of this line with AE, EB are given, respectively, by 

x^ = b et, x^ = b + ct. 

The velocities of P and Q are therefore uniform, and their compo- 
nents along AB are each = c. 

The same result obviously holds during the second and third 
intervals. 

P and Q therefore nin round the parallelogram AEBE', in opposite 
directions, with velocities whose components along AB are constantly 
equal, numerically, to c. 
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6. In the case of sound waves travelling along in a straicht 
tube of finite length without change of type, prove that nodes and 

loops occur at equal intervals. 

If the tube be of infinite length and adiathermanous and no 
conduction of heat take place through the air, prove that the 
equations of motion may be accurately satisfied by supposing a 
wave of condensation to travel along the tube with a velocity of 
transmission which at each point depends only on the condensation 
at that point, and which for a density p is 

where p^, p^ are the pressure and density at each end of the wave, 
and 7 is the ratio of the specific heat of air at constant pressure to 
its specific heat at constant volume. 

Explain the consequent tendency to a bore in the fore part of 
such a wave, and the gradual prolongation of its front. 

This result and its explanation were given by the Rev. S. 
Eamshaw in the Philosophical Transactions for 1860, Vol. 150, pp. 137, 
144 ff. See also Lord Rayleigh's Sound,,Yo\. ii. Arts. 250252. 

The result may also be obtained as follows. Let the axis of the 
tube be taken as the axis of x and let u be the particle-velocity at 
time ^ at a point whose abscissa is x. Then by the equation of con- 
tinuity, 

t^^w= () 

Also if ^'(p) be the velocity of transmission of the wave of con- 
densation for a density p, which is the density of the toave of condensa- 
tion which we are following, and which is occupying the place x at time 
t, we have, because this p remains unaltered, 

therefore g + f(p)|=0 (2). 

From (1) and (2) we obtain 

0(p) 
therefore pu=^ (p), w = 
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Now the equation of variation of pressure is 





1 dp 
p dx 


du du 

dt dx ' 


therefore - 
P 


dp dp 

dp ' dx 


du dp du dp 

dp ' dt dp ' dx 




= 


du d (pu) dp du dp ^ ,_. 
dp dp dx dp dx ^ ^ " 


therefoi'e 


1 dp 

p ' dp 


du du ^, 1 dp /duY 
-. , o . tnereiore , -r- 1 ^r- 1 




dp^ dp' p'dp \dp) 


Now 


- 


f^Y , or p = Apy where A = ^. 


Hence (3) gives 


^-'-0. 


therefore 


u 


= Vn^'{p--.-K 


therefore 


4>{p) 


=Y<fN;--.;-i. 


therefore 


^'(p) 





(3). 



Vff)-[-;-^0"^-O 



7. Define the tortuosity of a curve, and flexual rigidities of a 
wire. Prove that if one end of a wire originally straight and of 
equal flexibility in all directions be held fixed, and a couple G be 
applied at the other end round an axis inclined at an angle- to 
its length, the wire assumes the form of a helix on a cylinder of 

radius p^ , where B is the rigidity of flexure of the wire. 

If A be the rigidity of torsion of a wire originally straight, 
which is twisted and strained and then has its ends fastened to- 
gether so that it assumes the form of an endless spiral round a 
tubular core : shew that the stress at every point of the spiral is 

T 
always perpendicular to some one plane, and = A ^^-^ , where T is 

the integral twist of the wire, and Q the area enclosed by its pro- 
jection on this plane. 
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It appears from symmetry that the axis of the tubular core or 
ring round which the wire appeai-s to be spirally coile<l, lies moro or 
less in one plane and is of a more or less circular form round a centre. 
Take this plane as that of xy and this centre, 0, as the origin. 

Then at any point a:, y, , the direction-cosines of the tangent are 
dx dy dz 
ds ' ds ' ds' 

and if p, t be the radii of curvature and of torsion at this point, the 
direction-cosines of the normal to the osculating plane there will be 

Uly d^z dz d^y") (dz d'x dx d'z) (dx d'y dy tTx) 

^\d^ ' d?~ds'd?)' ^Xds'dP'Th'ds']' ^ {7h'd?~ds'd?j* 
which we shall denote by X, fi, v. 

Let the components of the stress at the point be X, Y, Z. 

Then, since no external forces act on the wire, the components of the 
couples round the axes due to the curvature, the twist and the stress at 
any point must be constant throughout the wire. Call these components 
Z, M, N ', and we have 

_ ^ . . dx 

Z = - A. + ^T^ +yZ-zY, 
p as 



p 



M=- u + Ar-i^ + zX-xZ, 
^ '^ ds 



iV=- V + At^ + xY-yX. 
p ds 

Let F, H be two points in which the wire cuts successively the 
plane xy, F being further from than H, so that a point moving along 
FH would at first rise to the positive side of this plane, then for a 
moment move parallel to the plane at a point G, and afterwards drop 
towards the plane again till // : and throughout FGII the point will 
approach 0. 

Let the axis of x pass through F, and let 0F= a, 0H= b. 



Then, at F, by symmetry, J = 0, ^ = cos a (say), therefore 
= sina, X=0, ^ = -sina, v = COSa. 



ds 
dz 
ds 

Hence the above equations become at F, if suffixes be used to 
restrict the quantities to their values at F, 
L = 0, 

M sin a + Atjp cos a - aZf, 



Pf 

B 
< 

Pf 



X= - cosa + -4T,sina + ttlV' 
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Now let F' be the point in which the wire after H next cuts the plane 

27r . 27r . 

xy. Its co-ordinates are a cos , a sui , 0, if ?i be the total number 

n n 

of turns of the wire. 

The direction-cosines of its tangent are 

. 27r 277 . 

- cos a sm , cos a cos , sm a : 
n n 

and those of the normal to its osculating plane are 

.277 . 277 

sm a sin , sin a cos , cos o. 
71 n 

Also the stress at F' is, by symmetry, the same as that at F; 
hence at F' 

-IT TT- 277 . 277 

Xp, = Xp COS Y sin , 

n n 

^ _.. . 277 __ 277 

I p. = -.1 p sm h J pCOs , 

71 n 

Zp, = Zg,. 
Thus the general equations become at F', 

^ B . . It , .277 . 277 ^ 

= sm a sm Axp cos a sm - + a sin Zp, 

Pp n n ?i 

,. B . 277 , 277 277 _ 

M = sm a cos h Atp cos a cos a cos Zf, 

Pf, n n 71 

J) 

N= cos a +.4T^sin a + aY^: 
Pf 

A CX 

and it is plain that similar equations hold when or &c. are written 

277 

tor . 
n 

The two first equations shew that 

sin a + Atp cos a = aZp, M= 0. 

Pp 

But, considering the equilibrium of a length FP of the wire, and 
resolving along the axes, we obtain 

V 1' V V 7 _ 7 . 

^i.p-~^\j,, J. p~ J f, Zjp ^f, 
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and, if we take P at F\ and combine with these equations the valuer of 
X,, and Y^ in terms of X^ and Y^ written above, we find that JT = 

Yp = Q ; and therefore ' ' 

Xp = 0, Yp = Q, '^i'^""! sin a- ^Tj^cosa I = constant, 

which proves that the stress at every point of the spiral is ftlwars 
perpendicular to the plane xy. ^ 

Further, our original equations now become 

= - X + ^T -J- + yZ. 
P da " ' 

= - li. [ At -^ - xZ, 
p as * 

T^j B dz 

Jy = -v + AT-j- . 

p as 



Multiplying H-, ^, T'^^^ adding, we h 



ave 



Integrating round the spiral, we obtain 
or AT=Z{2Q); 

A y 
therefore Z^-. 

2Q' 

viii. If a number of sets of elastic spheres be moving in any 
space under the action of a system of conservative forces, determine 
the conditions to be satisfied when the distribution has become 
permanent, and state any conclusions which can be drawn from 
the result. 

If the containing vessel move uniformly along a screw, prove 
that a permanent distribution will also take place, and that the 
pressure in the fluid will be the same as if it were acted on by a 
centrifugal force from the axis of the screw in addition to the other 
forces of the system. 

See review of Watson's Kinetic Theory of Gases, by Prot 
Maxwell, in ^Tafure, Vol. xvi., p. 244, (July 26, 1877.) 
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ix. Define the thermometric parameters (a, ^, 7) of a confocal 
system, and prove that, if a be the parameter corresponding to an 
ellipsoid which lies in an electric field, the surface integral of 
electric induction over any portion of it is of the form 

where V is the potential at any point due to the electricity; and 
deduce from this result the transformation of Laplace's ecpiation 
to ellipsoidal co-ordinates. 

If hv be the conical volume which an element of the ellipsoid 
round any point P subtends at its centre, v the whole volume of 

the ellipsoid, prove that-^^^ is the same for all confocal ellipsoids 

which enclose no electricity; and that the value of this expression 
for any ellipsoid (a, h, c) which encloses all the electricity is 

IE' ^^ 



V(a' + X) (6' + X) (c- + X) ' 
where E is the total quantity of electricity in the field. 

The result in the first part of the question is the same as that 

given in 'M.a,x.we\V& Electriciti/ and Magnetis7)i, Vol. i. Art. 148, wherein 

it is shewn that 

dV D ^ 

RAsds., = -7- . - dBdy (1), 

^ ^ ^ da. c ' 

the meaning of the symbols being there explained. We observe that 

the surface indwciion. = UR^ds^ds^, and that I)\^ ~X^' -X.f, of which 

Xjj is a function of /3 only and X^ of y only. 

To prove the second part of the question, we may also express the 
above resvdt in the form 



// 



*A*.=-//^^-^<'^ (2), 



where dS is an element of the surface of the ellipsoid, and J)^, D^ are 
the semiaxes of the central section parallel to dS, c is defined by the 
condition that the confocal system is 

and 06. 
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It is obvious, from these two forms of the surface induction, thai it 

may be also written in the third form 

//^A*.=-|i(//^-^;5/^) w. 

If p be the perpendicular on the tangent plane to the ellipsoid, 
pBJ)^=ah'c\ ^pdS=dv and v = ^ira'b'c\ 
where a'b'c are the semiaxes of the ellipsoid (a). 
We may therefore transform (3) into 

//^.*A = -..ci(/Ei) (4, 

If the ellipsoid enclose no attracting matter, ljli^ds^ds^ = 0, 
therefore ^' ^ = const (A). 

If the ellipsoid enclose all the attracting matter E, 
flB^ds^ds^ = -iTrE, 

hence Ea = c.-^^^ (5)' 



where a is supposed to vanish when X = co , and where therefore 7=0. 
/ c d\ 

and b'' = a''-b% c'' = a"-<^. 

If, therefore, we put 

and the above integral becomes 



a' 



2 -Jo -J{i^''TWb" + K){c"^\)y 
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and therefore 

fVdv_ r dX 

J ^ "'A J{ia'' + X){b- + X){c^ + \)}' ^''^' 

a'b'c' being the semiaxes of the ellipsoid. 

By supposing the ellipsoid a sphere, we obtain Gauss' Theorem. 
[The integral in the question may be reduced to the standard fonn 
2 

as on p. 111.] 



b)-H-|.v/(^)}. 
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